PRELIM
MACROECONOMICS, 200D

Winter quarter, 2008/2009.

Feel free to impose additional structure on the problems below, but please state your
assumptions clearly.

Question 1 Consider the following (real valued) sequence {x:}§°, defined by: xo = 1,
r1=1+a,z90=1+a+a? 2, =1+a+a®+...+a" and so on. Prove that if |a| < 1, then
{4}, has a unique limit point. (Hint: Define x,; recursively. You are then allowed to
evoke the contraction mapping theorem.)

Answer Note that z,41 = 1+ azx, = Tx,. Thus |z,41 — x| = |1 + axyp — 1 — azp—_1|
which in turn equals |a||z, — x—1|. Thus if |a| < 1, Tz, is a contraction mapping which,
by the contraction mapping theorem has a unique fixed point.

Question 2 A large share of macroeconomic models build on the Ramsey growth model

augmented with a labor-leisure choice

Viky) = : y 1
(o) =, ma 3 ulen ) .
s.t et + kip1 = f(key by) o)

In class, however, we only considered problems of the type

V(zg) = max ZﬂtF(xtaxt+1) (3)
{ze+1182,
s.t xpy1 € D(xy) (4)

Define z;, F'(,-,-) and I'(-) such that these two problems coincide exactly.

Answer 11 = (¢, ki1, 0e), F(ay, 2e41) = u(er, by) and T(x) = {(cr, kg1, be) = o +
ki1 = f(ke, b))

Question 5 Consider an infinitely lived individual born in time zero, endowed with a
cake of size xp. The cake is storable (without depreciation) and infinitely divisible. The
agent derives contemporary utility from (cake) consumption through wu(c;), and has as her
ultimate objective to maximize her infinitely discounted sum of utility streams. Her discount

rate is, as usual, given by £.

(i) Formulate the mathematical problem corresponding to the above description (i.e
formulate the Sequence Problem).

(7i) Provide a recursive formulation and show that its solution also solves SP in (i) (i.e
Theorem 2).



(77i) Let u(c) = In(c). Derive both the value function, v(x), and the policy function,
' = g(x).
Answer
(i) The sequence problem is given by

e}

o(z0) = max Zﬁtu(xt — Tt41) (5)
{ze413320 15

(7i) Define
v(zo) = max{u(zo — z1) + fv(z1)} (6)

and assume that lim "v(zy,) — 0 for all {z441}72,. Then for any {zi41}52, we

have
v(zo) > u(zo — 1) + Pv(x1) (7)
> u(zo — 1) + fulzr — x2) + F20(x2) (8)
> u(xo — 1) + Bulzy — x2) + ... + B u(Tn — Tns1) + B 0(041) 9)
> Z Bz, — x41) (10)
t=0
(11)
And for some z7, x5, ... we have
v(wo) = u(wo — 27) + Bo(z7) (12)

= u(zo — 27) + Pule] —a3) + ...+ Fuley, — 2p4) + 6 o(zh,)  (13)

Thus, by definition

v(zg) = max Zﬁtu(l“t — Ty41) = 0(2) (16)
{21320 15

(77i) Using guess and verify one arrives at

g
1-p

V(@) = —— <1n(1 B+

— =3 1nﬁ+lnx>, g(x) = Bz (17)



Question 6 Consider the following sequence problem

V(ag, wo) = max Y Bu(c) (18)
{ee}2o
s.t ap + Z qlw; = Z q'e (19)
t=0 t=0
W1 = (1 — 5)@ + 5wt (20)

(i) For which value of ¢ does (20) converge to a unique fixed point? What is the value
of this fixed point?
(ii) Define

[e.e]
ag = Z q°(Cts — Wits) (21)
s=0

Use this definition to show that the problem above has a recursive representation.
No formal proof is necessary, but explain the logic behind your result clearly. What
interest rate do the “bonds” a; pay?

(#4i) In a deterministic economy, such as the one above, it appears as if a one period
bond is sufficient to allocate resources efficiently. Is this also true in a stochastic

economy? Why or why not?
Answer

(i) Following question 1, equation (20) is a contraction map if [0] < 1. The fixed point
that solves w = (1 — 0)w + dw equals w = w.

(ii) The recursive formulation is given by

v(a,w) = Inaz}x{u(c) + Bu(d,w')} (22)
s.t a+w=c+qad (23)
w' = (1—68)w+ dw (24)

The reason is that given an optimal plan of consumption, we can define

o0
af =Y ¢*(ciys — wits) (25)
s=0
and by construction
ag + wo = ¢ + qai (26)

Note that v(a},wi) > Vi* (where Vj* is the time 1 continuation value of the optimal

plan), since the optimal plan is feasible under the “continuation constraint”. If the



(iii)

inequality was strict, however, there would exist a continuation plan, call it {¢},

such that

S
I
Nk

qs (C/1+s - w1+5)

w
Il
o

yielding utility
u(cy) + pv(aj, wi) > v(ag, wo)

Since any plan with

oo

ajy = Z ¢°(Cc14s — Wis)

s=0

(27)

(28)

(29)

satisfies the present value budget constraint, {c¢*} can not have been optimal. This

is a contradiction and thus v(aj,w;) = Vj*.

Since ¢ is the price of bonds, the implied interest rate is r = 1/q — 1.

This is not true in a stochastic economy. In a deterministic economy, one period

bonds are sufficient for market completeness. There exist one market (one bond)

for each good (time period). In the stochastic case there exist one market for

each time period, but not for each node in an event tree, and markets are thus

incomplete.



