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PRELIMINARY EXAMINATION FOR THE Ph.D. DEGREE

Answer FOUR questions
Question 1.

A consumer with wealtlv buys goods 1 and 2 in the market, at prigesndp,, facing
the budget constraint
P1Xa + PoXz S W. 1)

The twist is that her consumption of good 2 creatpssitive externality from which she,
and everybody else in society, benefits. Converstlg benefits from the positive externality
generated by every other consumer. Formally, hlydtinction, assumed to be differentiable,
concave and with strictly positive gradient in thierior of its domain, is written(xy, o, E),
with the three argumenss (the amount of good 1 that she consumg@&he amount of good 2
that she consumes) akgthe total amount of the externality generatedye@lso called thievel
of the public good. The dependence Bfon both her consumptioa of good 2 and the amount
E. of positive externality aggregately generated bgrgvody else is defined by

E<Ei+gx, (2
whereg > 0 is a parameter.

Our consumer treats; (as well ag;, p. andw) parametrically. The maximization of her
utility function subject to the constraints (1) af2) yields her market demand functions
X, (py, P, W,E),j =1,2for goods 1 and 2, as well as her desired amduthegublic good

E; (P P2 W,E.).

1(a). Write the maximization problem the solution of winis
(% (py, PoyW,E_ ), X, (P, P,W,E_, ).E (p,,p,w E_ ), and call it ProblenPG. Write its

Kuhn-Tucker conditions. Assuming that the soluti®mterior and unique, and that
constraints (1) and (2) are satisfied with equalisite a system of equations, not involving
the multipliers, the solution of which defines

(R(Pus P2 W, EL )%, (1, oW E )E (P1P oW E )}
(Just write the system of equations: there is remirie work towards its solution.)

1(b). For the rest of this part we consider the utilipdtion
u:0x02:u(x, %, E) = x1+[a2.aE1{XEﬂ—§[xz E]BN ,

E
by, by
be, b
0%,

the comparative statics expressed by the partialateres 3E

where (a,,a.)>>0 and B E{ } IS a symmetric, positive definite matrix. We artenested in

and aaEE . Again, assume that the

solutions are interior and the constraints satisfith equality.
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1(b) (i). Specialize to this utility function the system gluations obtained in 1(a).

~

1(b) (ii). Verbally interpret thepartial derivatives;;(2 and :EE , as well as their signs. Compute

0X, and oE
oE 1=
1(b) (iii). Let bz > 0. Find the signs o#a— and of aaEE

1(b) (iv). Let bye < 0. Argue that one cannot determine, without toltkl assumptions on the

parameters, the signs 9‘2& and ofaa?E. Find additional assumptions on the parameters
6E

guaranteeing determinate agns%?— and— o

1(c). We continue with the utility function of 1(b) abov@ur objective is now to interpret the
conditions analyzed in 1(b) (iii)-(iv) in terms thfe net complementarity-substitutability
relation between good 2 and the public ggodBecause these concepts are based on the
entries of the Slutsky equation we must first b‘othe Walrasian demand functions

to the budget constralrﬂilx1+ p2x2+ pP.E<w (as |f the consumer, endowed with wealih
bought the amouri at the “market price’p. together with the amounxs andx; at the
market price®, and p,, respectively). Call this program Problékh

1(c) (i) Compute(%,(Py, Py, Pe W), E (P, P2, Pe W)).

%1 S12 S]E
1(c) (ii). Denote by s,;, s,, Sx | the Slutsky matrix corresponding to this Walrasian
Ser Se2 See
822 SZE
demand. Compute the submatrﬁx }
Se2 See

1(c) (iii). Interpret the sign db,e in terms of whether good 2 and gde@re net complements or
net substitutes.

1(c) (iv). Use 1(c) (iii) to verbally discuss the conditiarsalyzed in 1(b) (iii)-(iv).
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Consider an exchange econorﬁ’)((ui ,a))i':l) with | agents andl goods, where the

agents’ utility functionsu' are continuous and increasing in all componetd,the
endowmentsa are such thafy]_,« >0 . We want to provide a characterization of thesRar
optimal allocations as allocations where the bés&fom trade have been exhausted. To do this,
we choose a bundle of goodsOR. , g#0 , and we define théenefit function of each agent

(in units of the bundley) as follows: if X OR. is a consumption vector for agenand if
v 2u'(0) is a utility level, the benefito'(x',v') of X over V' is defined by

b'(x,V)=max{f0OR |u (X - Bg)=V'}

(a) Interpretb'(x',Vv') and give a geometric representation of it in a-¢gwod economy. Show
thatu' (X' )=V impliesb'(x',V)= 0, with strict inequality ifu' (x') > V'.

(b) Consider a feasible allocatior = (x,...,x' )OR" (i.e. such thaty,x' <3« ), and let
v =u'(X') . Suppose that there is a feasible allocasiosuch that

|
D h'(X,v)>0
i=1
Show that the allocatior is not Pareto optimal.

(o) Nustrate the result of (b) in the Edgeworth btaking a case where

b'(x',v?) >0, b*(X*v?)< 0.

(d) Using (b), prove the following result, often refmirto as the “zero-maximum principle”: If
x” is a Pareto optimal allocation, and” =u'(x'"), then x" is the solution of

max{zl“bi & V) xORY ,szi < ia)} (1)

i=1
Show that the value of the maximum in (1) is tegnal to zero, and interpret the result.
(e) Prove the converse property:xf is a solution to (1) thex is a Pareto optimal allocation.

(f) Show that if, in addition to satisfying the assuimps made above, the utility function' is
quasi-concave, then the benefit functibh(x',v') is concave inx', so that the solutions of

the maximum problem (1) are characterized by ttst-&irder conditions (this question does
not require calculating the first-order conditians)
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Consider an economy in which agents are averseetpuality. More precisely the utility
function of agent (1<i<1 )is of the form u (x,m), wherex is agenti 's consumption and

m is the minimum consumption in the economy, ime= min{x, X,,..., X, } . To simplify the

analysis we assume that there are only two typegefits: all rich agents have endowment

and there are  of them; all poor agents have endowment<w_and there are of them,

with n >n_>1. All the agents have the same utility functioifx, m) = In(x) + yIn(m) with

y <1. In order to improve on the unequal distributidnncome, the rich agents decide to create a

charity, which receives the gifts of the agents \ah®willing to contribute, and redistributes the
proceed so as to maximize. The consumption of each agent is thus of the fotrs @ —z +t,,

where z = 0 is the gift to the charity antl = 0 is the transfer received from the charity.

(a) Let us first study the optimal redistribution o&thharity. Suppose the charity hasto
distribute and let(t),,, be an optimal redistribution & . Let (X),, be the resulting

consumption allocation.
(i) Show thatif t >0 then X =m.

(if) Consider the case where each rich agent duntgsz_, each poor agent contributes,
w -z >w -z ,and the charity haZ to distribute. Find_(Z), t (Z), m(Z), the optimal
transfer to a rich agent, to a poor agent, anartimnum consumption in the economy. Show
that these functions are differentiable, exceptrwhe= n_ [(a)R -z )-(w - zp)} , in which

case the right and left derivatives of the functiamne different.
(b) An equilibrium (X,Z,t) with voluntary contributions to the charity iscbuthat each agent

chooses his/her optimal gift, given that the clyaredistributes any amourz of income that
it receives so as to maximiza.

(i) Show that in an equilibrium with voluntary coibiutions an agent whose consumption is
equal to the minimum consumption does not contebatthe charity. [Small hint: look at
the marginal cost and the marginal benefit of anglean the contribution of such an agent
at equilibrium. ]

(i) Show that an equilibrium with voluntary cortitions in which identical agents are
treated equally is of one of two types: eithettladl contributions are zero and agents
consume their endowment (equilibrium with no ratdsttion), or rich agents contribute
and poor agents receive a transfer (positive ngoigion). Find the condition on the
parameter valuegay, nNg, s, Ny, ) wWhich implies that the equilibrium has no
redistribution.

(iii) In the case where the equilibrium has no s&ibution (which corresponds to the most
intuitive values of the parameters) show thatyif w >n w , then the equilibrium is not

Pareto optimal. (You are not required to find tlaeefo optimal allocations. Just show that
it is feasible to marginally improve all the agents
(c) The rich people realize that the charity systeninwiluntary contributions does not function
properly, so they decide to change the systemedisof making voluntary gifts, they accept
to pay a percentage of their income to the charity put some representatives (of the rich
agents) in charge of choosing this percentage. thagercentage that will be chosen, and
show that, as long agn w >n w , there will be a positive redistribution of thetrto the

poor. Explain why this system works better thangifiesystem.
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Question 4.

Consider the market for second-hand cars. Therfoargossible qualities with the corresponding
proportions, values to seller and buyer indicatethe table below, witfh) < p, <1 and

h >s =0, foralliDQ={AB,C,D}, andép. =1. Furthermores, >, > S > S, -

Quality of car A B C D
proportion Pa Ps Pc P
value to seller Sa Ss S

value to buyer b, by b. b,

The utility-of-money function of a seller jgN*s if he owns a carof qualiy 3 the utility of a buyer is
m if he does not own a car

{m+h if he owns a car of qualli)l In the initial situation each seller owns exacthe car and all sellers

m if he does not own a car
and buyers have the same initial endowment of mombich you can assume to be “sufficiently large”.
All sellers and buyers are risk neutral. While eseler knows the quality of his car, each buyamable
to determine the quality of any car offered foesdlhus there can be only one price for used calisit
p. If indifferent between selling and not sellinggpectively, buying and not buying), a seller

(respectively, a buyer) would choose to sell (respely, buy).
(@) (a.1) Give necessary and sufficient conditions for ttterexist a pricey such that all cars are traded.

(a.2) In the special case wheg =% andb =ors , for ali JQ, express the necessary and

sufficient condition in terms af.
(b) (b.1) Give necessary and sufficient conditions for therexist a price such that all and only cars of
gualities B, C and D are traded.

(b.2) In the special case wheig =% andb =os , for ali 0 Q, express the necessary and

sufficient condition in terms af.
(c) (c.1) Give necessary and sufficient conditions for therexist a price such that all and only cars of
quality D are traded.

(c.2) In the special case wheig =+ andb =os , for ali 1 Q, express the necessary and sufficient
condition in terms otr.
(d) Are any of the equilibria of parts (a)-(d) Paretefficient?
Now suppose that a car of quality) Q ={ A B, C, D} has a probabilityg, of requiring a major repair
within the next 5 years, with < g, <z < 0. <0, <1. A major repair costsR The buyer’s valuation
reflects this, in the sense tHat=V —qR, for alli JQ = {A B,C,D}, with V> 0. Now each seller can

offer his car for sale either with or without warta If a car is sold with warranty, the sellerditdy
undertakes to pay for the repair himself, shouldpair become necessary within the next 5 yearisn
new situation, there can be two prices in the naekpricep, for cars sold without warranty and a price

p,, for cars sold with warranty.

(e) Find sufficient conditions for a two-price equililom to exist, where only qualities andD are traded.

(f) Forthe case whed =24, R=150,s, = 155, = 10s. = 85, = and(, =1k, Jg =13

0. =135, Op =% verify that the sufficient condition you gave &tisfied and find a two price

equilibrium (p,,, py) where only qualitie# andD are traded.

(9) Consider the parameter values given under (f) thighaddition ofp, =%, for alli O{A B,C,D}.
Suppose that = 17 andp = 11. What cars are sold with warranty and wheg ese sold without
warranty?
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Consider a market with two firms, both of which baero production costs. We will consider
two scenarios, one involving price competition dhd other involving competition in output
levels.

|SCENARIO 1 The two firms play the following two-stage garfrestage 1 they

simultaneously and independently choose betweendHawhere H means “produce a high-
quality product” and L means “produce a low-quafitpduct”. At the end of the first stage
the two decisions become common knowledge and aeepd to the second stage. In the
second stage the firms simultaneously and indepelydehoose the price of their product.
Payoffs are given by profits (= revenue). If batinks choose H in stage 1 then they are
producing a homogeneous product for which indusémpand isQ =80- 8P, while if they
both choose L in stage 1 then they are producimgnaogeneous product for which industry
demand iSQ =80-10P. If one chooses H and the other L, then (lettmg be the price

charged by the firm that chose H apd the price charged by the firm that chose L) demand
is as follows: for the H-firmg, =80- 40p,, + 4@, and for the L firmqg, =40p, —50p, .

(a) Sketch the extensive-form game for the case whelyeto prices are possible: p and p
(don’t worry about payoffs, only about the struetof the game).

(b) Write down one strategy of firm 1 in the game oftga) above. How many strategies
does firm 1 have in the game of part (a) above?
From now on allow for all non-negative prices, that is p, J[0,) andp, J [0 ).

(c) Write the demand function of firm 1, as a functiminthe two pricesp, andp,, for the
case where they both choose H in stage 1.

(d) Find the pure-strategy subgame-perfect equilibiridn® two-stage game.
(e) Find a Nash equilibrium of the two-stage game wigchot subgame perfect.

|SCENARIO 4 The two firms play the following two-stage gariiée first stage is as in

Scenario 1. In the second stage the firms simubtaslg and independently choose their
output levels. Demand for the case where both fehwose H and the case where both
choose L is as given in Scenario 1. For the casgevbne chooses H and the other chooses
L, inverting the demand system given under Scerfayields the following:

_ O _qo —o_ 9% _Q
=10--H - gndp =8-H - L
Pr 8 10 P 10 10

(f) Find the pure-strategy subgame-perfect equilibirith® two-stage game.

(g) What is the main difference in the firms’ behaviehen we switch the second-stage
game from price competition to output competition?
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