MICRO PRELIM AUGUST 2009 - ANSWER KEYS
QUESTION 1. We start with the following facts, valid for &liree preference types below.
Fact 1.y is constant (resp. increasing) iff So 5.

Proof.Clearly,xo— % = y[(V2-1) - \1- 1)] =y (V2 - v1) , where v, - v; > 0 becausg; >1 >v; . Hence,

d%-%) o
dy
Fact 2. Y is constant (resp. decreasing) iff soz(l%.
W 1
Y REA
_ 1++(v,-1)
Proof 2 = WYV, ~1) =W .Because, - 1 >0 ands - 1 <0, we have that L >0,
X, w+y((v,-1) 1+l(vl_1) RA
W W

u'(x) _1-my,-1
u'(x) T 1-v,

Fact 3 Preference maximization is characterized byReC

Proof The decision maker choosgm order to maximize
TU(w +y (vi- 1)) + (199 u(@ +y (v2- 1)).

The stated FOC follows from differentiability ancteriority, guaranteed by the proviso thats large

enough. (We may want to use a partial-derivativiatian for the preference type of 1.3 below.)

Fact4 2-1'V2"t
m 1-v,

Proof The inequality follows from the assumption of pigse net expected returns. We introduce the

symboly for convenience.

= >1.

Putting facts 3 and 4 together, we have

u(x) _ w1, 1)

u'(x,)
which under the strict concavity ofimplies thatx, > xy, i. e., the (risk averse) consumer always bears
some risk, given the positive net expected returns.

1.1. Answer queries A-C for the case where your von mimun-Morgenstern-Bernoulli
(VNMB) utility function is of the CARA (constant ablute risk aversion) type. Justify your answer.
ANSWER. Now u=-¢e™for somer > 0, where is the coefficient of ARA. Expression (1) becomes

re”™™
re—rxz

=y >1,

i.e.,e ™™ =y>1, or -r(x,-x,)=InY>0.

Iny

It follows that x, — x, =———> 0. Hence, the difference, — x, does not vary withw. It follows from Fact
r

1 thaty does not change with either. Hence,l decreases witty, which implies that so doe)éz— :

W X
A wealth expansion path is a line of slope 1, pekr&d (and above) the certainty line.



1.2. Answer queries A-C for the case where your vNMitutfunction is of the CRRA (constant
relative risk aversion) type. Justify your answer.

1-r

ANSWER. Now eitheru ==

1 forr >0,r # 1, oru = In x. In the first case, expression (1)
-r

1

=y>1, or (%} =y>1,1i e, ﬁ:qf >1, an expression valid for the k case by
X

-r

X

)

becomes

-r

. X . .
settingr = 1 . Hence, the rati6% does not vary withw. It follows from Fact 2 than neither does the shar
Xl
Y

o and that bothx, — x, andy increase wittw.

A wealth expansion path is a ray through the orajielope greater than 1.

1.3. Consider now the case where your preferences efired by a wealth-dependent vNMB
function, which has both consumptiorn and your initial wealth w as arguments, namely

B,
u= —exp(—E x)=-e* , wheref > 0. Interpret in words.
()
ANSWER. It looks like a CARA function but with the modihtion that the coefficient of ARA is
not constant with respect to wealth, but it is éast given byE, I. e., it is inversely proportional to
w

wealth. In other words, the wealthier you are,ltveer your coefficient of absolute risk aversion.

1.4. Answer queries A-C for Preferences of 1.3 abovstifyuyour answer.

Bl
Expression (1) now becomes®—— =y >1,i.e., e = y>1, or
Pew®
W
Brx - =| >0 2
[X;=x]=Iny>0. 2)
W
We can writex; —x; = y (V2 —Vv1) . Hence, (2) can be written
Ey(v2 -v)=Iny>0,
W
where, as noted above, —v, >0. Therefore,— :%, constant with respect to. Hence, by Fact
Vo™V
2,s0 isﬁ :
X

Again, a wealth expansion path is a ray througlotiggn of slope greater than 1.
1.5. Compare your answers to 1.4 to those in 1.1-2 cantment.

The functional form in 1.3 looks like CARA, and behaves indeed as a CARA function for
changes i, v1 andv, as long as wealth is kept constant. But for changesdnceteris paribusit
behaves as a CRRA function, with wealth expans@thgthat are rays through the origin. We can say
that a “constant absolute risk aversion coefficiemversely proportional to wealth mimics a “consta
relative risk aversion coefficient.”
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Answer keysfor Questions4 and 5 Micro Prelim August 2009

4. (@) In a one-sided incomplete information situatioa timinformed player’s beliefs are
common knowledge. Lgg be the probability that the IM assignskdo Then the extensive

form is as follows:

Nature

IM

committed

passive committed

(b) If the PE chooses to enter, the IM will still becertain as to the value k{although this
value does not enter the payoffs in the CournoteaBtarting at the node where the IM
chooses its level of output and taking everythhmg follows that node, one would “cut” the
IM’s information set and therefore not get a subgam

(c) Fix one of the after-entry Cournot games anc(mm,q’;E) be a Nash equilibrium of it. Then

T (GG ) 2 77, (0.CGre ) for everyg  (1.2)
and

TToe (q|*|v| ’q;E) 2 Ty (q*||v| ,Q) for everyq. (1.b)
A perfect Bayesian equilibrium consists of a systd beliefs and a strategy profile. Lshe
the probability that the IM assigns to being atldfenode of his information set after the PE
has entered and (1s) be the probability that he assigns to beingpatright nodeNote that
payoffs are the same after the left node and after the right node (they are independent of k).
Let g,, be the IM’s choice of output at that informatiat andd.. be the PE’s choice of

output at her two information sets, thatvigimpose the constraint that the PE makes the
same choice at those two information sets; in other words, we make the assumption that the



PE’s choice of output in the post-entry interactitmes not depend on the opportunity cost of
entry. Sequential rationality requires

S0 (G +Gee ) + 0= 5) 70y, (Gy 1Gog ) 2 575, (0.Ge ) + (A=Y, (0 Gee ) Tor everyg
which is the same as
7y (G Gee ) 2 72 (0. Gee ) for everyq  (2.a)

Similarly, sequential rationality for the PE reasr(note: given that we are looking at pure
strategies, Bayes’ rule requires the PE to assigbgbility 1 to the node that follows the IM’s
choice at each of the PE’s information sets)

Tl (éhlvl ’QPE) 2 Tl (éhM ,Q) for everyg. (2.b)
Clearly, a pair of output levels that satisfies)(@ad (1b) satisfies also (2a) and (2b).

(d) Using the fact established in part (c) we can aingerfect Bayesian equilibrium by
pretending that the Cournot games are subgamesCadtmeot game when the IM is passive

has a unique Nash equilibrium given Qy, =g, :% =5 with corresponding profits

Tl = Tl :9— =5. The Cournot game when the IM is passive has gueniNash
2
equilibrium given byq,, =g :% =2 with corresponding profitsz,, = 77, :;—d =2.Thus

the PE will enter only in the following cases:ttie incumbent chose commitment & 1,
(ii) the incumbent chose to be passive and ekhkel ork = 4. Hence the game reduces to

Nature

L
pas com paj Xi)m paj x(')m paS com
5 2-C 5 M-C M M-C M M-C

S 2 5 4 6 6 12 12

Thus the IM’s expected profits if he chooses tpassive are§5+%M and his expected profits

if he chooses commitment aie(Z—C)+—j(M -C) =—;+ﬂ4—c . Thus he will choose
. .1 3M 1 1 . : L
commitment if=+—-C >—5+—2M , that is, ifM >8+ 4C; he will choose to be passive if

M <8+ 4C and will be indifferent ifM =8+ 4C.



(e) The game is as follows (I denotes the incumbentatdre and E the potential entrant):

passive committed

(f) Suppose the IM chose to be passive. Then the ¢mrduenter if and only if Q. = k. Thusex
ante the probability of entry, if the IM is passives Prob{k < D¢} = F(Dg). Thus the
incumbent’s expected profits if he chooses to lssipa are:

F(Dp) D, + [1-F(DI M (3).
Similarly, if the IM is committed, entry occurs Wiprobability F(H) and the IM’s expected

profits are:

F(Hp) H, + [1- F(HD] (M - C) (4).

E)

Thus the incumbent will choose to be passive it{(8}), and will choose to commit if (4) > (3)
and be indifferent otherwise.



def
E. HenceMRS(9) = aw :E.

7] de &

(b) The indifference curve of th@ = 2 type is flatter IRS2) < MRY(1)]. See the following
figure:

W
=1
0=2
e
(c) See the following figure:
w
w=e+ 2
w=e+ 1.5
w=e+1
2
1.5
1
e

(d) The wage of a worker of skil# at a firm operating at speedwould equal his marginal
product at the firm, i.ee + 8 This would also ensure that a worker of skéiltould find a firm

with a speed that is just right for him, i.e. whdrie marginal cost of additional spee§,,

equals his marginal benefit from additional spetz%a(ae’ﬂ =1. So workers withd= 1 would go
e

to firms offering employment contraggé =1,w= 2 and workers withd = 2 would go to firms

offering the contrac

(e) Suppose that contra@ = (& W) is a pooling equilibrium. Then it must lie on theerage
zero-profit line of equatioow=e+1.5. Draw the indifference curves of the two typestigh

point C. The indifference curve for th@= 2 type has slopg , While the indifference curve for

the 8= 1 type has slopé. Thus there is a contra@’ = (¢,w) between the two indifference



curves such that th@= 2 type would be prefe€’ to C while thed=1 type would prefeé to
C' (see figure below). Hendg&' would attract only th& = 2 workers. IfC' is close toC then
€ is close toé andw is close tow=€é+1.5. The profit from contrac€’ would be (since only
type 8= 2 apply)€ +2-w =é+2-w= 0.5> ( and thus a firm offering contra@’ would be
making positive profits.

CI
W -—
g=1 w=e+ 2
w=e+ 15
()
6=2
2
C
1.5
e

(f) A separating equilibrium would consist of two aaats: C, = (e,w,) offered by firms
chosen by typ&g =1 andC, = (e,,w,) offered by firms chosen by typg@=2. By the zero-profit
condition, contrac€, must be on the line of equatiom=e+1 and contracC, must be on the

line of equationw=e+ 2. Furthermore, the indifference curve for ty@e 1 through contract
C, must be tangent to the line of equatiwrr e+1. The incentive compatibility constraints for

type 6= 1 requires that contra€t, be on the indifference curve for tyge= 1 through contract
C, (and thus at the intersection of this curve arel lthe of equationw=e+2 (se figure
below).



e

(9) The tangency condition for theé= 1 type requires, = 1 andw, = 2. Thus the&g= 1 type

gets the same contract at a separating equilibaisim the benchmark case of part (e). Since the

contract(e=2,w=4) for the 8= 2 type in the benchmark case of part (e) liea bigher
indifference curve for thé= 1 type than contra@,, contractC, cannot be(e=2,w = 4)
(because of the incentive compatibility constréamtthe 6= 1 type). Hence it must be that at

contractC, the slope of the indifference curve of e 2 type (given by%) is higher than 1

(the slope of the line of equation=e + 2), so thag, > 2, that is, type&= 2 work harder at a
separating equilibrium than at the benchmark capare.
A little bit of calculation shows thag, =1++/2 and W, = 3++/2. In fact, the indifference curve

2

of the 8= 1 type through contra&@, = (1, 2) is given by the equatiow—% = 2——;; thus itis

2

w= 3+Ze . Equating this tov=e+2 givese, =1++/2 andw, =3++/2. Thus the utility of

2 2
type &= 2 at contracC, is w, —% =3++/2 —% =2.957 which is less than the utility at

2
the contract of part (e), name!ty-zz =3.
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