










Answer Key, Question 2 

 

2(a).  There is a production externality, because the physical cost of firm i depends on the 

aggregate output q = ∑ =

N

j jq
1

through the term ( )α−+ ii qq . The parameter α reflects the 

externality. If α > 0, then the externality is negative, because an increase in aggregate output 

increases the cost of firm i: perhaps all these firms are using an exhaustible natural resource, or 

there is some form of congestion among them. If, on the contrary, α < 0, then the externality is 

positive (because, say, knowledge spillovers).  Note that firm i contributes to these effects not only 

on the other firms but also on itself, and that the externality across firms depends only on 

aggregate output q, and not in the manner in which q is allocated among firms.  

The value α = 0 corresponds to the traditional case of absence of production externalities.  

When α = 0, the parameter β depicts the scale economies within the firm, with β > 1 

corresponding to decreasing returns to scale (the cost function is strictly convex), and β < 1 

corresponding to increasing returns to scale (cost function strictly concave). When 0≠α  this 

interpretation is not exact, because qi appears in the term ( )α−+ ii qq , and needs to be made 

conditional to keeping aggregate output constant.  

 

2(b).  C(q) is the value of the problem 

( )βα
=∑ ++ i

N

i Nqq qqq
N

)...(min
1 1),...,( 1

 subject to qqN

i i ≥∑ =1
, (2.2) 

i.e., ( )∑ =

βα N

i iqq qq
N 1),...,( 1

min  subject to qqN

i i ≥∑ =1
. 

Its solutions are those of the problem 

( )∑ =

βN

i iqq q
N 1),...,( 1

min subject to qqN

i i ≥∑ =1
.   (2.3) 

Case 1: β < 1. For fixed q, β < 1 entails economies of scale within each plant. Intuitively, the 

merged firm will then concentrate its production in one plant. Formally, the objective function in 

Problem (2.3) is strictly quasiconcave, with corner solutions, see Figure 2.1, i. e., any vector of the 

form qi = q,  qj = 0 for j ≠ i solves Problem (2.3), and hence, Problem 2.2. The value function of 

Problem (2.2), or, in other words, the physical cost function of the merged firm is then 
β+αβα =+++= qqqqC )0...0()( .  









Answer Key

3(a) the problem of the planner is : max
∑

i αiui(xi, li, xi − 1
I

∑
i′ xi′) subject to

∑

i

xi ≤
∑

i

L̄i − li ⇐⇒
∑

i

xi +
∑

i

li ≤
∑

i

L̄i (1)

Let λ denote the multiplier associated to the resource constraint. The FOCs are

αi(
∂ui

∂xi
+

∂ui

∂si
) − 1

I

∑

i′
αi′

∂ui′

∂si′
= λ

αi
∂ui

∂li
= λ

i = 1, . . . , I

where, for simplicity, the arguments (xi, li, si) of the functions have been omitted. Eliminating the

multiplier gives the condition

∂ui

∂xi
+

∂ui

∂si

∂ui

∂li

− 1
I

∑

i′

∂ui′

∂si′

∂ui′

∂li′

= 1, i = 1, . . . , I (2)

Given that the maximum problem of the planner is convex, (1) and (2) characterize the interior

PO allocations.

(b) The equilibrium is such that

• For all j, firm j choose (lj , yj) so as to maximize pyj − wljsubject to yj ≤ lj.

• For all i, consumer i chooses (xi, li) so as to maximize ui(xi, li, xi− x̄) subject to pxi−wli ≤ 0.

• x̄ = (1/I)
∑

i xi

• Markets clear:
∑

j lj =
∑

i li and
∑

j yj =
∑

i xi.

(c) Given the assumptions on the utility functions there must be positive production at equilibrium.

The firms’ maximum problem has a positive solution only if p = w. We thus nomalize prices so

that p = w = 1.

It is easy to see that the FOCs for the representative consumer imply after elimination of the

multiplier that
∂ui

∂xi
+

∂ui

∂si

∂ui

∂li

= 1
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(c) Normalize px = 1 and let py = p. The demand of agent 1 is x1(p) = y1(p) = 6
1+p . The

demand of agent 2 is x2(p) = 2p, y2(p) = 2. The equilibrium price is thus p̃ = 2 and the equilibium

allocation is (x̃1, ỹ1) = (2, 2), (x̃2, ỹ2) = (4, 2). The corresponding utilities are (ṽ1, ṽ2) = (2, 8).

(d) By the Second Welfare Theorem, we know that by redistributing initial endowments in

goods or income and letting markets work, a planner can achieve any Pareto optimal allocation.

The allocation of question (b) is an equilibrium allocation if the price p is such that

p =
∂u2

∂y2 (3, 1)
∂u2

∂x2 (3, 1)
= 3

The income needed by agent 1 to afford the allocation (3,1) when p = 3 is 12, so that agent 1 needs

a transfer of 2 units of good 2. By transferring 2 units of good 2 from agent 2 to agent 1 and letting

markets do the allocation the planner can equalize the utilities.

(d) Utility functions are convenient for representing preferences but, unless special circumstances

(same utilities, quasi- linear preferences) utility levels do not have much meaning, and do not permit

relevant interpersonal comparisons of welfare. The concept of fairness usually considered is the

concept of ”envy free” and the allocation of question (b), which equalizes utilities, is not envy free

since agent 2 envies agent 1. On the other hand the equilibrium allocation is (c) is envy free, so

that in this example no redistribution seems necessary.
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ANSWER - Q5 - Fall 04

5. Caught on both horns

(a) w(e) = e for all e ≤ 4. So w(e0) = 2, w(e1) = 3, w(e2) = 4 .

(b) Since Ey(e) = 10p(e), g(e0) = −1, g(e1) = 2, g(e2) = 4 . So working

hard is socially efficient.

(c) C0 = (2, 2) . Notice that a straight wage (i.e., the same wage even if the

project fails) automatically leads the agent to choose his least costly
action e0.

(d) Leaving out the ‘1’ superscript:

U(C, e1) ≥ 0 (IR)

U(C, e1 ≥ U(C, e0) (IC0)

U(C, e1) ≥ U(C, e2). (IC2)

Or, substituting and re-arranging, these can be re-written:

v1 + v2 ≥ 6 (IR)

v2 − v1 ≥
10

4
(IC0)

v2 − v1 ≤
10

3
. (IC2)

(e) Intuitively, the greater the spread between w2 and w1, the greater the
agent’s incentive to increase his effort e. Hence IC0 says the spread
must be sufficiently positive — otherwise the agent would prefer shirk-
ing. And IC1 says it cannot be too large, otherwise the agent would
prefer e2 to e1.

(f) The interesting observation is that working with utility wages rather
than money wages makes all 3 constraints linear. The set of feasible
contracts is shaded in the GRAPH.
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(g) Suppose first that IC2 is not binding, like contract V = (v1, v2) in the
FIGURE. Notice by decreasing the wage if the project fails (w1), the
principal loosens IC0 by increasing the spread w2 − w1; and further
he pays less if the the project fails, so he increases his expected profit
Ey(e1) − Ew(e1). Graphically, we are moving to the west, toward the
IR-binding line.

Suppose instead that IC2 is binding, like contract V ′ in the FIGURE.
Then by decreasing w2 and keeping w1 unchanged (moving southward),
the principal still satisfies all constraints and increases his expected
profit. Now IC2 is again loose, so we can again move westward toward
the IR-binding line.

(h) If IC0 were loose, the principal can decrease the spread w2 − w1 while
still keeping IR binding. A smaller spread implies a lower risk pre-
mium, that is, a decrease in Ew(e1), decreasing the principal’s cost of
implementing work and hence increasing his expected profit. NOTE:
To implement e1, w2 must be greater than 4, hence risk aversion sets
in. This explains the presence of a risk premium in the cost-minimizing
contract C1.

(i) C1 occurs where both IR and IC0 bind. Solving the two linear equations
v1 + v2 = 6 and v2 − v1 = 2.5 shows v1 = 1.75, v2 = 4.25 . Using the
utility function v we can now convert the utility wages into money

wages, to find C1 = (1.75, 6.5) .

(j) From the principal’s perspective the cost of implementing any e is c(e) ≡
Ew(e) ≡ (1−p(e))w1 +p(e)w2, where the expectation is taken over the
incentive contract (w1, w2) that implements e in the least-cost way.
Hence c(e0) = 2, c(e1) = .5(1.75) + .5(6.5) = 4.125, and c(e2) =
.2(4/3)+.8(32/3) = 8.8. Since the principal’s profit from implementing
e is π(e) ≡ Ey(e) − c(e), we find

π(e0) = 1 − 2 = −1,

π(e1) = 5 − 4.125 = .875,

π(e2) = 8 − 8.8 = −.8.

We conclude that the principal will implement e1, which from a social
point of view leads to inefficient risk sharing (the agent is bearing some
risk) and inefficient effort (the agent is working too little). So society
is caught on both horns.
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