Ph. D. Preliminary exam in Industrial Organization, September 2003
| Answers to questions 1 and 2—|

(a) The profit function of firm i is I, = ¢,(83~¢q, —g, —¢q;) — 3¢, . The Cournot-Nash equilibrium
is given by g, =g, = ¢, = 20. Each firm makes a profit of 400.

(b) The profit function of the merged firm is I1,, = (¢, +¢,)(83—¢,— ¢, —¢,)~3(g, +4;) which
it maximizes subject to the constraints g, > 0 and g, > 0. This is equivalent to choosing g _ to
maximize ¢,(83-g, —g,)—3q,, and then dividing the total output ¢ in any way whatsoever
between the two plants (since marginal cost is the same at the two plants). The Cournot-Nash

equilibria are given by ¢, =¢q_, = 80 =26.67 and g, +q, =g, withg, >0and g, > 0. The
15 4n =7 2 74;=4, 5 q;

profit of each firm in the industry is 711.11. Since 711.11 < 2(400), the merger was not
profitable.

(¢) In this case, since the firm is allowed to shut down one plant and since plant 3 has a higher
marginal cost than plant 2, the merged firm will maximize gq,,(83-¢,-g,)—3q,, and setq,

=g, and g, = 0. Thus the post-merger Cournot-Nash equilibrium is given by

q,=9,= % =26.67, as in part (b), with a profit per firm of 711.11. The pre-merger

equilibrium is given by g, =g, =21, g, =17. The corresponding profits of firm 2 and 3 are
441 and 289, respectively. Since 711.11 <441 + 289, once again the merger is not profitable.

2
@1 Cy(q) :=3-9, C3(q) := G)

200 T T T
27

The cost function of the merged firm is the minimum of these two thus it is given by (g/3)2
up to q = 27 and then by 3q (see graph).
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Thus the profit function of the merged firm is I1,, = ¢,,(83—¢, —¢,,)— C,(q,,) where

q)
Cn@ = (;) if q <27

2
[(?) +3-(q—27)} if q> 27

(d.2) The profit function of firm 1 is: Hd(ql ,qm) = ql-P(ql + qm) -3.q;.

IT 41(20,40) = 400w, The profit of the merged firm is:

2
40-P(60) —I:(z—;-) + 3-(40 - 27):] = 800+

1
(d.3) Now, gTH d(ql ,qm) = 0 solve,q; — 40— E'qrr' Thus when q_ = 40, q, = 20
1

maximizes firm 1's profits. It only remains to check if q = 40 maximizes the merged
firm’s profits when q, = 20. When q_ > 27, the revenue function of the merged firm is:

Rdm(qm) = qm-P(20 + qm). Marginal revenue is: MRdm(qm) = %Rdm(qm)

m
When qq, > 27, marginal cost for the merged firm is 3. At qp, = 40, we have

MR 4,,(40) — —17. Since MR and MC are not equal, g, = 40 does not maximize the

merged firm's profits when q1 = 20. Thus it is not an equilibrium.

(a) A subgame-perfect equilibrium is a quadruple (k;,k;; f; (k;,k,), f; (k;,k,)) such that:

(1) for all (k,,k,) and for all x,, £, (k,,k,) = argmax 7, (x,,X,; k) and

1

for all (k,,k,) and forallx,, f, (k,,k,)=argmax,(x,,x,;k,), that is,

(f"(ky,ky), f; (Ky,k,)) is the Nash equilibrium of the second stage game, for every
possible (k,,k,), and

() k = arg:naxﬂl(f,'(kl,kz),f;(kl,kz),k,) and k, = argkrnaxn'2 (fy (ks k), Sy (ko) k),

that is, (kl‘ k, ) is the Nash equilibrium of the first-stage game anticipating that the
second-stage game will be played according to (1).
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af' #0 and af2

® 3%, ok,

(c1) A Nash equilibrium of the single-stage game is a quadruple (ﬁ, X, ,IGI ,I:rz) such that

(f1,£1)= argmax 7z,(x,,x,;k,) and ()?2,122) = argmax 7, (x,,x,;k,) .

X1,k X3,k

(c2) Ata Nash equilibrium ()?, Xy, IQI ,122 ) of the single-stage game it must be that

SelEik)=0, S5 505) =0, 02,80 ) =0 ant SE2(2.5,.4,) -0

k, ox, X,

Suppose, by contradiction, that Iéi =k, (i=1,2). Then, by (1) of point (a) and by the
uniqueness assumption it must be that £, = £, (k,,k,) and £, = f; (k,,k,) . Let
7 (ky k) = (] (ky k), f, (Ky o ky), k) - Then, by (2) of point (a) it must be

%”' (k,,k,)=0. Now,

%’,{'-(12 i) a”'(ﬁ AN AT af' T+
By k), 12 oo ) - L)+ ®
X, ok,

o S ) G

. A oo N  pon O, , . ;Ao w A Ao

By (1), since x, = f, (k;,k,) and x, = f, (k,,k,) , ~ak—‘(f1 (ky>ky), £, (k;,k,), k)= 0. For
1

the same reason

: 3;’—1( £k k), £ (F,,K,), k)= 0 and thus the first term of (1) is also
1

equal to zero. Hence

or, O,  ve.r ~ wr ~on_ Ofs ~ ~
S k) =5 oo £ o) R - -G )
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Now, by assumption (A2), __37:,. #0 at every point, thus in particular at the point
X .
J

7 o) S5 (ko) k). By ) Lol k) #0. Henco 928.(F, ;) %0, yilding a
1 1

contradiction. The proof for firm 2 is similar.

(d) At a Nash equilibrium (,,,,,,£,) it must be that £, = £, In fact, if it were £, <, then

firm 1 could increase its profits by an amount equal to c(l@l —X,) by reducing its capacity k,

from IG, to &,. The same is true of firm 2. Thus the game reduces to one where firm 1
chooses k, to maximize 7, =k (1 -k, —k,)~c k, and firm 2 chooses k, to maximize 7, =k,

(1 —k, —k,) —c k,. Hence we get the standard duopoly equilibrium where x, =k =x,=k,=

|

3
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