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Microeconomics Prelim June 2005 

Answer Keys 

1. 
a. Proof of the property. Let x0 ∈ B1 ⊂ B0 , and let x0 be chosen at (B0, s).  

First, if x0 = s, then, by (1), u(s) > u(x*(B0)) −  c(s). Because B1 ⊂ B0, u(x*(B0)) > 
u(x*(B1)), and hence u(s) > u(x*(B1)) −  c(s) and, again by (1), s is chosen at (B1, s). 

Second, let x*(B0) ≠ s and let x0 = x*(B0) be chosen at (B0, s). Then, by (2), u(s) < 
u(x*(B0)) −  c(s). Because x0 = x*(B0) ∈ B1 and because u(x*(B0)) > u(x*(B1)), the uniqueness of 
the maximizers implies that x*(B1) = x*(B0) = x0. Thus, x0 is also chosen at (B1, s). 

Revealed preference interpretation. If x0 is chosen at (B0, s), then x0 is revealed (weakly) 
preferred to any point in B0 when the status quo is s. The consistency of choices would then 
dictate that x0 be also revealed (weakly) preferred to any point in a subset B1 of B0, as long as x0 
belongs to it and as long as the status quo is still s . This is precisely what the property says.  

b. Consider the function 

 f: X×X→ℜ: f(x, s) = u(x) – g(x, s), where g(s, s) = 0 and, for  x ≠ s, g(x, s) = c(s) > 0.  

When X = ℜN
+, f is clearly discontinuous at any point in its domain of the form (s, s), 

even when both u and c are continuous functions.  

We now show that the maximization of f on B is equivalent to the choice rules (1) and 
(2).  

First, let x0 be chosen at (B, s). If x0 = s, then, by (1), f(s, s) ≡ u(s) > u(x*(B)) −  c(s) >  
u(x) −  c(s), for all x ∈ B, with f(x, s) ≡ u(x) −  c(s), for all x ∈ B, x ≠ s, i. e., x0 = s maximizes f on 
B. (Trivially, f(s, s) >  f(s, s).) If, on the contrary, x0 ≠  s, then, by (2), x0 =  x*(B) and f(s, s) ≡ u(s) 
< u(x*(B)) −  c(s) ≡ f(x*(B), s). Moreover, if x ∈ B, then u(x*(B)) > u(x), by the definition of 
x*(B), and hence f(x*(B), s) ≡ u(x*(B)) −   c(s) > u(x) −   c(s) ≡  f(x, s), for all x ∈ B, x ≠ s. 
Summarizing, if x0 is chosen at (B, s), then x0 maximizes  f(x, s) on B. 

Conversely, let x0 solve max x f(x, s) subject to x ∈ B. If x0 = s = x*(B), then (1) is 
trivially satisfied. If x0 = s ≠ x*(B), then, because of maximization, f(s, s) >  f(x, s) for all x ∈ B, x 
≠ s, i.e., u(s) >  u(x) – c(s) for all x ∈ B, x ≠ s, or u(s) + c(s) >  u(x) for all x ∈ B, x ≠ s. This 
together with the fact that s ≠ x*(B) implies that u(s) + c(s) >  u(x*(B)) (otherwise there would be 
an x in B, x ≠ s, with u(s) + c(s) < u(x), a contradiction). Hence, (1) is satisfied. Last, let x0 ≠ s.  
Then f(x0, s) ≡ u(x0) – c(s) > f(x, s)  ≡ u(x) – g(x, s) for all x ∈ B, i. e., u(x0) >  u(x) + [c(s) –  
g(x, s)] >  u(x), x ∈ B, i.e., x0 = x*(B). Moreover, because x ∈ B,  u(x*(B)) – c(s) >  f(s, s)  = u(s), 
which is (2). Thus, the maximization of f on B yields the status-quo-biased choice of (1) and (2). 

Summarizing, the choice rules (1) and (2) are equivalent to the maximization of a 
discontinuous function that subtracts any moving costs from the utility of consumption. 
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c.1. Standard Cobb-Douglas maximization subject to the budget constraint given by the 
initial endowments (ω1, ω2) = (2, 2). Hence: 

(x1*(p), x2*(p)) = (1 + p, 1 + (1/p)); v(p) = (1 + p)0.5( 1 + (1/p)) 0.5 = (1 + p) p – 0.5, 

x2*(1) = 2 = v(1). 

Graphs: x2*(p) = 1 + (1/p), always decreasing, see Figure 1. 
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Figure 1 

One can compute v’(p) = 0.5 p – 0.5(1 – (1/p)). Hence, v(p) is decreasing for p < 1 and 
increasing for p > 1. See Figure 2.  
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Figure 2 

c.2. Following 2, the consumer maximizes u(x) – g(x, s).  If the consumer stays at the 
status quo s ≡ (2, 2), her utility is 20.520.5 = 2. This is obviously her choice if p = 1, in which case  

(x1*(p), x2*(p)) = s. If p ≠ 1, then choosing (x1*(p), x2*(p)) entails a moving cost of c(s) = 
0.2: the consumer then chooses (x1*(p), x2*(p)) if v(p) – 0.2 <  2, and chooses s if v(p) – 0.2 >  2. 
See Figure 3. 

 To find the prices at which v(p) – 0.2 = 2, we solve the equation 
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(1 + p) p – 0..5 – 0.2 = 2, i. e., (1 + p) p – 0.5 = 2.2 , i.e., (1 + p)2 = 4.84 p , i.e., 1 + 2p + p2 = 4.84 p, 
i.e., p2 – 2.84 p + 1 = 0, with solutions p = 0.412 and p = 2.428, as indicated in Figure 3. 
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Figure 3 

Thus, maximizing u(x) – g(x, s) subject to the budget constraint given by p requires 

 * setting (x1, x2) = (2, 2)  ≡ s, if p ∈ [0.412, 2.428] 

* setting (x1, x2) = (x1*(p), x2*(p)), if either p < 0.412 or p >  2.428.  

Intuitively, at price 1 the consumer has no incentive to move from s = (2, 2) even if it 
entailed zero moving costs. For prices close to 1, the gains from moving are too small to 
compensate for the moving costs, and the consumer stays at s = (2, 2). But if p is very small or 
very large, the consumer can afford points far away from s = (2, 2) that yield a high utility, more 
than compensating the moving cost. See Figure 4.  
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Figure 4 
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4. (a) The strategy sets are S
1
 = S

2
 = [0,∞). The payoff functions are as follows: 

π 1 0
( , )x y

X y if x y

if y x
=

− ≥
>

RST
     and  π 2( , )x y

A Y y if x y

A if y x
=

− + ≥
>

RST
 

(b) Suppose that X > Y. If (x,y) is a Nash equilibrium with x ≥≥≥≥ y then it must be that y ≤ X 
(otherwise player 1 could increase its payoff by reducing x below y) and y ≥ Y (otherwise 
player 2 would be better off by increasing y above x). Thus it must be Y ≤ y ≤ X, which is 
possible, given our assumption. However, it cannot be that x > y, because player 2 would be 
getting a higher payoff by increasing y to x. Thus it must be x ≤≤≤≤ y, which implies that x = y. 
Thus the following are Nash equilibria: 

all the pairs (x,y) with Y ≤ y ≤ X and x = y. 

Now consider pairs (x,y) with x < y. Then it cannot be that y < X, because player 1 could 
increase its payoff by increasing x to y. Thus it must be y ≥ X (hence −  by our supposition −  
y > Y). Furthermore, it must be that x ≤ Y (otherwise player 2 could increase its profits by  
reducing y to (or below) x.  Thus  

(x,y) with x < y  is a Nash equilibrium if and only if x ≤ Y and y ≥ X. 

 (c) Suppose that X < Y. For the same reasons given above, an equilibrium with x ≥ y 
requires Y ≤ y ≤ X. However, this is not possible given that X < Y. Hence, 

there is no Nash equilibrium (x,y) with x ≥ y. 

Thus we must restrict attention to pairs (x,y) with x < y. As explained before, it must be that 
y ≥ X and x ≤ Y.  Thus, 

(x,y) with x < y  is a Nash equilibrium if and only if X ≤ y and  x ≤ Y. 

(d) Pareto efficiency requires that the chemical plant be shut down if X < Y that it remain 
operational if X > Y. Now, when X < Y all the equilibria have x < y which leads to shut-
down, hence a Pareto efficient outcome. When X > Y, there are two types of equilibria: one 
where x = y and the plant remains operational (a Pareto efficient outcome) and the other 
where x < y in which case the plant shuts down, yielding a Pareto inefficient outcome.  

(e) Yes, for player 1 choosing x = X is a dominant strategy. Proof. Fix an arbitrary y. We 
must show that x = X gives at least as high a payoff against y as any other x. Three cases are 
possible. Case 1: y < X. In this case x = X or any other x s.t. x ≥ y yields π

1
 = X − y > 0, while 

x < y yields π
1
 = 0. Case 2: y = X. In this case 1’s payoff is zero no matter what x he chooses. 

Case 3: y > X. In this case x = X or any other x s.t. x < y yields π
1
 = 0, while x ≥ y yields. π

1
 = 

X − y < 0. 

(f) No, choosing y = Y is not a dominant strategy for player 2. For example, if x > Y then 
choosing y = Y yields π

2 
= A while choosing a y s.t. Y < y ≤  x yields π

2 
= A −Y + y > A. 
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5.  Inverse demand is given by 
12

( )H
H

Q
P Q

b

−=  and 
12

( )L
L

Q
P Q

b

−= .  

(a) Let ( )HW Q  be the willingness to pay of the H consumer for Q units of output. Then 
21

( ) 12
2H

H

Q
W Q Q

b

 
= − 

 
. For Option 1 the monopolist would choose within the set 

{ }( , ) : ( )HQ V V W Q= . The corresponding profits are 
2

1

1
( ) 12

2H

Q
Q Q Q

b
π  

= − − 
 

. This 

function is strictly concave. Solving 1 0
d

dQ

π =  we get *
1 12 HQ b= −  ,  

2
*

1
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2
H

H

b
V

b

−=  with 

corresponding profits 
( )2

*
1
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2
H

H

b

b
π

−
=  .  

(b) Let ( )LW Q  be the willingness to pay of the L consumer for Q units of output. Then 
21

( ) 12
2L

L

Q
W Q Q

b

 
= − 

 
. For Option 2 the monopolist would choose within the set 

{ }( , ) : ( )LQ V V W Q= . The corresponding profits are 
2

2

1
( ) 2 12

2L

Q
Q Q Q

b
π

  
= − −  

  
. This 

function is strictly concave. Solving 2 0
d

dQ

π =  we get  *
2 12 LQ b= −  ,  

2
*

2

144

2
L

L

b
V

b

−=   with 

corresponding profits 
( )2

*
2

12 L

L

b

b
π

−
=  . 

(c) Let ( , ) and ( , )H H L LQ V Q V  be the two packages. Then the incentive compatibility constraints are:  

(1) V
L
 ≤ W

L
(Q

L
) :   the L-consumer is willing to buy “her” package 

(2) W
L
(Q

L
) − V

L
 ≥ W

L
(Q

H
) − V

H
 :  incentive compatibility constraint for the L-consumer  

      (she does not prefer the H package to the L package) 

(3) V
H
 ≤ W

H
(Q

H
)  :  the H-consumer is willing to buy “her” package 

(4) W
H
(Q

H
) − V

H
 ≥ W

H
(Q

L
) − V

L
 incentive compatibility constraint for the H-consumer  

      (she does not prefer the L package to the H package); 

Since W
H
(Q) > W

L
(Q), (3) follows, as a strict inequality, from (1) and (4). Let S be the set of 

pairs ( )( ), , ( , )H H L LQ V Q V  that satisfy (1) – (4) and let ( )( )* * * *, , ( , )H H L LQ V Q V ∈S be a pair that 
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maximizes the firm’s profits within S. Then (1) and (4) must be satisfied as equalities, that is, 
* 2

* * * ( )1
( ) 12

2
L

L L L
L

Q
V W Q Q

b

 
= = − 

 
  and  

( ) ( ) ( )2 2 2* * *

* * * * * * *
H H

1 1
= W ( ) W ( ) 12 12 12

2 2 2
H L L

H H L L H L L
H L

Q Q Q
V Q Q V Q Q Q

b b

   
   − + = − − + + −
   
   

  

(d) Let S
*
 be the set of pairs ( )( ), , ( , )H H L LQ V Q V  that satisfy the two boxed equalities. Then if 

( )( ), , ( , )H H L LQ V Q V  maximizes the firm’s profits in S it must belong to S
*
. Within S

*
 the 

profit of the firm is given by 

( ) ( ) ( ) ( ) ( )2 2 2
1 2

12 12 12
2 2 2
H L L

H H L L H L L H L
H L

Q Q Q
V Q V Q Q Q Q Q Q

b b
π

   
= − + − = − − + + − − −   

   
   

The Hessian of π is 

( )

( )

2 2

2

2 2

2

1
0

2
0

H L HH

L H

L H L HL

b Q QQ
H

b b

Q Q b bQ

π π

π π

 ∂ ∂= − = ∂ ∂∂ =  −∂ ∂ = =
 ∂ ∂ ∂ 

 

Which is negative definite since 2L Hb b< .  Thus the maximum of π  is found by solving 

12
0H H

H H

b Q

Q b

π − −∂ = =
∂

  and  
24 12 2

0H L L H L L H L

L H L

b b b b b Q b Q

Q b b

π − − + −∂ = =
∂

 

The solution is 

* 12H HQ b= −   and  * 24 12

2
H L L H

L
H L

b b b b
Q

b b

− −=
−

  

(e) When 2 and 3H Lb b= =  then * * *
1 2 325, 27 and 28π π π= = = . Thus Option 3 is the best. The 

two packages are ( ) ( )10, 26  and 6, 18H H L LQ V Q V= = = =  with implied per-unit prices of  

P
H
 = 2.6 and P

L
 = 3. The L-consumer gests zero surplus, while the H-consumer gets a surplus 

of W
H
(10) − 26 = 35 − 26 = 9. Thus total surplus is *3 9 28 9 37π + = + = . 

(f) With first-degree price discrimination (in the form of a two-part tariff) the monopolist would 

set P = MC = 1 and sell Q
H
 = 12 − b

H
 = 10 units to the H-consumer and 12L LQ b= − = 9 units 

to the L-consumer and extract all the surplus by charging tariffs of T
H
 = W

H
(10) − 10 = 35 −  10 

= 25 and T
L
 = W

L
(9) − 9 = 13.5 with corresponding profits of π = 25 + 13.5 + 19 − 19 = 38.5. 


