University of California, Davis Date: August 27, 2009
Department of Economics Time: 5 hours
M icroeconomics Reading Time: 20 minutes

PRELIMINARY EXAMINATION FOR THE Ph.D. DEGREE

Answer FOUR questions

You ownw units of a safe asset, which yields one unit efgimgle consumption good in any
state of the world. There is also a risky assei¢hvigields different amounts of the consumptiondoo
in the various states of the world. You @axrante exchange safe and risky asset on a one-to-ong basi
in the financial markets. portfolio is defined by an amountof the risky asset, which leaves you
with the amounto - y of the safe asset.

Assume two states ands,.

* g is the bad state, which occurs with probabifitywhere the risky asset (gross) return rate
isvi< 1 (i. e., the net return ratevs— 1 < 0).

* s, is the good state, which occurs with probability-(17), where the risky asset (gross)
return rate is,> 1 (i. e., the net return ratevs— 1 > 0).
A portfolio y induces the following contingent consumptions

* X =(w-y)+y i =w+y(v1- 1) in the bad state of the world,;

* X=(w-Yy)+y v, =w+Yy(v2 - 1) in the good state of the world.
We assume that the risky asset pastive net expected returns, i. e., t(v-1) + (1-m) (v2-1) > 0.
Consider only the case where wealils large enough so that preference-maximizingingant
consumptions are positive in both states of thddvor

We are interested in the following three queriestiiree types of preferences defined below.
Query A.As your initial wealthw increases, how does tamount y of the risky asset in your portfolio

change?

Query B.As your initial wealthw increases, how does tHeare y of the risky asset in your portfolio
W

change?
Query C.How does the wealth expansion path in contingensemption space look like?

1.1. Answer queries A-C for the case where your vonmizn-Morgenstern-Bernoulli (vVNMB)
utility function is of the CARA (constant absoluisk aversion) type. Justify your answer.

1.2. Answer queries A-C for the case where your vNMiBtytfunction is of the CRRA (constant
relative risk aversion) type. Justify your answer.

1.3. Consider now the case where your preferencesedireed by a wealth-dependent “vNMB

function,” which has both consumptiarand your initial wealtlw as arguments, namely
_B
u= —exp(—Ex)E —g®' , wheref3 > 0. Interpret in words.
W

1.4. Answer queries A-C for Preferences of 1.3 abovstifyuyour answer.

1.5. Compare your answers to 1.4 to those in 1.1-2 cantment.
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Question 2.

The Second Theorem of Welfare Economics shows tinaler appropriate assumptions, any
Pareto optimal allocation can be obtained by coitipetmarkets with appropriate income transferin
particular an allocation which treats different eamic agents “fairly”. The problem is then to defin
what a “fair” allocation is. The usual definitios the following: giver agents with utility functionsi',
an allocation(X )'_, is fair if it is
» Pareto optimal, and
« envyfreeie.if, forali,k =1,...,1 ,u (X )=u' (x).
(a) In an exchange economy a fair allocation alwaystsxiut, as the following example shows, this is

not true in a production economy. Consider an ecgneith two agents and two goods: labor/leisure and
a consumption good. Both agents are endowed wittitlof time that they can use for leisure or labor
L' denotes the labor time arfdl the leisure time of agenti = 1,2). The utility functions of the two
agents are
11 .
u'(xh, 0 = €1+Ex1 and  Uui(x%03)=0%+2x"

where X denotes the consumption good allocated to agént 1,2). The production function for the

consumption good is
L2
x=L+—
10
The main feature of this example is that agentl@ss productive than agent 1. The feasible aliocatof

the economy are such that>0, x*> 0, x/¢'< 1, &/(’< 1]
(i) Show thatif ( & 7* ),X* 7?) is Pareto optimilen 7" = 0

(i) Show that there is no Pareto optimal allocatisth w* <1 andX”> (.

(iii) Use (i) and (ii) to show that there does not exitdir allocation in this economy.
(b) This example suggests weakening the requiremerat fair allocation by taking into account the
possible differences in agents' productivities. €iier a standard convex production economy Nith
goods

& (Ui 16J)i:l..,| ) (Yj )j:l..,J ' (9; )ie1)
i=1...,

with the usual notation, where the last gdois labor/leisure time. Each agent has an endowm#rao
of each good, the endowmetm#q >0 of the last good being 1 unit of time which carused for leisure
or can be spent working. If agénworks L' units of time, his effective labor a3 L', while his leisure is
¢ =1-L . Firms buy labor and not time, so that when agependsL' hours working, he/she sel&L'
units of labor to the production sector. Lat(x', /') denote the utility function of agehtwhere
X OR"™ is agent’s consumption in goods other than leisure. Ancation ((xi ), y) is called

“consumption-fair” if
— itis Pareto optimal

- foralli=1,...,1, u & /)=u K" ,1—i L“ Yforall k i such thatl— 2 1% > 0,
& &
that is, the no-envy free condition is made conddl on agenit contributing as much as agéxto the
productive sector. If agentannot contribute as much effective labor as algehen he/she cannot envy
agentk's consumption. Show that there exists a consumgto allocation[Hint: Consider a competitive
equilibrium from an equal division of the initisdsources in goods 1,N~ 1 and of the ownership shares.]
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[Question 3,

Consider the problem of New City which is considgrbuilding a railway station and a railway
line to Central City where a lot of its residentsrivand shop. If the city decides to build théway it
will at the same time provide services in théway station: newspapers, food, drinks, etc. Tapdify
the problem let us model New City as an economth thiree goods: good 1 is transportation by train,
good 2 is services at the station, and the ttoatigs a numeraire good which will be denotedrhyand
which represents all other goods. The produatiogpod 1 requires a fixed cdStof the numeraire

good (for building the station and the tracks) #r&h one unit ofn producesa, units of good 1. Good 2 is
produced under constant returns, 1 unigiroducesa, units of good 2. There ateagents living in New

City. Agenti has an endowmentJ of the numeraire good and a quasi-linear utilityction U' of the
form

U'(x,%,m)=m +u' (x)+V (x,), i=1...,1
whereu' andV' are twice differentiable, strictly concave, incsieg functions fromR, to R. The
endowmentsd are assumed to be sufficiently large so that tremegativity constraint om' will never
bind for any agent in any of the scenarios considi@n the exercise. We also assume that

w()l%—4w1|@?&y0|#¥&y(

XZA'

(@) For which values of the parameteCs a, and a, is it optimal to build the railway and provide the

i -1
services? Use the notati(mp:l, C, =i, g = (d_uj and ¢/’ (SV j
t=h X

a, dx >
(b) To fix ideas, assume that all agents have the gaeferences
withu'(x) =aIn(l+x)), V' (X,)=BIn(+x,), fori=1,...,I, a>c, B>c,, and the parameters

(c.,c,,C,a,pB) satisfy the condition found in (a) with a striseguality. The efficient way of building the

railway would be to impose lump sum taxes on thenegyto finance the fixed cost and then sell good 1
and good 2 at marginal cost. Unfortunately thisaspossible. Adding new taxes requires a 2/3 ritgjo
in the City Council. The City Council typicallyontains 40% of Reps which by principle vote agaamst
additional tax. Another solution is to create d@lWay Authority which operates the line and thiéway
station, selling good 1 and good 2 above mal@ost and using the revenue to finance the foest.

(i) Suppose that the price of the numeraire goodaisdithat the Railway Authority sells good 1 at

price p, and good 2 at pricg, , withc, < p,<a, ¢c,<p,< /. Find

(i.1) the quantity of each good which is sold,
(i.2) the revenue raised (net of variable costs),
(i.3) the utility of agent, i =1,...,1 .

(ii) Let P be the set of pairgp,, p,) such that the revenue raised by the Railway Aithoovers the

fixed costC of producing good 1. To find the optimal combipat{ p;, p*z) in P which maximizes the

sum of the agents’ utilities, the Railway Authoriign restrict attention to prices such
thatc, < p,<a, c,< p,< /. Assuming thaP is non empty and the solution to the maximum mobl
of the Railway Authority is interior (with enougimie we could derive for which values of the pararet
these conditions hold) show that the optimal coratiam (p;, p*z) satisfies
p* _ 1-A
P B0 = mnm%7—
wheren(p,) is the price elasticity of the demand for gogd/ =1,2, and A is the multiplier of the

constrain{p,, p,) L P. Interpret this relation, explaining wiy>1.
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An Incumbent Monopolist (IM) and a Potential Entr@PE) play the following game. First the
IM decides whether to hgassive or committed. Commitment costsGand the cost is non recoverable
(sunk cost). Then the PE observes the action takéhe IM and decides whetherdoter or stay out. If
she stays out, her payoffkgindependent of whether the IM chose to be passiv®@mmitted), whereas
the IM’s payoff isM if passive and\M — C) if committed. Assume thdfl > C > 0. If the PE decides to
enter, then the two firms play a simultaneous Cougame where the demand function is given by

D,.(P) =a—bP if the IM chose to be passive al}j,, (P) =c—dP if the IM chose to be

committed. Production costs are zero for both firms

The situation, however, is complicated by the fhat the PE’s opportunity cost of enkrys known only
to her and not to the IM. Thus we have a one-sgitedtion of incomplete information. LEtbe the set
of possible values of the opportunity cost of ektry

(@) For the simple case where ) ={k, k} and (ii) in the Cournot game each firm has onlg tw
possible choices of output (denote thengpgnda,), apply the Harsanyi transformation and

represent this incomplete-information situatioraasextensive gam#.ou do not need to write the
payoffs: just show the structure of the game.

(b) Explain why in the game of part (a) above, the jgogty Cournot games are not subgames.

(c) Explain why a pure-strategy perfect-Bayesian (cakv&equential) equilibrium of the game of part
(a) can be found by solving each Cournot game iasvére a subgame.

(d) Suppose tha& = {1, 4, 6, 12}, the IM’s beliefs are given by thaiform distribution oveK, a = 15,
b=25,
c=6,d= 2. Find a perfect-Bayesian, or weak sequergglijlibrium. [Hint: use the approach
suggested in part (c); your answer must be comdition the values of the parameterandC.]

Now let us change the game. It is no longer a titnaf incomplete information. First the IM
decides whether to be passive or committed (agdefommitment costsChand is irreversible). Then
Nature selects the opportunity cost of ekdriK (that is, the profit that the potential entrantidomake
in the best alternative investment) according eéodhimulative distribution functiof [thus, for every
numberx, F(X) is the probability that the opportunity cost otrg k is less than or equal i¢. The value
of kis revealed to both IM and PE (and becomes conmowledge between them). Then the PE
decides whether or not to enter and if she enthenrs there is a simultaneous duopoly game (whicdave
not specify: it could be a Cournot game or a psetging game). LeD, andDE be the incumbent's and

entrant's profits, respectively, at the Nash eluilim of the duopoly game following entry with a
passive incumbent, anl'alI andHE be their respective profits at the Nash equilioriof the duopoly

game following entry with a committed incumbeHﬁ (ncludes the commitment co<t). Assume that
if sheisindifferent between entering and not entering, the PE will chooseto enter.
(e) Draw the extensive form of this game for the cabereK = {kl’ k2} (replace each duopoly
game with the corresponding equilibrium payoffsitevall the payoffs).
(f) Assume thatk = [A, B] (the closed interval betweénandB, 0 <A <B) andA < Hg <Dg<B.

Under what conditions is there commitment at esettygame-perfect equilibrium? Under what
conditions are the subgame-perfect equilibria atarezed by the fact that the incumbent is
passive?
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Adverse selection in the labor market.

There are two types of worke@= 1 and@= 2, with an equal number of each type. For egp#, tutility
depends on the wageand the speed of wokk Specifically,

e2
u(lew,8)=w-—
20
There are many firms competing for workers (freygnEach firm runs exactly one assembly line at a
chosen speed The marginal product of a worker of tyfat a firm with speed is given by

y(ed)=e+8.

Note thate (which can be any non-negative real numhbgmghosen by the firm that the worker joins; it is
not subject to worker discretion (no moral hazard).

No firm can distinguish workers’ types and ther&esm production, so that a firm cannot condition
contracts on any given worker’s output. Thus e¥ieny will pay each of its workers the average prcidu
of its work force.

(a) Calculate the marginal rate of substitution (MR&eene andw for each type of worker.

(b) In thee-w space (withw on the vertical axis), fix a point and draw thdifference curve of each
type that goes through that point. Clearly stateckviourve corresponds to which type.

(©) Inthee-w space (withw on the vertical axis), draw three zero-profit 8rfer a firm, one
corresponding to the case where all the worketsarfirm are of typeg= 1, one corresponding to
the case where all the workers in the firm areyp&t9= 2 and the third corresponding to the case
where 50% of the workers are of one type and 50%ebther.

(d) As a benchmark, consider the case where faansobserve the workers’ types. Calculate the
possible wage-speed pairs across the industry futmes make zero profits and wages are such that,
for each worker, the marginal cost (in terms dltytithat is, the marginal disutility) of additiah

)

speed equals his marginal benefit from additiopabslaygi . [Hint: in this case each firm
e

would have a speed designed especially for a pdatiskill typed.]

Now return to the case where fircennot observe workers’ types. For the next questionsidein
equilibrium as a situation where every firm makesozrofits and no firm can make positive profiys b
offering an appropriate wageand setting up an appropriate speed

(e) Show that there cannot be a pooling equilibriumergtevery firm offers the same wage and the
same speed. [A graphical argument is sufficient.]

(f) Show graphically what a separating equilibrium maek like.

(g) How does a separating equilibrium compare to tmel@ark case of part (d) for tide= 1 type?
Show that at a separating equilibrium #he 2 type work harder and have lower utility tharthe
benchmark case of part (d).
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