M icroeconomics Preim June 2005
Answer Keys

1.

a. Proof of the propertyLetx’ 0 B' 0 B?, and let® be chosen a8f, s).

First, if x° = s, then, by (1),u(s) > u(x*(B%) - c(s). BecauseB' O B°, u(x*(B%) >
u(x*(BY), and hence(s) > u(x*(BY) — c(s) and, again by (1} is chosen atg’, s).

Second, letx*(B% # s and letxX’ = x*(B°) be chosen atB, s). Then, by (2),u(s) <
u(x*(B%) - c(s). Because® = x*(B% O B' and because(x*(B%) > u(x*(BY), the uniqueness of
the maximizers implies that(B) = x*(B%) =x°. Thus,X is also chosen aBt, s).

Revealed preference interpretatitix’ is chosen ati’, s), thenx’ is revealed (weakly)
preferred to any point iB° when thestatus quo is s. The consistency of choices would then
dictate that be also revealed (weakly) preferred to any paira subseB' of B°, as long as’
belongs to it and as long as #tatus quo is still s. This is precisely what the property says.

b. Consider the function
f: XxX - O: f(x, ) = u(x) —g(x, s), whereg(s, s) = 0 and, forx# s, g(x, s) = ¢(s) > 0.

When X = OV, f is clearly discontinuous at any point in its domaf the form §, s),
even when botly andc are continuous functions.

We now show that the maximization ©obn B is equivalent to the choice rules (1) and

2).

First, letx’ be chosen a ). If X° = s, then, by (1)f(s, s) = u(s) > u(x*(B)) - c(s) >
u(x) — c(s), for allx O B, with f(x, s) = u(X) — c(s), for allx O B, x# s, i. e.,X° =s maximizesf on
B. (Trivially, (s, s) > (s, 5).) If, on the contrary® # s, then, by (2);° = x*(B) andf(s, s) = u(s)
< u(x*(B)) — c(s) = f(x*(B), s). Moreover, ifx O B, thenu(x*(B)) > u(x), by the definition of
x*(B), and hencd(x*(B), s) = u(x*(B)) — c(s) >u(x) — c(s) = f(x, s), forallx OB, x#s.
Summarizing, i6C is chosen atf, s), thenx’ maximizesf(x, s) onB.

Conversely, let® solve max, f(x, s) subject tox O B. If X’ = s = x*(B), then (1) is
trivially satisfied. Ifx° = s # x*(B), then, because of maximizatidts, s) > f(x, s) for all x O B, x
£s, .e,u(s) > ux) —c(s) forallx 0B, x#s, oru(s) +c(s) > u(x) for all x I B, x#s. This
together with the fact thatz x*(B) implies thatu(s) + c(s) > u(x*(B)) (otherwise there would be
anxin B, x # s, withu(s) + c(s) < u(x), a contradiction). Hence, (1) is satisfied. Last)X’ # s.
Thenf(x’, ) = u(X®) —c(s) > f(x, 5) = u(x) —g(x, s) for all x O B, i. e.,u(®) > u(x) + [c(s) —
g(x, 9)] > u(x), x 0 B, i.e.,x’ = x*(B). Moreover, becausel B, u(x*(B)) —c(s) > f(s, s) =u(s),
which is (2). Thus, the maximization bbdn B yields thestatus-quo-biased choice of (1) and (2).

Summarizing, the choice rules (1) and (2) are exjait to the maximization of a
discontinuous function that subtracts any movingtig€@rom the utility of consumption.
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c.1. Standard Cobb-Douglas maximization subject to tidgbt constraint given by the
initial endowmentsy, wy) = (2, 2). Hence:

(a*(), %2*(P) = (1 +p, 1+ (10)); V(p) = (1 +p)°X(1 + (1h)) *°= (1 +p) p~*%
X2*(1) =2 =v(1).
Graphsx*(p) = 1 + (1p), always decreasing, see Figure 1.

x5 1 Helln

Figure 1

One can compute(p) = 0.5p ~ %31 — (1p)). Hence,v(p) is decreasing fop < 1 and
increasing fop > 1. See Figure 2.

VD el

Figure 2

c.2. Following 2, the consumer maximizegx) — g(x, s). If the consumer stays at the
status quo s = (2, 2), her utility is 2°2°° = 2. This is obviously her choicepf= 1, in which case

(xX*(p), x2*(p)) =s. If p# 1, then choosing«(*(p), x2*(p)) entails a moving cost afs) =
0.2: the consumer then chooseg((p), x2*(p)) if v(p) — 0.2.< 2, and choosesif v(p) — 0.2 > 2.
See Figure 3.

To find the prices at which(p) — 0.2 = 2, we solve the equation
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QL+pp %°-02=2i.e, AP p =22, ie.,(1H)>*=4.84p,ie., 1+ p+p>=4.84p,

i.e.,p° — 2.84p + 1 = 0, with solutiong = 0.412 ang = 2.428, as indicated in Figure 3.
v D Bedla

0.412 2.428

Figure 3
Thus, maximizingu(x) —g(x, s) subject to the budget constraint givenpgxgquires
* setting &g, x2) = (2, 2) =s,if pJ[0.412, 2.428]
* setting Ka, X2) = (X*(p), X2*(p)), if eitherp <0.412 omp > 2.428.

Intuitively, at price 1 the consumer has no incentio move frons = (2, 2) even if it
entailed zero moving costs. For prices close tdhg, gains from moving are too small to
compensate for the moving costs, and the consutags ats = (2, 2). But ifp is very small or
very large, the consumer can afford points far afamy s = (2, 2) that yield a high utility, more

than compensating the moving cost. See Figure 4.
X2

0.412 1 2.428

Figure 4
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4. (@) The strategy sets are $S, = [0,). The payoff functions are as follows:

X-y if xz2y
0 if y>x

A-Y+y if xzy

(X, Y) :{

(b) Supposethat X > Y. If (x,y) is a Nash equilibriunwvith x =2 y then it must be thaty X
(otherwise player 1 could increase its payoff Iduang x below y) and ¥ Y (otherwise
player 2 would be better off by increasing y abry€erhus it must be ¥ y < X, which is
possible, given our assumption. However, it catreothat x > y, because player 2 would be
getting a higher payoff by increasing y to x. Thtusust bex <y, which implies that x = y.
Thus the following are Nash equilibria:

all the pairs (x,y) with Yxy< X and x =y.

Now consider pairs (X,y) with x <y. Then it canhatthat y < X, because player 1 could
increase its payoff by increasing x to y. Thus itstbe y= X (hence- by our suppositior
y >Y). Furthermore, it must be thak Y (otherwise player 2 could increase its profits by
reducing y to (or below) x. Thus

(x,y) with x <y is a Nash equilibrium if and onlfyx < Y and y> X.

(c) Supposethat X <Y. For the same reasons given above, an equilibritinx > y
requires Y< y < X. However, this is not possible given that X <Hence,

there is no Nash equilibriunx,) with x> y.

Thus we must restrict attention to pairs (x,y) witk y. As explained before, it must be that
y = X andx<Y. Thus,

(x,y) with x <y is a Nash equilibrium if and onfyX <y and x<.

(d) Pareto efficiency requires that the chemical pkenshut down if X <Y that it remain
operational if X >Y. Now, when X <Y all the eqibitia havex <y which leads to shut-
down, hence a Pareto efficient outcome. When X th¥re are two types of equilibria: one
wherex =y and the plant remains operational (a Pareto efftautcome) and the other
where x <y in which case the plant shuts dowridyng a Pareto inefficient outcome.

(e) Yes, for player 1 choosing= X is a dominant strategy. Proof. Fix an arbitrar\We
must show that = X gives at least as high a payoff agayat any othex. Three cases are
possibleCase 1: y < X. In this case = X or any othex s.t.x 2 y yields 7z =X -y > 0, while

x<yyields7z = 0.Case 2: y = X. In this case 1's payoff is zero no matter whhe chooses.
Case 3: y> X. In this casex= X or any othex s.t.x <y yields 7z = 0, whilex > y yields. 7z =
X-y<0.

(f) No, choosing y % is not a dominant strategy for player 2. For exi@mpx >Y then
choosingy =Y yields 7z,= A while choosing § s.t.Y <y < xyields;=A-Y +y>A

Page 16 of 18



5. Inverse demand is given ¥, (Q) = 12b_Q and P, (Q) =%.
H
(a) Let W, (Q) be the willingness to pay of tireconsumer foQ units of output. Then
2
W, (Q) :bHi(le—%j. For Option 1 the monopolist would choose withia set
_ : , 1 Q? :
{(Q\V):V =W, (Q)} . The corresponding profits are(Q) ZE 12Q—7 -Q. This
_Rh2
function is strictly concave. Solvin%% =0 we get Q =12-b, |, |V, = 14;'be” with
. (12-b,)’
corresponding profitsrzg =M
2b,

(b) Let W_(Q) be the willingness to pay of theconsumer foQ units of output. Then

2
W, (Q) :bi(le—%j. For Option 2 the monopolist would choose withia tet
L
L : , 1 Q? .

{(Q\V):V =W,_(Q)} . The corresponding profits ave (Q) = 2 b 12Q—7 -Q/|. This
_Rh2

function is strictly concave. Solvin%% =0 we get| Q, =12-b |, |V, = 14;b B | with
L

. (12-b)
corresponding profitsrz, :% .

(c) Let (Q,.V,) and Q, V, ) be the two packages. Then the incentive compityilsibnstraints are:
(1V, =W (Q): theL-consumer is willing to buy “her” package

(QW.(Q) -V, =W (Q) -V, : incentive compatibility constraint for ttheconsumer
(she does not prefer tHepackage to the package)
)V, =W,(Q,) : theH-consumer is willing to buy “her” package
(4) W,(Q) -V, =W, (Q) -V, incentive compatibility constraint for thé-consumer
(she does not prefer thepackage to the H package);
SinceW,(Q) > W (Q), (3) follows, as a strict inequality, from (1)ca(@). LetS be the set of

pairs ((Q,Vy).(Q.V,)) that satisfy (1) - (4) and 1(Q;.V;,),(Q. V. )) 0S be a pair that
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maximizes the firm’s profits withiis. Then (1) and (4) must be satisfied as equalities, is,

. L1 . Q)
\4 —W(QL)—E(HQL > j and

b 2

VI::WH(Q;)_WH(QL)+\/;_ = bH[]-ZQ ( ) 1@ +( )J 1(1@L_@J

(d) Let S be the set of palré(QH, Q.. )) that satisfy the two boxed equalltles Then if
((QH 1), QLY )) maximizes the firm’s profits i it must belong t& . Within S the

profit of the firm is given by
= (VH —QH)+(VL —QL) :i[lZQH _(QH) _1ZDL (QL) } le?L (QL) } QH QL

b, 2 b
The Hessian ofzis
’mr __ 1 o’ _
19(Qy)” by 0QuoQ,
et o 97 _b-2,
9Q,0Q, 0(Q)"  hb,

Which is negative definite sindg <2b,. Thus the maximum of is found by solving

o =12_bH_QH =0 and aﬂ=24bH_12)L_bLbH +bLQL_2)HQL:O
0Q, b, 0Q, b, b,
The solution is

Q, =12-b, and Q = 240, — 12 ~bh,
2b, —b,

() Whenb, =2 andb, = tthen =25, 77, = 27 andz, = 2. Thus Option 3 is the best. The
two packages arfQ, =10V, = 26) and(Q_= 6/ = 1f with implied per-unit prices of
P, =2.6 and®_ = 3. TheL-consumer gests zero surplus, whileltheonsumer gets a surplus
of W,(10) -26 = 35-26 = 9. Thus total surplus i, +9 =28+ 9= 37.

(f) With first-degree price discrimination (in the fioiof a two-part tariff) the monopolist would
set P =MC =1 and sél),, = 12-b,, = 10 units to théi-consumer an®)_ = 12b =9 units
to theL-consumer and extract all the surplus by charginfigaf T, =W,_(10)-10 = 35- 10

=25 andl =W (9) -9 = 13.5 with corresponding profits af= 25 + 13.5 + 19-19 = 38.5.
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