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PRELIMINARY EXAMINATION FOR THE Ph.D. DEGREE

Part | ANSWER KEY

I(a) There are N goods. Good 1 is leisure, measured in hours, its consumption denoted X3, and its
dollar price (per hour) p1> 0. Goods 2 to N are consumption goods, with dollar prices pa, ..., pn, all
positive. The consumer is endowed with m; > 0 units of leisure and zero units of any other good
(02=0=... = oy =0). The consumer is also endowed with m dollars of price-independent wealth.
We define the variable L = o - x; and call it the supply of labor. Her preferences are represented
by a differentiable utility function u: X — R, increasing in all its arguments in the interior of X,

where X cR" denotes her consumption set. Denote the Jevonsian supply-of-labor function by

I:(pl, P,,..., Py) (we take the parameters m and c; as given, so that they do not appear as

arguments).

A

I(a).1. Write the Slutsky equation for the decomposition of the “total effect” S—L ofa
P,

change in p; on the supply of labor, expressing the substitution and the wealth effects in terms of
the partial derivatives of the Hicksian and Walrasian demand-for-Ileisure functions.
The standard form of the Slutsky equation for the supply of labor is
oL ot ol
— =L
op,  Op, o

where:

H
(ZL = —Z—hl (hy is the Hicksian demand for leisure) is the SUBSTITUTION EFFECT,
P, P,

nonnegative given that 2—hl is always nonpositive, by the negative semidefiniteness of the Slutsky
1

matrix.



% __* (X, is the Walrasian demand for leisure) is the WEALTH EFFECT.

Hence, we can write the Slutsky equation in terms of the derivatives of the Hicksian and
Walrasian demand for leisure as

oL __oh _o%

o, op, ow

I(a).2. Assume that leisure is a normal good. What can you say about the sign of the

N

substitution and wealth effects of 1(a).1? What can you say about the sign of the total effect %?
1

Interpret in words.

We have that i = —a—hl —% L , where
op, op, Oow
oh,
SUBSTITUTION EFFECT= ——12>0
op,

WEALTH EFFECT = —% L <0, because % >0 by the assumption of normality.

Hence, the substitution and the wealth effect are of (weakly) opposite signs, and the sign of
the total effect may in principle be positive, negative or zero.

In words, an increase in the wage p; rises the opportunity cost of leisure, (weakly) reducing
the demand for it, which is equivalent to (weakly) increasing the supply of labor (SUBSTITUTION
EFFECT). On the other hand, an increase in the wage p; increases the real wealth of the consumer,
increasing her demand for all normal goods, including leisure, which is equivalent to reducing the

labor supply (WEALTH EFFECT). Hence, the sign of the total effect can in principle be anything.

I(b). We now consider a new model. We still have prices (ps1, pz, ..., pn) >> 0, an endowment
vector (o1 ,0,...0), and the consumer’s price-independent wealth m. But we introduce two

differences.
First, leisure no longer enters the utility function, so that preferences are defined on an open

subset Z = R, with typical element (x, ..., Xn ), and represented by a differentiable, strictly

quasiconcave and strictly increasing utility function :Z —>R.



Second, the consumption of any commodity j € {2,..., N} takes time, so that the available

amount of leisure w; must be allocated between the supply of labor in the market, denoted L,
which is paid at rate p; per hour, and unpaid time devoted to consumption activities. More
specifically, the data of the economy include, for j = 2,..., N, a nonnegative coefficient t;
expressing the per-unit amount of time required by the consumption of good of j, so that the
consumption of x; units of good j requires spending tj x; units of time, in addition to spending p; X;
dollars.

I(b).1. Write the consumer optimization problem that yields her demand for goods

X;(Py, P,y Py)s J =2,...,N and her supply of labor L(p,, P,,-.-, Py ) (again, we take the parameters

m and m; as given). (Assume that the solution exists.)

max, . B(X, -, Xy) subject to

2

the budget constraint: p,x, +...+ pyX, < p,L+m
and the time constraint t,x, +...+t X, +L < o,. (1)

1(b).2. Argue that the time endowment w; is totally spent.
It is the usual argument for Walras Law, given the assumed local nonsatiation. If

t,X, +...+t Xy + L <@, then the consumer could increase the left hand side of the budget

constraint by selling more labor.

1(b).3. Combine the budget constraint and the time constraint into a single equality
constraint involving (Xz,..., Xn), and interpret.

Multiplying the time constraint by p;, we get p,t,X, +...+ p,ty Xy — p,o, =—p,L which
added to the budget equality yields

(P, + Pt,)X, +.c+(Py + Pity) Xy = Py, + M.

Interpretation. It is a budget constraint for goods 2,..., N, where the “comprehensive price”
of good j has two components: the direct dollar price pjand the indirect cost pitjdue to the market
value of the time spent consuming good j.

I(b).4. Denote a price vector by (n,,...,m,), and a wealth magnitude by w, and define the

Walrasian demand function (X,(=,,..., Ty, W),..., X (1, ..., Ty, W)) , as usual, by the solution to the

N

problem maxB(x,,..., X, ) subjectto Zj:zfcjxj =w. Similarly, define the Hicksian demand



function (h,(n,, ..., my,U),...,h (m,,..., m,U)) by the solution to the problem min Z?‘zznjxj subject
to B(X,, ..., Xy) =U. Using I.(b)3, express the functions X, (p,, p,,--., Py), j =2,...,N and
I:(pl, P, ..., Py ) in terms of the Walrasian demand functions )?j(nz,...,nN W), j=2,...,N.

We can write the argument = in the Walrasian demand function as the “comprehensive
price” of good j as specified in Ib.(3), j = 2,..., N. Similarly, we can write wealth as w = p,», + m.
Therefore:

X;(Pys Paseoes Py) = %5(P, + Pty s Py + Pity, Py +M), j=2,..,N .

Using the time constraint (1), we can then write

L(Py, Py Py) :@1—2?:2tj>~<j(pz + Py, Py + Pty Py, +M).

1(b).5. Compute L in terms of the derivatives of the Walrasian demand functions
1

(X, (10ys ey T W),y Xy (754, Ty, W)

8': N N 6)’.(’] a)zj
a_p:Lz_ZFth {Zkﬁa_nktk +%O)l . (2)

oX.
1(b).6. By using the Slutsky decomposition of the total effects a—’(j, k=2,...,N), write

T

B oh.
ias the sum of a “substitution term” involving the derivatives a—’of Hicksian demand, and a
Py Ty

. . o oX. )
“wealth term” involving the derivatives %’ of Walrasian demand.

. oXx. oh, oX . . . .
Slutsky decomposition: —- =—L——2Lx, , which substituted into (2) yields
omn, Om, OW




oh. X oX.
apl __ZJ =2 J|:Zk 2[8_74_%])(‘(}'( +$@1}
_ oX. OX;
:_z;\lzz:‘2tia_nitk+z:'\lzszzti%JXk k Z:\l 2tJ ow ©,
oh.
Z_ZTzz’k\lztia_nitk—Fz:\lz j |: (’)1+Zk 2t X J

N, OX

N n . oh
:_Zj_zzk_ztja_ni Zj 27 —L

where (1) has been used. We may define:

. N N ahj
SUBSTITUTION EFFECT: = —ijzzkzztj %tk
k
é’f(
WEALTH EFFECT: —LZ
20w

oL
and hence a—z TOTAL EFFECT = SUBSTITUTION EFFECT + WEALTH EFFECT
P,

1(b).7. Assume that goods 2, ..., N are normal. What can you say about the sign of the

substitution and wealth effects obtained in 1(b).6? What can you say about the sign of the total

effect S—L? Compare with 1(a) above.
1

oh. 2
Because —- = oe

on,  omOn;

, the (j, k) entry in the negative semidefinite matrix D% (e is the

expenditure function associated with the Hicksian demand functions), the substitution effect (3)

can be written - (t,, ...,t, )D?e{t,,...,t, ), nonnegative .

oX.
Because goods 2,..., N are normal, %’ >0, and therefore the wealth effect

—Lz —‘ is positive.

Hence, the substitution and wealth effects have (weakly) opposite signs, and their sum can

in principle be positive, negative or zero.



The situation displays a strong parallelism with that in the model of section I(a) above. The
modeling of the labor supply is quite different, yet the Slustky equations are quite similar: in both
cases, the substitution and wealth effects move in opposite directions. The main difference is that,
in the model of I(a), leisure (i.e., time not sold in the market) has direct utility, whereas in that of

section I(b) its utility is indirect, in what it enables the consumer to consume goods 2,.., N.

Part II ANSWER KEY

Two goods, good 1 and good 2, which is the numeraire good. There are | consumers. Fori=1,..., 1,
consumer i’s utility function is u' : %}, xR — R :u'(x!,x}) =b'(x!) + x} , where b'is differentiable,
increasing and strictly concave. All consumers are price takers. We assume that the price of the
numeraire good is equal to 1, and we denote by p the price of good 1. Denote by X;(p) consumer
i’s Walrasian demand for good 1.

There is a single firm which produces good 1 by using the numeraire as an input, with cost
function C(y), where y is the amount of good 1 produced. We assume in what follows that first

order equalities characterize the solution to every optimization problem.

p-C

Given a price p, we define the markup as , Where the marginal cost C’ is evaluated

at the amount of output equal to aggregate demand.

11(a). Write the first order condition of the consumer optimization problem that yields her
Walrasian demand for good 1.

The problem maxb'(x!)+x} +w' — px! (where w' is the wealth of the consumer) yields the

first-order condition d—b.= p.
dx,

11(b). Suppose that prices are regulated in order to maximize the sum of consumer surplus

and profits. What can you say about the resulting markup?
Write X(p) = Z:zlfq(p) . By definition, i’s consumer surplus is b'(%;(p)) — pX;(p) , and the

firm’s profits are pX(p)—C(X(p)). Hence, the sum of the consumer surpluses and profits is



> b'(R(P)) - PX(p) + PX(P)~C(X(P)),

with first order equality Z,' 1%%—0% '=0, which using I1(a), can be written
i= Xl p

pX'=C'X"'=0. Dividing through by 3—X yields
p

p*=C'
. e., the maximization of the sum of consumer surpluses and profits implies the equality of prices
and marginal costs, and, hence, zero markup. As we know, this is a condition for economic

efficiency.
l1(c). Let consumer i own a share 8, >0 in the profits of the firm (i=1,..., I, Z:zlet =1).
As a consumer, she buys the good in the market, where she is a price taker, but she can vote at the

shareholders’ meeting on the price that the firm will charge. What is the best price for consumer-

shareholder i?

Consumer-shareholder i solves the problem

max, b'(%;(p)) — pX (p) + W' +6,[pX(p) —C(X(p))], with first-order equality

db' dx'  dx'
= p——X+0[pX'+X-C'X'=0,
dp dp pdp L OLPX !
or, using 11(a),
% =6,[X+(p-C)X1T. (1)

11(d). Suppose that, at the shareholders’ meeting, all shareholders unanimously agree on a

price. What can you say about the resulting markup? What can you say about the share 0, of

consumer i? Interpret. Hint. Add up the FOC.

Adding up (1) fori=1,...,I, we obtain
X =X+(p-C"X",i.e, p-C’, and zero markup. Therefore, (1) becomes %; =6,X , or 0, :%, I.
e., the profit shares must be equal to the shares in consumption.

Intuitively, the price has two effects on consumer i’s welfare. As a consumer, she will

prefer a very low price (zero), but as a shareholder she would prefer the monopoly price. Hence, a



big consumer who is a small shareholder prefers low prices, whereas a big shareholder who is a
small consumer prefers high prices. When the shares in profits equal the shares in consumption,

this two effects balance out in a way that all shareholders prefer the surplus maximizing price.

I1(e). We now specialize the model to a very simple case, where b'(x;) = ax, —%(xi)2 i=
1,..., 1, and C(y) = cy, where a > c. But we assume that only a fraction o of the population of |

consumers are shareholders in the firm, each owning a share 6 = il in the firm’s profits.
(o)

I1(e).1. Compute the monopoly profit-maximizing price p".

Individual demand is given by p=a—x{, i. e., %;(p) =a— p, and aggregate demand by
X(p) = I(a—p) . The monopoly profit maximizing problem is

max, (p-c)l(a-p)

with FOC: (a—p)—(p-c)=0,i.e.,, a-2p+c=0,or: p" :%.

I1(e).2. Show that all shareholders agree on a price p(c), and compute it. How does p(c)
vary with ¢? What are the limits of p(c) as 6 —>0? As o —»17? Comment.

From (1), we can write the FOC for a shareholder as
1
a- p=g[l(a— p)+(p-c)(=NI.

Aggregating over the ol shareholders, we obtain
ol[a—p]=1(a-p)+(p-c)(=NI.
I.e., ca—op=a—-p—-p+c,

or: p(2-o0)=(1-o)a+c,

i e, plo)=L=0)a+c
2-0
We compute: dp(o) _ —a(2—cs)+(1;cs)a+c _ —2a+acs+a;csa+c _ —a+c2 <0,
do [2-0] [2-o] 2—o]
IimcHo p(c):ﬂ: pM,
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Answer key for Q5 Micro Prelim June 22 09
(@) Let Fbethec.d.f.. Then

0 if p,>r
0 if p,>r
N if p,<rand p,>r
N if ppsrand p,>r N
N . =5 if py=p,<r
D,(p:.p,) = E if pp=p,<r Dz(pl'pz) 2 . ! 2
(P, = PON+2[1=F(p, ~p)]N if py <p, < F(p: = PIN+ 5[1=F(p =PI if p, <p. <
1 .
%[l_ F(p, - pz)]N if p,<p<sr 5[1_ Fp, - pl)]N it py<p,<r

(b)  Letp,=120. Then 7z(p,,120) = p,D,(p,). Thus 77(120,120) = 120% = 60N . Consider a

lower price, e.g. 100. Then 77(100,120) = 100{F(20)N +%(1— F(20)) N} =100(0.7N) =70N >

60N. Thus (120,120) is not a Nash equilibrium.

(© Fix afirmi. If the other firm chargesr, p, = r yields a profit of % For thisto be aNash
equilibrium it is necessary and sufficient that firm i cannot increase its profits by choosing a
pricep, <r. If thefirm chargesp, < r then its profits will be: p. F(r —p) N +% [1 -F(r—p)INp,
Thus we need

% 2 pFr-p)N +% [1 -F(r—p)INp. forallp <r thatis,

r2 p[l+Kr-p) foralp<r. (1.1

Let us drop the subscript i and define the RHS of (1.1) asg(p). Thus g(p) = p+ pF(r — p). Then
g(0) = 0and g(r) = r. Furthermore, g'(p) =1+ F(r — p)— pf (r — p). Thus g'(0) =1+ F(r)>0. If
g(p) isconvex then g'(p) isnon-decreasing and g(p) looks like

and therefore (1.1) is satisfied and (r,r) isa
Nash equilibrium.




(d) If the function g(p) is concave then there are two possibilities. CASE 1: g'(r)=0. Then
g(p) looks like

a(p)

and therefore (1.1) is satisfied, hence (r,r) isa
Nash equilibrium.

CASE 2: g'(r) <0 theng(p) lookslike

a(p)

In this case thereisap O (0,r) such that
g(p) > r and therefore (1.1) isviolated and
(r,r) isnot aNash equilibrium.

0 r

Thus a necessary and sufficient condition for (r,r) to be aNash equilibriumis g'(r) = 0. Since

g'(r) =1-rf (0) the condition can also be writtenas f (0 sE
;

(e If f is constant, then it must be f(x) =% for al x. Then F(x) :)F( so that the function g(p)
r-p
r

of part (ii) becomes g(p) = p(1+ j.Thus g"(p) =—E, i.e. g(p) is concave. Hence, by the
r

results of part (ii), (r,r) isaNash equilibriumif and only if f(0) < 1 which is of coursetrue.
r

So (r,r) isaNash equilibrium in this case.

() Assume that F(x) < 1 for sufficiently small x. Then if firm 2 charges O, firm 1 gets zero
profitsif it also charges O, but positive profitsif it charges alittle bit more than zero (its demand
ispositive since F(x) < 1 for x small). Thus p, = p, =0 isnot aNash equilibrium.

(9) Intuitively, the Bertrand paradox corresponds to the case where al the massis
concentrated at 0. One might be able to show the Bertrand paradox as alimit result: consider a
family f, of density functions such that, ast - oo, the smallest x at which F(x) = 1 tends to zero.

Then the Nash equilibrium might tend to zero.
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