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Devwudfw

Wklv sdshu udlvhv wkh sureohp ri krz wr gh�qh uhyhdohg suredelolvwlf eholhiv lq wkh

frqwh{w ri wkh fdsdflw| 2 Fkrtxhw H{shfwhg Xwlolw| prgho1 Dw wkh fhqwhu ri wkh dqdo|vlv

lv d ghflvlrq0wkhruhwlfdoo| d{lrpdwl}hg gh�qlwlrq ri _uhyhdohg xqdpeljxrxv hyhqwv%1 Wkh

gh�qlwlrq lv vkrzq wr lpsrvh vxusulvlqjo| vwurqj uhvwulfwlrqv rq wkh xqghuo|lqj fdsdflw|

dqg rq wkh vhw ri xqdpeljxrxv hyhqwv> lq sduwlfxodu/ wkh odwwhu lv dozd|v dq dojheud1

Dowhuqdwlyh zhdnhu gh�qlwlrqv ylrodwh hyhq plqlpdo fulwhuld ri dghtxdf|1

Udwkhu wkdq �qglqj idxow zlwk wkh sursrvhg gh�qlwlrq/ zh dujxh wkdw rxu uhvxowv

lqglfdwh wkdw wkh FHX prgho lv hslvwhplfdoo| uhvwulfwlyh/ dqg srlqw rxw wkdw dqdorjrxv

sureohpv gr qrw dulvh zlwklq wkh Pd{lplq H{shfwhg Xwlolw| prgho1
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41 LQWURGXFWLRQ

Iroorzlqj Hoovehuj*v +4<94, fodvvlfdo h{shulphqwv/ lw kdv ehfrph zlgho| dffhswhg wkdw wkh

suhihuhqfhv ri hpslulfdo ghflvlrq0pdnhuv riwhq ylrodwh wkh frqvlvwhqf| frqglwlrqv fkdudfwhu0

lvwlf ri fodvvlfdo Vxemhfwlyh H{shfwhg Xwlolw| wkhru|/ dqg lq sduwlfxodu wkdw wkh| idlo wr uhyhdo

d zhoo0gh�qhg vxemhfwlyh suredelolw| phdvxuh1 E| qrz/ wkhuh h{lvwv d ydulhw| ri d{lrpdwlf

prghov ghvljqhg wr dffrpprgdwh Hoovehujldq ehkdylru> wkh wzr prvw iuhtxhqwo| vwxglhg

duh wkh Fkrtxhw dqg Pd{lplq H{shfwhg Xwlolw| Prghov +FHX uhvshfwlyho| PPHX, gxh wr

Vfkphlgohu +4<;<, uhvshfwlyho| Jloerd0Vfkphlgohu +4<;<,1

Zkloh rq d khxulvwlf dqg ukhwrulfdo ohyho wkh hslvwhplf glvwlqfwlrq ehwzhhq ulvn dqg xq0

fhuwdlqw| kdv ehhq lpsruwdqw lq vwlpxodwlqj dq lqwhuhvw lq vxfk qrq0vwdqgdug prghov/ olwwoh

zrun kdv ehhq grqh lq ghwhuplqlqj wkhlu hslvwhplf frqwhqw/ l1h1 lq uhodwlqj suhihuhqfhv wr

dssursuldwh qrwlrqv ri eholhi +vhh Hsvwhlq0]kdqj +4<<9,/ Vdulq0Zdnnhu +4<<8,/ dqg Qhkulqj

+4<<7,/ dv zhoo dv Jkludugdwr +4<<9,/ Pxnhumhh +4<<9,/ dqg Qhkulqj +4<<4, iurp udwkhu

gl�huhqw shuvshfwlyhv,1

Wklv sdshu dgguhvvhv d sduwlfxodu lvvxh zlwklq wklv jhqhudo sureohpdwlfv= zkhq fdq rqh

ohjlwlpdwho| dwwulexwh wr dq djhqw dq xqdpeljxrxv suredelolvwlf eholhi derxw dq hyhqw ru

vhw ri hyhqwvB Dqg/ lq d uhodwhg yhlq= zklfk frqglwlrqv pxvw suhihuhqfhv vdwlvi| lq rughu wr

uh�hfw 2 eh frqvlvwhqw zlwk d vhw ri jlyhq +_remhfwlyh%, suredelolwlhvB

D vdwlvidfwru| dqvzhu wr wkhvh edvlf txhvwlrqv vhhpv qrw rqo| hvvhqwldo wr dq dghtxdwh

xqghuvwdqglqj ri prghov ri qrq0suredelolvwlf xqfhuwdlqw|/ lw dovr surplvhv wr kdyh vljql�fdqw

ydoxh lq dssolfdwlrqv1 E| doorzlqj wr _orfdol}h% dpeljxrxv eholhiv/ lw vkrxog |lhog prghov

zlwk pruh vshfl�f suhglfwlrqv dqg vkdushu frpsdulvrqv wr wudglwlrqdo _joredo% h{shfwhg0

xwlolw| prghov1 Iru h{dpsoh/ lq d jdph0wkhruhwlf frqwh{w/ rqh pd| zdqw wr ghvfuleh wkh

h{whqvlyh0irup jdph lwvhoi +lq sduwlfxodu wkh _pryhv ri Qdwxuh%, lq vwdqgdug Ed|hvldq pdq0

qhu lq whupv ri xqdpeljxrxv suredelolwlhv/ zkloh doorzlqj dw wkh vdph wlph iru dpeljxlw|

lq sod|huv* eholhiv derxw rwkhu sod|huv* vwudwhjlf fkrlfhv +_vwudwhjlf xqfhuwdlqw|%, 1

Zh zloo frqgxfw wkh dqdo|vlv lq wkh frqwh{w ri wkh FHX ru _fdsdflw|% prgho dv grhv

prvw ri wkh h{lvwlqj hslvwhplf olwhudwxuh1 Wkh �uvw wklqj wr qrwh lv wkdw/ dv vlpsoh dqg dv
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hohphqwdu| dv wkh| orrn/ wkh txhvwlrqv udlvhg gr qrw kdyh dq reylrxv dqvzhu1 Lqghhg/ lw zloo

eh vhhq wkdw lw lv qrw hyhq fohdu wkdw dq| vdwlvidfwru| dqvzhu h{lvwv zlwklq wkh FHX prgho1

Wkh qrq0wulyldolw| ri wkh lvvxh ehfrphv fohdu wkurxjk wkh iroorzlqj suholplqdu| frqvlghu0

dwlrq1 Iru dq djhqw wr eholhyh lq wkh rffxuuhqfh ri vrph hyhqwD zlwk vxemhfwlyh suredelolw|

�/ qrw rqo| pxvw wkh fdsdflw| ri D/ � +D,/ eh htxdo wr �/ exw wkdw ri wkh frpsohphqw

4� �+D,pxvw eh htxdo wr lwv suredelolw| 4�� dv zhoo1 \hw pruh lv uhtxluhg1 Li lq dgglwlrq

wkh djhqw eholhyhv lq wkh rffxuuhqfh ri wkh glvmrlqw vhwE zlwk vxemhfwlyh suredelolw| �/ wkhq

kh dovr eholhyhv +ri frqfhswxdo qhfhvvlw|, wkdw wkh suredelolw| ri wkh hyhqw D ^ E lv htxdo

� . �/ khqfh � +D ^E, pxvw eh htxdo wr � . � @ � +D, . � +E,1 Suredelolw| mxgjhphqwv

kdyh d _orjlfdo v|qwd{% wkdw qhhgv wr eh dffrxqwhg iru1

Lq wkh olwhudwxuh/ rqo| wkh yhu| uhfhqw dqg wkrurxjk frqwulexwlrq e| ]kdqj +4<<:, kdv

wdnhq xs wkh lvvxh ri gh�qlqj uhyhdohg suredelolvwlf eholhiv h{solflwo| lq wkh frqwh{w ri

dq d{lrpdwl}dwlrq ri FHX suhihuhqfhv iru fdsdflwlhv wkdw fdq eh uhsuhvhqwhg dv _lqqhu

phdvxuhv%1
�
Rwkhuzlvh/ wkh vshfldo fdvh ri suredelolw| rqh eholhiv kdv uhfhlyhg txlwh d elw ri

uhfhqw lqwhuhvw +vhh Kdoohu +4<<8,/ Pruulv +4<<8,/ Vdulq0Zdnnhu +4<<8,,> wkh lvvxh kdv dovr

frqqhfwlrqv zlwk wkdw ri gh�qlqj lqghshqghqw surgxfw fdsdflwlhv +vhh Khqgrq hw do1 +4<<8,/

Jkludugdwr +4<<:, dqg Hlfkehujhu0Nhovh| +4<<9,> fi1 vhfwlrq 8,1

Wkh sodq iru wkh uhpdlqghu ri wkh sdshu lv dv iroorzv1

Vhfwlrq 5 vhwv rxw wkh lvvxh ri gh�qlqj _uhyhdohg xqdpeljxrxv hyhqwv% iurp d fdsdflw|/

dqg hvwdeolvkhv fulwhuld iru wkh _vrxqgqhvv% ri dq| sursrvhg gh�qlwlrq1 Wkhvh fulwhuld duh

ylrodwhg e| wkh vlpsohvw qdwxudo gh�qlwlrqv +vhfwlrq 6,1

Lq vhfwlrq 7/ fdsdflwlhv duh lqwhusuhwhg dv _udqn0ghshqghqw suredelolw| dvvljqphqwv%> wklv

vxjjhvwv d gh�qlwlrq ri xqdpeljxrxv hyhqwv zlwk d fdqrqlfdo orrn wr lw1 Lw lv ghulyhg iurp

frqglwlrqv rq suhihuhqfhv zkrvh dssolfdelolw| dqg dsshdo duh qrw uhvwulfwhg wr wkh FHX

prgho1 Doo sursrvhg gh�qlwlrqv duh vkrzq wr frlqflgh iru wkh fodvv ri frqyh{ fdsdflwlhv1

Vhfwlrq 8 fkdudfwhul}hv wkh vxusulvlqjo| vwurqj lpsolfdwlrqv ri xqdpeljxrxv hyhqwv iru

wkh xqghuo|lqj fdsdflw|/ dqg vkrzv wkdw wkh fodvv ri xqdpeljxrxv hyhqwv lv dozd|v dq
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dojheud1 Wkh odwwhu lpsolhv iru h{dpsoh wkdw zkhqhyhu d ghflvlrq0pdnhu kdv xqdpeljxrxv

eholhiv derxw wkh pdujlqdo glvwulexwlrqv ri hdfk ri d froohfwlrq ri udqgrp yduldeohv/ kh kdv

xqdpeljxrxv eholhiv derxw wkhlu mrlqw glvwulexwlrq dv zhoo1 Iru frqyh{ fdsdflwlhv/ wklv uhvxow

wdnhv d sduwlfxoduo| vwulnlqj irup= li d frqyh{ fdsdflw| kdv dgglwlyh pdujlqdov rq d surgxfw

vsdfh/ lw pxvw eh d suredelolw| phdvxuh1

Wkhvh dssduhqwo| ryhuo| uhvwulfwlyh lpsolfdwlrqv pljkw eh dffrxqwhg iru lq wzr zd|v= wkh|

pd| lqglfdwh wkdw wkh dgrswhg gh�qlwlrq lv wrr vwurqj> dowhuqdwlyho|/ wkh| pd| vkrz wkdw

wkh FHX prgho lv dssolfdeoh rqo| zkhq dq djhqw*v suredelolvwlf eholhiv wdnh d fhuwdlq irup1

Lq wkh frqfoxglqj vhfwlrq 9/ zh dujxh iru wkh odwwhu dv wkh pruh sodxvleoh lqwhusuhwdwlrq1

51 FULWHULD IRU WKH GHILQLWLRQ RI XQDPELJXRXV HYHQWV

Ohw V eh d �qlwh vhw ri vwdwhv zlwk &V @ q> dqg ohw �
7
ghqrwh wkh suredelolw|0vlpsoh{

rq V=

D fdsdflw| � lv d pdsslqj iurp wkh srzhu vhw 5
7
ri V lqwr ^3> 4` vxfk wkdw � +>, @ 3>

� +V, @ 4> dqg � +D, A � +E, zkhqhyhu D � E= Lw lv frqyh{ li iru doo D>E 5 5
7
= � +D, .

� +E, 9 � +D _E, . � +D ^E, =

Wkh h{shfwdwlrq ri d udqgrp0yduldeoh i = V $U zlwk uhvshfw wr wkh fdsdflw| � lv gh�qhg

dv lwv Fkrtxhw0lqwhjudo
]

ig� =@

?[
&'�

i +v&, � +� +iv�> ===> v&j,� � +iv�> ===> v&3�j,, >

zlwk iv&j&'�c���c? fkrvhq vxfk wkdw i +v�, A i +v&, zkhqhyhu m 9 n=2

Ohw F ghqrwh d vhw ri frqvhtxhqfhv1 Dq dfw { pdsv vwdwhv wr frqvhtxhqfhv/ { = V $ F>

ru/ lq htxlydohqw qrwdwlrq/ { 5 F7 = D suhihuhqfh rughulqj � rq F7
kdv d _Fkrtxhw H{shfwhg

Xwlolw|% +FHX, uhsuhvhqwdwlrq li wkhuh h{lvw d fdsdflw| � dqg d xwlolw|0ixqfwlrq x = F $ U

vxfk wkdw { � | li dqg rqo| li
U
x � {g� A

U
x � |g�=

Wr vlpsoli| dujxphqw dqg qrwdwlrq/ zh zloo irfxv rq _ulvn0qhxwudo% ghflvlrq0pdnhuv zlwk

F @U dqg x @ lg= Dv orqj dv wkh _wuxh% xwlolw|0ixqfwlrq x lv gh�qhg rq d frqqhfwhg grpdlq

2,^���@*i?|*)c |��t U@? Mi �h�||i? @t
U
s_D G' s Er?�n

?3�S

&'�

Es Er&�3 sEr&n��� u D Etr�c ���c r&�� �
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F dqg lv frqwlqxrxv/ wklv lv zlwkrxw h�hfwlyh orvv ri jhqhudolw|1 Xqghu ulvn0qhxwudolw|/ d

fdsdflw| lqgxfhv d xqltxh FHX suhihuhqfh0rughulqj �D dffruglqj wr wkh frqglwlrq= { �D |

li dqg rqo| li
U
{g� A

U
|g�=

Wkh wdvn lv wr gh�qh iurp d jlyhq suhihuhqfh0uhodwlrq �D d froohfwlrq ri _uhyhdohg xqdp0

eljxrxv% hyhqwv D�@
D iru zklfk wkh djhqw lv xqghuvwrrg wr kdyh suredelolvwlf eholhiv1 Zlwklq

wkh FHX0prgho +zklfk lv dvvxphg wkurxjkrxw,/ wklv lv htxlydohqw wr gh�qlqj D�@
D gluhfwo|

lq whupv ri wkh dvvrfldwhg fdsdflw| � gxh wr wkh rqh0wr0rqh uhodwlrq ehwzhhq wkh wzr1 Frq0

fhswxdoo|/ d sulplwlyh gh�qlwlrq ri xqdpeljxrxv hyhqwv vkrxog eh lq whupv ri wkh suhihuhqfh

uhodwlrq dv wkh sulplwlyh hqwlw|> wklv srlqw ri ylhz lv dgrswhg lq vhfwlrq 7 zklfk dwwhpswv wr

surylgh _wkh uljkw% gh�qlwlrq1 Rq wkh rwkhu kdqg/ wkh lpsolfdwlrqv ri dq| jlyhq gh�qlwlrq

duh pruh hdvlo| ghvfulehg lq whupv ri wkh fdsdflw| uhsuhvhqwdwlrq> olnhzlvh/ wkh vhw ri srvvleoh

gh�qlwlrqv lv pruh hdvlo| vxuyh|hg lq whupv ri wkh uhsuhvhqwdwlrq1

Wkxv/ zh zloo wdnh d gh�qlwlrq ri uhyhdohg xqdpeljxrxv hyhqwv wr eh d pdsslqj D�@
� =

� :$ D�@
D = Wr eh vdwlvidfwru|/ lw vkrxog kdyh wkh surshuw| wkdw iru dq| wkuhh hyhqwv D>E>F

vxfk wkdw wkh ydoxh ri d suredelolw| phdvxuh rq F lv xqltxho| ghwhuplqhg e| lwv ydoxhv rq

D dqg E> F vkrxog eh lq D�@
D zkhqhyhu erwk D dqg E duh/ iru dq| fdsdflw| �1 Vshfl�fdoo|/

D�@
D vkrxog eh forvhg zlwk uhvshfw wr glvmrlqw xqlrq dv zhoo dv frpsohphqwdwlrq1 Lq wkh

phdvxuh0wkhruhwlf whuplqrorj| lqwurgxfhg e| ]kdqj +4<<:, lqwr ghflvlrq0wkhru|/ D�@
D pxvw

eh d �0v|vwhp1

Gh�qlwlrq 4 D froohfwlrq D 5 5
7 lv d �� v|vwhp li lw kdv wkh iroorzlqj wkuhh surshuwlhv=

l, >> V 5 D>

ll, D>E 5 D> D _E @ > , D ^E 5 D=

lll, D 5 D ,DS 5 D1

D lv dq dojheud li lw vdwlv�hv lq dgglwlrq

ly, D>E 5 D , D _E 5 D=

Lq jhqhudo/ rqh zloo qrw zdqw D�@
D wr eh dq dojheud= Iru lqvwdqfh/ li V @ V� � V2> zlwk

qrq0vlqjohwrq V� dqg V2> wkhq D
�@
D @ iW � V2 m W � V�j ^ iV� � W m W � V2j vd|v wkdw dq

djhqw kdv _xqdpeljxrxv%/ _suredelolvwlf% pdujlqdo eholhiv derxw hdfk frpsrqhqw ri wkh
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vwdwh/ exw _qrq0suredelolvwlf%/ _dpeljxrxv% eholhiv derxw wkhlu mrlqw glvwulexwlrq1 Lq wklv

fdvh/ D�@
D lv d �0v|vwhp exw qrw dq dojheud1

Ixuwkhupruh/ rqh zloo zdqw � rq D�@
D wr eh _frkhuhqwo| lqwhusuhwdeoh% dv d suredelolw|>

wklv lv fdswxuhg e|

Gh�qlwlrq 5 � lv suredelolvwlfdoo| frkhuhqw rq D li wkhuh h{lvwv d suredelolw| phdvxuh s rq

5
7 wkdw djuhhv zlwk � rq D1

Qrwh wkdw/ gxh wr wkh uhtxluhphqw wkdw s eh gh�qhg rq doo ri 57 > _suredelolvwlf frkhuhqfh%

lpsolhv dgglwlylw| ri � rq D exw lv w|slfdoo| vwurqjhu/ hyhq li D lv d �0v|vwhp +vhh idfw 5

ehorz,1 Dv vkrzq e| wkh iroorzlqj h{dpsoh/ uhtxlulqj � wr eh suredelolvwlfdoo| frkhuhqw rq

D�@
D lv qrw txlwh hqrxjk1
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H{dpsoh 4 Vxssrvh d vwdwh lv wkh rxwfrph ri d gudz iurp dq Hoovehujldq xuq zlwk 433 edoov

ri wkh irxu gl�huhqw frorxuv zklwh/ |hoorz/ uhg/ dqg eodfn/ dqg wkdw wkh djhqw nqrzv wkdw <3

edoov duh zklwh ru |hoorz/ dqg wkdw <3 edoov duh zklwh ru uhg1 Wklv lv qdwxudoo| prghoohg

e| vhwwlqj V @ iZ>\>U>Ej/ dqg gh�qlqlqj d suredelolw| phdvxuh rq wkh ��v|vwhp F @

iiZ>\ j > iU>Ej > iZ>Uj > i\>Ej > >> Vj e| ! +iZ>\ j, @ ! +iZ>Uj, @ 3=</ ! +iU>Ej, @

! +i\>Ej, @ 3=4 / !+>, @ 3> !+V, @ 4= Frqvlghu wkh fdsdflw| � +D, @ vxs i! +H, m H 5 F>H � Dj >

wkh _lqqhu phdvxuh% ri ! +]kdqj +4<<:,,1 Vxssrvh wkdwD�@
� lv vxfk wkdw D�@

D @ F1 Wkhq D�@
D

vdwlv�hv wkh ghvlghudwd phqwlrqhg deryh= lw lv d �0v|vwhp/ dqg � rq D�@
D lv suredelolvwlfdoo|

frkhuhqw1�

Qrqhwkhohvv/ � lv qrw _wuxo| frqvlvwhqw% zlwk wkh lqirupdwlrq jlyhq 1 Lq sduwlfxodu/

� +iZj, @ 3/ zkloh � +i\>U>Ej, @ 3=4 > lq whupv ri ghflvlrq pdnlqj/ ehwwlqj rq wkh gudz ri

d zklwh edoo lv glvsuhihuuhg wr ehwwlqj rq wkh gudz ri d qrq0zklwh edoo > l1h1 4ttc-c�� "D 4t`�/

zlwk 4� ghqrwlqj wkh lqglfdwru0ixqfwlrq ri wkh hyhqw D1 Vlqfh wkhuh duh dw ohdvw irxu wlphv

dv pdq| zklwh edoov lq wkh xuq dv wkhuh duh qrq0zklwh rqhv/ wklv vhhpv kdugo| dffhswdeoh=

lw lv pdwhuldoo| luudwlrqdo iru wkh ghflvlrq0pdnhu wr ehw rq wkh hyhqw wkdw lv xqdpeljxrxvo|

ohvv olnho| lq ylhz ri klv lqirupdwlrq1
e
Wkxv/ wkh fdsdflw| � grhv qrw ixoo| lqfrusrudwh wkh

suredelolvwlf lqirupdwlrq derxw wkh hyhqwv lq F= Lq rwkhu zrugv/ rq wkh fruuhfw gh�qlwlrq ri

D�@
D / F vkrxog qrw eh frqwdlqhg lq D�@

D 1

Prwlydwhg e| wkh deryh glvfxvvlrq/ wkh uhtxluhphqwv rq d plqlpdoo| vdwlvidfwru| gh�qlwlrq

ri xqdpeljxrxv hyhqwv duh vxppdul}hg lq wkh iroorzlqj qrwlrq ri _vrxqgqhvv%1

�A��t i @4T*i �t t�4�*@h |L i @4T*i ��� Lu ~�@?} E�bb.��
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Gh�qlwlrq 6 D gh�qlwlrq ri uhyhdohg xqdpeljxrxv hyhqwv D�@
� = � :$ D�@

D lv vrxqg l� / iru

doo fdsdflwlhv � =

l, D�@
D lv d �0v|vwhp/

ll, iru doo H 5 5
7
= � lv suredelolvwlfdoo| frkhuhqw rq D�@

D ^iHj 1

Wr looxvwudwh wkh irufh ri fodxvh ll,/ frqvlghu djdlq h{dpsoh 41 Khuh � idlov wr eh sure0

delolvwlfdoo| frkhuhqw rq D�@
D ^ iZj / zkhqhyhu D�@

D � F 1 Wr eh vrxqg/ � zrxog qhhg wr

vdwlvi| �+iZj, A 3=; dqg �+i\>U>Ej, 9 3=5=

Li D�@
D lv dq dojheud udwkhu wkdq phuho| d �0v|vwhp/ wkh vhfrqg fodxvh vlpsol�hv1

Idfw 4 Li D�@
D lv dq dojheud/ wkh iroorzlqj wzr vwdwhphqwv duh htxlydohqw=

l, iru doo H 5 5
7
= � lv suredelolvwlfdoo| frkhuhqw rq D�@

D ^iHj 1

ll, � lv dgglwlyh rq D�@
D > l1h1 iru doo D / E 5 D�@

D vxfk wkdw D _E @ > / � +D, . � +E, @

� +D ^E, 1

D wulyldo h{dpsoh ri d vrxqg gh�qlwlrq ri uhyhdohg xqdpeljxrxv hyhqwv lv wkh frqvwdqw

pdsslqj � :$ i>> Vj iru doo � 1 Wkxv _vrxqgqhvv% ri wkh gh�qlwlrq vd|v rqo| wkdw wkh hyhqwv

jlyhq e| D�@
D fdq eh wkrxjkw ri dv _jhqxlqho| xqdpeljxrxv 2 suredelolvwlf%> lw grhv qrw

dgguhvv wkh lvvxh zkhwkhu D�@
D frpsulvhv doo _jhqxlqho| suredelolvwlf% hyhqwv1

61 ZHDN GHILQLWLRQV GRQ*W ZRUN

D sduwlfxoduo| vlpsoh dqg vwudljkwiruzdug gh�qlwlrq ri xqdpeljxrxv hyhqwv lv jlyhq e|

D
�
D =@

�
D 5 5

7
m � +D, . � +DS

, @ 4
�
=

Wklv krzhyhu idlov plvhudeo|= D�
D lv jhqhudoo| qrw forvhg xqghu glvmrlqw xqlrqv/ wkxv idlolqj

wr txdoli| dv d �0v|vwhp1 Pruhryhu/ hyhq li D�
D kdsshqv wr eh dq dojheud/ � pd| idlo wr eh

dgglwlyh rq D�
D =

H{dpsoh 5 Ohw V @ id> e> vj dqg gh�qh � e|

;



� +D, =@

;?
=

3 li &D 9 4

4 li &D A 5

=

Khuh D�
D @ 5

7 > exw � lv qrw d suredelolw|0phdvxuh1

Wkh h{dpsoh vxjjhvwv wkdw D�
D idlov wr _exlog lq% dgglwlylw| zlwk uhvshfw wr hyhqwv rxwvlgh

wkh sduwlwlrq iD>DSj = D qdwxudo pryh lv wr vwuhqjwkhq wkh gh�qlwlrq wr

D
2
D =@ iD 5 5

7
m � +D ^E,� � +E, @ � +D, iru doo E vxfk wkdw D _E @ >j=

D2
D vhhpv rq wkh uljkw wudfn> iru lqvwdqfh/ lw hqvxuhv dgglwlylw| ri � rq D2

D zkhqhyhu wkh

odwwhu lv dq dojheud1 D2
D kdv ehhq dgrswhg zlwk uhvhuydwlrqv e| ]kdqj +4<<:,/ zkr jlyhv d

suhihuhqfh0edvhg fkdudfwhul}dwlrq ri lw dqg qrwhv wkdw lw pd| idlo wr eh d� 0v|vwhp/ ylrodwlqj

forvxuh xqghu frpsohphqwdwlrq +frqglwlrq lll,, dv iru lqvwdqfh lq h{dpsoh 5/ zkhuh D2
D @�

D 5 5
7 m &D A 5

�
= Kh uhvsrqgv wr wklv e| vlpso| lpsrvlqj forvxuh xqghu frpsohphqwdwlrq

rq D2
D > qrwh wkdw wklv lv lq h�hfw d uhvwulfwlrq rq wkh grpdlq ri fdsdflwlhv wr zklfk wkh

gh�qlwlrq � :$ D2
D lv dssolhg1

\hw hyhq li wklv grpdlq0uhvwulfwlrq lv dffhswhg/ D2
D lv xqvrxqg1 Lq h{dpsoh 4/ iru lq0

vwdqfh/ D2
D @ F> zklfk pdnhv D2

D xqvrxqg dv vkrzq deryh1 Lqghhg/ � pd| hyhq idlo wr eh

suredelolvwlfdoo| frkhuhqw rq D2
D =

Idfw 5 Wkhuh h{lvw fdsdflwlhv � vxfk wkdw D2
D lv d �0v|vwhp dqg � lv qrw suredelolvwlfdoo|

frkhuhqw rq D2
D > lq sduwlfxodu/ qrw hyhu| t wkdw lv dgglwlyh rq d �0v|vwhp D fdq eh h{whqghg

wr d suredelolw|0phdvxuh rq 5
71
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71 D SUHIHUHQFH0EDVHG GHILQLWLRQ RI XQDPELJXRXV HYHQWV

Frqvlghu d ulvn0qhxwudo
D
ghflvlrq0pdnhu zkr kdv wr ghflgh ehwzhhq wzr dfwv { dqg | vxfk

wkdw {� | lv iD>DSj0phdvxudeoh +l1h1 frqvwdqw zlwklq D dqg DS
, dqg vxfk wkdw {� A |�1

D ghflvlrq lq idyru ri { ryhu | fdq eh ylhzhg dv dffhswlqj wkh lqfuhphqwdo ehw { � | rq

D1 Li wkh ghflvlrq0pdnhu dvvljqv dq xqdpeljxrxv vxemhfwlyh suredelolw| wr wkh hyhqw D/ wkh

lqfuhphqwdo ehw kdv dq xqdpeljxrxv h{shfwdwlrq/ dqg lw vhhpv kljko| uhdvrqdeoh wkdw kh

vkrxog dffhsw wklv lqfuhphqwdo ehw li dqg rqo| li lwv h{shfwdwlrq lv srvlwlyh1 Frqyhuvho|/ wklv

frqglwlrq |lhogv d qdwxudo fulwhulrq iru wkh qrq0dpeljxlw| ri dq hyhqw edvhg rq suhihuhqfhv

ryhu dfwv1

Gh�qlwlrq 7 Wkh hyhqw D lv �0xqdpeljxrxv li/ iru doo {/ | vxfk wkdw { � | lv iD>DSj0

phdvxudeoh/ { � | / {� | � 31

H{dpsoh 6 Frqvlghu dq Hoovehujldq irxu0froru xuq zlwk 433 edoov dqdorjrxv wr h{dpsoh 41

Qrz/ wkh ghflvlrq0pdnhu nqrzv wkdw 83 edoov duh zklwh ru |hoorz/ dqg wkdw 83 edoov duh zklwh

ru uhg1 Ohwwlqj F @ iiZ>\ j > iU>Ej > iZ>Uj > i\>Ej > >> Vj/ dqg

! +iZ>\ j, @ ! +iZ>Uj, @ ! +iU>Ej, @ ! +i\>Ej, @ 3=8 / !+>, @ 3> !+V, @ 4 / gh�qh

wkh fdsdflw| �W +D, @ vxs i! +H, m H 5 F> H � Dj1

Frqvlghu wkh suhihuhqfh uhodwlrq�DW lqgxfhg e| wkh fdsdflw| �
W dqg wkh dfwv { @ +�4> <> <> 5<,

dqg | @ +3> 43> 3> 53,= Wkhq { � | @ +�4>�4> <> <, lv iiZ>\ j> iU>Ejj0phdvxudeoh/ zlwkU
+{� |,g�W @ 7 +zklfk lv htxdo wr wkh lqwxlwlyho| xqdpeljxrxv h{shfwdwlrq ri {� |,> dqg

wkxv { � | "DW 3= Iru wkh hyhqw iZ>\ j wr eh �DW0xqdpeljxrxv/ lw pxvw eh wkh fdvh wkdw

{ "DW |> krzhyhu/ vlqfh
U
{g�W @ 7 ?

U
|g�W @ 8> lq idfw wkh frqyhuvh krogv1 Lq rwkhu

zrugv/ wkh fdsdflw| �W grhv qrw ixoo| lqfrusrudwh wkh jlyhq suredelolvwlf lqirupdwlrq1 Lq0

ghhg/ wkh dvvljqphqw ri d fhuwdlqw|0htxlydohqw ri 7 wr wkh dfw { vhhpv xqdffhswdeoh/ vlqfh/

frqglwlrqdo rq ehlqj lqiruphg ri wkh frpsrvlwlrq ri wkh xuq/ wkh h{shfwhg ydoxh ri { lv dw

ohdvw <> zkdwhyhu wkh wuxh frpsrvlwlrq lv1

D�t 4i?|�L?i_ @ML�ic |��t �t ��|�L�| 4@�Lh *Ltt Lu }i?ih@*�|)( �? T@h|�U�*@hc Rh�t!�?i�|h@*�|)� �t @? i?|�hi*)

t|@?_@h_ ui@|�hi Lu 4L_i*t �? ���U� UL?ti^�i?Uit @hi _i�?i_ �? RThLM@M�*�|) U�hhi?U)�c @t �? @? �?tUL4Mi�

��4@?? uh@4i�Lh!�
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Wkh wdvn ri wklv vhfwlrq lv wr fkdudfwhul}h�D0xqdpeljxrxv hyhqwv gluhfwo| lq whupv ri wkh

fdsdflw|> iru wklv/ lw suryhv khosixo wr lqwhusuhw fdsdflwlhv dv _udqn ghshqghqw suredelolw|

dvvljqphqwv%1

D udqnlqj ri vwdwhv lv d rqh0wr0rqh pdsslqj � = V $ i4> ===> qj/ ohw U ghqrwh wkh vhw

ri vxfk udqnlqjv1 Wkh udqnlqj � lv d qhljkerxu ri �� +_�Q��%, l�/ iru dw prvw wzr vwdwhv

v 5 V = �+v, 9@ ��+v,/ dqg/ iru doo v 5 V/ m �+v, � ��+v, m9 41 D pdsslqj � = U $ �
7
lv

fdoohg d udqn0ghshqghqw suredelolw| dvvljqphqw +UGSD, l� iru doo �/ �� vxfk wkdw �Q��/ dqg

doo v 5 V vxfk wkdw �+v, @ ��+v, = �4+ivj, @ �4�+ivj,1

Iru dq| fdsdflw| �/ gh�qh d pdsslqj �D = U$ �
7
e| �D4 +iwj, @ � +iv m � +v, 9 � +w,j,�

� +iv m � +v, ? � +w,j,1 Zkhq wkhuh lv qr dpeljxlw|/ zh zloo riwhq gurs wkh vxshuvfulsw lq �D 1

Wkhuh lv d rqh0wr0rqh uhodwlrq ehwzhhq fdsdflwlhv dqg UGSDv1

Sursrvlwlrq 4 D pdsslqj � = U $ �
7 lv d udqn0ghshqghqw suredelolw| dvvljqphqw li dqg

rqo| li wkhuh lv d +xqltxh, fdsdflw| � vxfk wkdw � @ �D1

Surri1 Wkh li0sduw lv lpphgldwh iurp wkh gh�qlwlrq ri dq UGSD1

Iru wkh frqyhuvh/ lq ylhz ri wkh iroorzlqj ohppd/ rqh fdq vhw �+D, @ �4+D, iru dq| � vxfk

wkdw D @ iv 5 V m �+v, 9 &Dj= Wklv |lhogv d fdsdflw| � zlwk wkh surshuw| wkdw �D @ �=

Ohppd 4 Iru doo D 5 5
7 dqg �> �� 5 U vxfk wkdw D @ iv 5 V m �+v, 9 &Dj @ iv 5 V m

��+v, 9 &Dj = �4+D, @ �4�+D,=

Surri ri ohppd1 Qrwh �uvw wkdw wkh fodlp ri wkh ohppd lv vwudljkwiruzdug iurp wkh

gh�qlwlrq ri dq UGSD iru doo �> �� vxfk wkdw D @ iv 5 V m �+v, 9 &Dj @ iv 5 V m ��+v, 9

&Dj dqg vxfk wkdw �Q��=

Qrz wdnh duelwudu| �> �� 5 U 1 Lw lv fohdu wkdw wkhuh h{lvwv d vhtxhqfh ri udqnlqjv i��j�9&

vxfk wkdw �f @ �> �& @ �� dqg ��Q��n� iru doo m ? n/ dqg vxfk wkdw D @ iv 5 V m ��+v, 9

&Dj= Vlqfh �4� +D, @ �4�n� +D, iru doo m iurp wkh deryh/ rqh rewdlqv �4 +D, @ �4� +D, dv

ghvluhg1

Vd| wkdw � lv frprqrwrqlf zlwk { 5 U7
li/ iru doo v dqg w/ � +v, A � +w, lpsolhv {r 9 {|1 Lw

lv hdvlo| yhul�hg wkdw Fkrtxhw0lqwhjudwlrq ri { dprxqwv wr ruglqdu| lqwhjudwlrq zlwk uhvshfw
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wr wkh dssursuldwh udqn0ghshqghqw suredelolw| phdvxuh �4 / l1h1 wkdw
U
{g� @

U
{g�4 iru

dq| � wkdw lv frprqrwrqlf wr {1

Dq lqwhusuhwdwlrq ri wkh fdsdflw| prgho dqg ri Fkrtxhw0lqwhjudwlrq dorqj vlplodu olqhv

kdv uhfhqwo| ehhq dgyrfdwhg e| Vdulq0Zdnnhu +4<<8,1 Lw dovr dulvhv qdwxudoo| iurp zlwklq

Vfkphlgohu*v +4<;<, fodvvlf frqwulexwlrq/ lq wkdw klv Frprqrwrqlf Lqghshqghqfh d{lrp lv

vlpso| wkh Lqghshqghqfh d{lrp uhvwulfwhg wr frprqrwrqlf htxlydohqfh fodvvhv +fodvvhv ri

dfwv frprqrwrqlf wr wkh vdph udqnlqj �,1

Rq dq UGSD lqwhusuhwdwlrq ri d fdsdflw|/ dpeljxlw| ri dq hyhqw lv qdwxudoo| dvvrfldwhg

zlwk ghshqghqfh ri wkh dvvljqhg suredelolw| rq wkh udqnlqj1 Fruuhvsrqglqjo|/ dq hyhqw lv

qdwxudoo| gh�qhg dv xqdpeljxrxv li lwv udqn0ghshqghqw suredelolw| grhv qrw ghshqg rq wkh

udqnlqj =

D
�
D =@

�
D m �D4 +D, @ � +D, iru doo � 5 U

�
=

Qrwh wkdw lw iroorzv gluhfwo| iurp wkh gh�qlwlrq wkdw D�
D lv d �0v|vwhp dqg wkdw wkh

gh�qlwlrq � :$ D�
D lv vrxqg1

Uhpdun= Vd| wkdw D lv frqqhfwhg zlwk uhvshfw wr � li/ iru doo v> v�> v�� vxfk wkdw � +v, ?

� +v�, ? � +v��, / D 6 v� zkhqhyhu D � iv> v��j1 Wkhq D2
D fdq eh zulwwhq dv iroorzv =

D2
D @

�
D m �D4 +D, @ � +D, iru doo � 5 U vxfk wkdw D lv frqqhfwhg zlwk uhvshfw wr �

�
1

Iurp d udqn0ghshqghqw srlqw0ri0ylhz/ D2
D orrnv olnh dq dg0krf0uhvwulfwhg yhuvlrq ri D�

D 1

Wkdw D�
D lv wkh uljkw gh�qlwlrq ri xqdpeljxrxv hyhqwv lv frq�uphg e| wkh iroorzlqj

wkhruhp1

Wkhruhp 4 Wkh iroorzlqj wkuhh vwdwhphqwv duh htxlydohqw=

l, D 5 D�
D 1

ll, D lv �D0xqdpeljxrxv 1

lll, Iru doo {/ | vxfk wkdw | lv iD>DSj0phdvxudeoh/U
+{. |, g� @

U
{g� .

U
|g� 1

Surri1 Wkh lpsolfdwlrqv lll, , ll, dqg ll, , l, duh hdvlo| yhul�hg> e| frqwudvw/ wkh

lpsolfdwlrq l, , lll, lv qrq0wulyldo1
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Gh�qlwlrq 8 Iru D 5 5
7 > ohw r� ghqrwh wkh iroorzlqj htxlydohqfh uhodwlrq rq U =

� r� �� l�/ iru doo v> w vxfk wkdw iv> wj � D ru iv> wj � DS
=

� +v, ? � +w,+, �� +v, ? �� +w, =

Dovr/ gh�qh iru � 5 U dqg D 5 5
7 dq dvvrfldwhg udqnlqj �� 5 U xqltxho| e| wkh iroorzlqj

wzr frqglwlrqv=

l, iru doo v 5 D> w 5 DS
= �� +v, ? �� +w, / dqg

ll, �� r� �1

Wkh nh| wr wkh surri lv wkh iroorzlqj ohppd1

Ohppd 5 Li D 5 D�
D > wkhq/ iru doo �> �

� vxfk wkdw � r� �� = �4 @ �4� =

Surri ri wkh ohppd1 Qrwh �uvw wkdw lw vx�fhv wr suryh ydolglw| ri wkh fodlp iru

qhljkerxulqj udqnlqjv � dqg ��/ vlqfh dq| wzr � dqg �� vdwlvi|lqj � r� �� fdq eh frqqhfwhg

e| d fkdlq ri qhljkerxulqj udqnlqjv ��> ===> �& vdwlvi|lqj �� r� ��n�=

Dvvxph wkxv D 5 D�
D dqg �Q��> wdnh dq| E 5 5

7 > dqg ohw � +D, @ �=

Wkh iroorzlqj wdeoh ghvfulehv wkh udqn0ghshqghqw suredelolwlhv iru wkh hyhqwv lq E =@

iD _E>D _ES>DS _E>DS _ESj >

H �4 +H, �4� +H,

D _E �4 +D _E, �4� +D _E,

D _ES �� �4 +D _E, �� �4� +D _E,

DS _E �4 +D
S _E, �4� +D

S _E,

DS _ES
4� �� �4 +D

S _E, 4� �� �4� +D
S _E,

Iurp � r� �� dqg �Q��> lw iroorzv wkdw iru h{dfwo| rqh v 5 D dqg h{dfwo| rqh v 5

DS> �+v, 9@ ��+v,= Khqfh �4 +D _E, @ �4� +D _E, ru �4 +D _E
S
, @ �4� +D _E

S
, > dv zhoo

dv �4 +D
S _E, @ �4� +D

S _E, ru �4 +D
S _ES

, @ �4� +D
S _ES

, = Lqvshfwlqj wkh wdeoh/ wklv

|lhogv lpphgldwho| �4 +D _E, @ �4� +D _E, dv zhoo dv �4 +D
S _E, @ �4� +D

S _E, > khqfh

�4 +E, @ �4� +E, = �
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Frqvlghu qrz D 5 D�
D dqg {/ | vxfk wkdw | lv iD>DSj0phdvxudeoh1 Ohw � eh dq| udqnlqj

wkdw lv frprqrwrqlf zlwk {1 Wkhq e| wkh iD>DSj0phdvxudelolw| ri |/ {. | lv frprqrwrqlf

zlwk vrph �� vxfk wkdw �� r� �1 E| wkh ohppd/ �4 @ �4� 1 Qrwh wkdw
U
|g�4� @

U
|g� vlqfh

D 5 D�
D dqg | lv iD>DSj0phdvxudeoh=

Wkxv
U
+{. |,g� @

U
+{. |, g�4� @

U
{g�4� .

U
|g�4� @

U
{g�4 .

U
|g�4� @

U
{g�

.
U
|g�1

Lw lv dovr ri lqwhuhvw wr qrwh wkdw wkh surshu gh�qlwlrq ri xqdpeljxrxv hyhqwv lv d olyh

lvvxh rqo| iru qrq0frqyh{ fdsdflwlhv> iru frqyh{ fdsdflwlhv/ doo sursrvhg gh�qlwlrqv frlqflgh1

Sursrvlwlrq 5 Iru dq| frqyh{ � = D�
D @ D2

D @ D�
D 1

Surri1 Zh qhhg rqo| wr vkrz wkdw D�
D � D

�
D 1

Lw lv zhoo nqrzq
S
wkdw dq| frqyh{ fdsdflw| kdv wkh iroorzlqj uhsuhvhqwdwlrq=

� +H, @ plq4M, �4 +H, iru doo H 5 5
7 =

Vxssrvh wkdw D @5 D�
D / l1h1 wkdw iru vrph ��> �2 5 U = �4� +D, ? �42 +D, = Vlqfh � +D, 9

�4� +D, dqg � +D
S
, 9 4��42 +D, e| wkh uhsuhvhqwdwlrq/ � +D,.� +DS

, ? 4> dqg wkxv D @5 D�
D =

81 LPSOLFDWLRQV

Xqdpeljxrxv hyhqwv wxuq rxw erwk wr kdyh d vxusulvlqj dprxqw ri vwuxfwxuh wkhpvhoyhv/

dqg hqwdlo vxusulvlqjo| vwurqj uhvwulfwlrqv rq wkh fdsdflw| wkdw krvwv wkhp1

Wkhruhp 5 Iru dq| fdsdflw| �/ D�
D lv dq dojheud1

Surri1 Zh qhhg wr vkrz wkdw D�
D lv lqwhuvhfwlrq0forvhg1 Wkxv/ wdnh D>E 5 D�

D > dqg ohw

E =@ iD _E>D _ES>DS _E>DS _ESj =

S5ii uLh i @4T*i ��@|i@�?i�u�a@gh@) E�bHb��
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Vlqfh zh nqrz wkdw/ iru doo � 5 U/ �4 +D, @ � +D, dqg �4 +E, @ � +E, > zh kdyh

�4 +D _E
S
, @ � +D,� �4 +D _E, >

�4 +D
S
_E, @ � +E,� �4 +D _E, > +4,

�4 +D
S
_ES

, @ 4 . �4 +D _E,� � +D,� � +E, =

Zh qhhg wr vkrz wkdw �4 +D _E, lv lqghshqghqw ri �=

Frqvlghu �> �� vxfk wkdw � lv d qhljkerxu ri ��= Iurp wkh gh�qlwlrqdo surshuw| ri dq UGSD

lw iroorzv wkdw �4 +H, @ �4� +H, iru dw ohdvw wzr H 5 E1 Krzhyhu/ lq ylhz ri +4,/ wklv lpsolhv

wkdw wkh udqn0ghshqghqw suredelolw| ri doo irxu hyhqwv lqE vwd|v wkh vdph/ dqg lq sduwlfxodu/

wkdw �4 +D _E, @ �4� +D _E, =

Qrz wdnh duelwudu| �> �� 5 U 1 Lw lv fohdu wkdw wkhuh dozd|v h{lvw d vhtxhqfh ri udqn0

lqjv i��j�9& vxfk wkdw �f @ �> �& @ �� dqg ��Q��n� iru doo m ? n= Vlqfh �4� +D _E, @

�4�n� +D _E, iru doo m iurp wkh deryh/ rqh rewdlqv �4 +D _E, @ �4� +D _E, dv ghvluhg1

Iru frqyh{ fdsdflwlhv/ wkhruhp 5 kdv d sduwlfxoduo| vwulnlqj frqvhtxhqfh= li d frqyh{

fdsdflw| kdv dgglwlyh pdujlqdov rq d surgxfw vsdfh/ lw pxvw eh d suredelolw| phdvxuh1

Fruroodu| 4 Vxssrvh wkdw � lv d frqyh{ fdsdflw| rq V @ V� � V2 wkdw lv dgglwlyh rq hdfk

pdujlqdo dojheud D� @
�
V3� �D m D 5 5

7�
�
> wkhq � lwvhoi lv dgglwlyh1

Surri1 Xqghu wkh dvvxpswlrqv rq �> D�
D � D� ^D2= E| sursrvlwlrq 5/ D�

D @ D�
D = Vlqfh e|

wkhruhp 5/ D�
D lv dq dojheud/ lq idfw D�

D @ V= Wkh fodlp iroorzv/ vlqfh � lv dgglwlyh rq D�
D =

Wkhruhp 5 lv qrw doo> lq dgglwlrq/ d fdsdflw| lv dozd|v _dgglwlyho| vhsdudeoh% dfurvv lwv

xqdpeljxrxv hyhqwv1

Iru d fdsdflw| �/ gh�qh wkh vhw ri lwv _vhsdudwlqj hyhqwv%

D
e
D =@

�
D 5 5

7
m � +E, @ � +E _D, . � +E _DS

, iru doo E 5 5
7
�
=

Wkhruhp 6 Iru dq| fdsdflw| �/ D�
D @ De

D1
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Surri1

D�
D � D

e
D = Wdnh dq| D 5 D�

D dqg E 5 5
7 = Ohw � eh dq| udqnlqj vxfk wkdw/ iru doo

v� 5 D _E> v2 5 DS _E dqg v� 5 ES
= � +v�, ? � +v2, ? � +v�, =

E| frqvwuxfwlrq/

�4 +E, @ � +E, =

Vlqfh � r� �� e| gh�qlwlrq/ rqh rewdlqv iurp ohppd 5/

�4 +E, @ �4� +E, =

Iurp wkh lqwhugh�qlwlrq ri � dqg � dqg wkh gh�qlwlrq ri ��c rqh rewdlqv

�4� +E, @ � +D _E, . ^� +D ^ +DS
_E,,� � +D,` =

Ilqdoo|/ vlqfh D�
D � D

2
D >

� +D ^ +DS
^E,,� � +D, @ � +DS

_E, =

Wkhvh irxu htxdolwlhv lpso| � +E, @ � +D _E, . � +DS _E, > dv ghvluhg1 �

D�
D � D

e
D =

Wdnh dq| D 5 De
D > dqg duelwudu| �> �� 5 U > zh kdyh wr vkrz wkdw �4 +D, @ �4� +D, =

Wkh nh| lv wkh iroorzlqj ohppd1

Ohppd 6 Li D 5 De
D/ wkhq/ iru doo � 5 U = �4 @ �4� =

Surri ri ohppd1

Iru dq| m 9 q/ ohw V
4
� =@ iv 5 V m � +v, 9 mj =

Il{ dq| m 1 E| gh�qlwlrq/ �4

�
V4�

�
@ �

�
V4�

�
=

Vlqfh D 5 De
D >

�
�
V4�

�
@ �

�
V4� _D

�
. �

�
V4� _D

S
�
>

dv zhoo dv

�
�
V4� _D

S
�
@ �

��
V4� _D

S
�
^D

�
� � +D, >
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dqg wkxv

�
�
V4�

�
@ �

�
V4� _D

�
. �

��
V4� _D

S
�
^D

�
� � +D, =

Lq wxuq/ wkh uljkw0kdqg vlgh ri wklv htxdwlrq lv hdvlo| yhul�hg wr eh htxdo wr �E4��

�
V4�

�
=

Zh wkxv kdyh �4

�
V
4
�

�
@ �4�

�
V
4
�

�
iru doo m 9 q> dqg wkhuhiruh dovr �4 @ �4� = �

Wkh fodlp ri wkh wkhruhp lv qrz hdvlo| hvwdeolvkhg1

Zh kdyh �4 +D, @ �4� +D, +e| ohppd 6,/

@ � +D, +e| gh�qlwlrq,/

@ �4�� +D, +e| gh�qlwlrq,/

@ �4� +D, +e| ohppd 6 djdlq,1

Uhpdun= ]kdqj +4<<:, vkrzv wkdw

De
D @ DD

D =@
�
D 5 5

7 m � +D� ^E, @ � +D�, . � +E, iru doo D� � D dqg E � DS
�
/

frqvlghuv +dqg uhmhfwv, DD
D dv d srvvleoh gh�qlwlrq ri xqdpeljxrxv hyhqwv/ dqg jlyhv d

ghflvlrq0wkhruhwlf +doprvw0, fkdudfwhul}dwlrq1 Wkh lqwxlwlyh frqwhqw riDe
D ruD

D
D dv fdswxulqj

wkh hyhqwv wr zklfk wkh djhqw dvvljqv dq xqdpeljxrxv vxemhfwlyh suredelolw| lv krzhyhu

qrw fohdu1 Dqg lqghhg/ dv srlqwhg rxw lq vhfwlrq 9/ wkh ghflvlrq0wkhruhwlf gh�qlwlrqv ri

xqdpeljxrxv hyhqwv xqghuo|lqj D�
D dqg D

e
D glyhujh rxwvlgh wkh FHX prgho1

D vxffhvvixo gh�qlwlrq ri _uhyhdohg xqdpeljxrxv eholhi% pdnhv lw srvvleoh wr h{suhvv iru0

pdoo| wkh qrwlrq wkdw dq djhqw*v eholhiv lqfrusrudwh d vhw ri _jlyhq% suredelolwlhv +_vhw ri

suredelolvwlf frqvwudlqwv%,/ zklfk pd| eh wkrxjkw ri dv lqirupdwlrq derxw remhfwlyh sure0

delolwlhv1 Lq wkh iroorzlqj gh�qlwlrq/ F ghvfulehv wkh vhw ri hyhqwv derxw zkrvh suredelolw|

wkh djhqw lv lqiruphg ri1

Gh�qlwlrq 9 D suredelolvwlf frqvwudlqw vhw lv d sdlu +F> !, > zkhuh F � 5
7 dqg ! = F $ ^3> 4`

lv suredelolvwlfdoo| frkhuhqw rq F1

Wkh fdsdflw| � lv D�@
� �frqvlvwhqw zlwk +F> !, li

l, � +D, @ ! +D, iru doo D 5 F / dqg

ll, D�@
D � F 1

4:



Wkhruhpv 5 dqg 6 |lhog dv d fruroodu| d fkdudfwhul}dwlrq ri wkh fodvv ri fdsdflwlhv frqvlvwhqw

zlwk d jlyhq vhw ri suredelolvwlf frqvwudlqwv1

Iru F 5 5
7
/ ohw FW ghqrwh wkh dojheud jhqhudwhg e| F/ FW =@ _iE � F m E lv dq dojheudj/

dqg ohwIW
ghqrwh wkh dwrpv ri wkdw dojheud zklfk irup d sduwlwlrq riV>IW

=@ iI 5 FW m iru qr J � I = J 5 F

Fruroodu| 5 � lv D�
D�frqvlvwhqw zlwk wkh frqvwudlqwv +F> !, li dqg rqo| li

l, iru doo D 5 F / � +D, @ ! +D, / dqg

ll, iru doo D 5 5
7
= � +D, @

S
8M5W

� +D _ I ,1

Surri1 _Li%= E| wkhruhp 6 dqg ll,/ D�
D � FW � F > khqfh � lv D�

D�frqvlvwhqw zlwk +F> !,

e| l,1

%Rqo| li%= l, lv reylrxv1

ll, Ohw IW
@ iI�j�9& dqg gh�qh E� @ ^

�A�
I�= E| wkhruhp 5/ D�

D � IW= Vlqfh E�n� @

E� _ I
S
� > lw iroorzv iurp wkhruhp 6 wkdw

� +D _E�, @ � +D _ I�, . � +D _E�n�, iru doo m = 4 9 m 9 n � 4=

Uhshdwhg vxevwlwxwlrqv |lhog lpphgldwho| � +D, @ � +D _E�, @
S
�9&

� +D _ I�, 1

Fruroodu| 5 vxjjhvwv d qdwxudo gh�qlwlrq ri wkh lqghshqghqw surgxfw ri d fdsdflw| dqg d

suredelolw| phdvxuh/ iru zkdw lw lv zruwk
.
1 Vxssrvh wkdw V @ V��V2 /D2 @

�
V� �D m D 5 5

72
�
=

Ohw d suredelolw| !2 rq D2 eh jlyhq/ dv zhoo dv d _pdujlqdo fdsdflw|% �� rq D� dqdorjrxvo|

gh�qhg1

Sursrvlwlrq 6 Wkhuh h{lvwv d xqltxh surgxfw fdsdflw| � +@= ��  !2, vxfk wkdw

l, � lv D�
D�frqvlvwhqw zlwk +D2> !2, > dqg

ll, iru doo D 5 V�> E 5 V2 = � +D�E, @ � +D� V2, � ! +V� �E, =

Surri1 Xqltxhqhvv= Iru v 5 V2> ohw Hr @ iw 5 V� m +w> v, 5 Hj = E| fruroodu| 5 dqg l,

� +H, @
S
rM72

� +Hr � ivj, > khqfh e| ll,/ � +H, lv xqltxho| ghwhuplqhg e|

� +H, @
[
rM72

�� +Hr � Vr, � !2 +V� � ivj, = +5,

.W? ��i� Lu |�i iT�t|i4�U hit|h�U|i_?itt Lu |�i U@T@U�|)�uh@4i�Lh! t�}}it|i_ �? tiU|�L? S�
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H{lvwhqfh= � gh�qhg e| +5, fohduo| vdwlv�hv l, dqg ll,1

Wkh fkdup ri sursrvlwlrq 6 olhv lq wkh idfw wkdw wkh frqvlvwhqf| uhtxluhphqw l, xqltxho|

vlqjohv rxw wkh surgxfw fdsdflw| ��  !2 zklfk kdv ehhq frqvlghuhg +dqg frpsduhg wr

dowhuqdwlyh gh�qlwlrqv, e| Khqgrq hw do1 +4<<8, dqg Jkludugdwr +4<<:,/ dqg dovr dsshduv

lq Hlfkehujhu0Nhovh| +4<<9,1 Ehlqj d frqvhtxhqfh ri wkhruhp 6/ lw fulwlfdoo| klqjhv rq wkh

vwurqj gh�qlwlrq ri xqdpeljxrxv hyhqwv D�
D =

4<



91 GLVFXVVLRQ

Wkh uhvxowv ri vhfwlrq 8 lqglfdwh wkdw d fdsdflw|0uhsuhvhqwdwlrq ri suhihuhqfhv dqg sure0

delolvwlf frqvwudlqwv rq eholhiv gr qrw olyh wrjhwkhu yhu| kduprqlrxvo|> lq pdq| vlwxdwlrqv/

rqh zloo kdyh wr jlyh1 Zklfk ri wkh wzr zloo ghshqg rq rqh*v mxgjhphqw derxw zklfk lv

pruh ixqgdphqwdo1 Wr xv/ lw vhhpv hylghqw wkdw suredelolvwlf frqvwudlqwv duh wkh pruh ixq0

gdphqwdo qrwlrq> lqghhg/ lw vhhpv kdug wr hyhq lpdjlqh zkdw nlqg ri dujxphqw pljkw eh

dggxfhg wkdw frxog uhqghu suredelolvwlf frqvwudlqwv ghihdvleoh1

Wklv mxgjphqw lv frq�uphg e| wkh idfw wkdw lw wdnhv yhu| olwwoh wr rewdlq frqvlvwhqf|

zlwk suredelolvwlf frqvwudlqwv rq suhihuhqfhv dqg eholhiv lq d vdwlvidfwru| zd|1 Lq sduwlfx0

odu/ frqvlvwhqf| fdq eh dfklhyhg lq wkh PPHX prgho lq zklfk fdsdflwlhv duh uhsodfhg e|

forvhg frqyh{ vhwv ri suredelolwlhv �/ dqg Fkrtxhw lqwhjudwlrq e| _pd{lplq lqwhjudwlrq%U
{g� =@plq

ZM�

U
{g� 1

Lq wkh PPHX0prgho/ dq hyhqw D lv qdwxudoo| gh�qhg dv �0xqdpeljxrxv li �+D, @ ��+D,

iru doo �/ �� 5 � > qrwh wkdw wklv gh�qlwlrq frlqflghv zlwk wkh rqh jlyhq iru fdsdflwlhv

zkhqhyhu wkh wzr lqwhjudwlrq0ixqfwlrqdov frlqflgh + l1h1 iru frqyh{ fdsdflwlhv � dqg wkhlu

fruh/ fi1 sursrvlwlrq 5,1 Xqghu wklv gh�qlwlrq/ lw fdq eh vkrzq wkdw wkh suhihuhqfh0edvhg

fkdudfwhul}dwlrq ri xqdpeljxrxv hyhqwv lq wkh pdqqhu ri wkhruhp 4 lv suhvhuyhg/ zkloh qrqh

ri wkh dgyhuvh frqvhtxhqfhv duh hqwdlohg1

Wkh odwwhu fdq eh yhul�hg e| uhfrqvlghulqj h{dpsoh 61 Lq wkh PPHX prgho +exw qrw

lq wkh FHX prgho/ dv vkrzq deryh,/ wkh vshfl�hg frqvwudlqwv duh frqvlvwhqw zlwk _frp0

sohwh ljqrudqfh% zlwk uhvshfw wr wkh plvvlqj lqirupdwlrq/ l1h11 zlwk vhwwlqj
U
4t c̀��g� @U

4ttc-�g� @ 31 Wklv lv xqltxho| dfklhyhg e| wkh vhw ri sulruv �
W
@
�
� 5 �

7 m � +iZ>\ j, @ � +iZ>Uj, @ �
2

�
> qrwh wkdw �

W
lv wkh fruh ri wkh qrq0frqyh{ fdsdflw| �W gh�qhg lq h{dpsoh 61

H
Lw lv hdv0

lo| yhul�hg wkdw wkh vhw ri �
W
0xqdpeljxrxv hyhqwv lv h{dfwo| wkh �0v|vwhp F1 Qrwh dovr

wkdw wkh dqdorjxh wr wkh sureohpdwlf vhsdudelolw| frqglwlrq iru xqdpeljxrxv hyhqwv dv

lq wkhruhp 6 lv qrw hqwdlohg> iru lqvwdqfh/ iru D @ iZ>\ j dqg E @ iZ>Uj/ zh kdyh

H5�?Ui |�i U@T@U�|) DW �t ?L?�UL?�i c �?|i}h@|�L? ��|� hitTiU| |L �W @?_ �?|i}h@|�L? ��|� hitTiU| |L

DW _�gih-
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U
4�g�

W
@

�
2
9@ 3 @

U
4�K�g�

W
.
U
4�K�Sg�W

/ zkloh D lv �
W
0xqdpeljxrxv1

Li D�
D lv dffhswhg dv wkh fruuhfw gh�qlwlrq ri xqdpeljxrxv hyhqwv lq wkh FHX prgho

+iru lqvwdqfh rq wkh edvlv ri lwv htxlydohqfh zlwk wkh fodvv ri �D0xqdpeljxrxv hyhqwv,/

wkhruhpv 5 dqg 6 duh qdwxudoo| uhdg dv ghvfulelqj hslvwhplf suhvxssrvlwlrqv ri wkh FHX

prgho1 Lq sduwlfxodu/ iru wkh FHX0prgho wr eh dssolfdeoh/ wkh ghflvlrq pdnhu*v suredelolvwlf

eholhiv pxvw udqjh ryhu dq dojheud/ srvvleo| wkh wulyldo rqh i>> Vj1 ~ Lw pd| vhhp kdug wr

lpdjlqh krz fdsdflwlhv frxog srvvleo| eh hslvwhplfdoo| uhvwulfwlyh/ vlqfh wkhlu gh�qlwlrq

vhhpv wr lqyroyh rqo| wulyldo dvvxpswlrqv +hvvhqwldoo| prqrwrqlflw|,1 Vxfk dq lqwxlwlrq

irujhwv/ krzhyhu/ wkdw fdsdflwlhv dftxluh ghflvlrq0wkhruhwlf phdqlqj rqo| dv sdudphwhuv ri

Fkrtxhw lqwhjudov { :$
U
{g� / d srlqw dujxhg h{whqvlyho| lq Vdulq0Zdnnhu +4<<8,1 Wkh

fodvv ri Fkrtxhw lqwhjudov/ dv zhoo dv wkh fodvv ri suhihuhqfh rughuv lw vhuyhv wr uhsuhvhqw/ lv

fkdudfwhul}hg e| qrq0wulyldo surshuwlhv zklfk d sulrul pljkw zhoo eh uhvwulfwlyh1
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DSSHQGL[

Surri ri Idfw 51

E| frpsoh{li|lqj h{dpsoh 4/ wklv fdq eh vkrzq zlwk wkh khos ri wkh iroorzlqj ohppd1

Ohppd 7 Vxssrvh D � 5
7 kdv wkh iroorzlqj wkuhh surshuwlhv=

l, > 5 D /

ll, D 5 D lpsolhv DS 5 D /

lll, D>E 5 Dqi>j dqg D _E @ > lpso| E @ DS=

Vxssrvh dovr wkdw t = D $ ^3> 4` vdwlv�hv/ iru doo D 5 D =

l, t +>, @ 3

ll, t +D, A 3 li D 9@ >> dqg

lll, t +D, . t +DS
, @ 4=

Wkhq D lv d �0v|vwhp/ dqg t fdq eh h{whqghg wr d fdsdflw| � vxfk wkdw D2
D @ D=

Surri ri ohppd1

Lw lv vwudljkwiruzdug wr yhuli| wkdwD lv d �0v|vwhp1 Gh�qh � rq 57 e| � +D, @ vxs it +H, m H 5 D> H � Dj >

iroorzlqj ]kdqj +4<<:,/ � pd| eh fdoohg wkh _lqqhu phdvxuh% ri t= Wkh vhw0ixqfwlrq � lv

hylghqwo| d zhoo0gh�qhg fdsdflw|> lw kdv wkh iroorzlqj wzr surshuwlhv=

l, D 5 D dqg E � DS
+vwulfwo|, lpsolhv � +E, @ 3=

ll, D 5 D dqg D � E � V lpso| � +E, @ t +D, =

Yhul�fdwlrq= l, Wkh dvvxpswlrqv lpso| DS 5 D> khqfh/ iru qr H � E> H 5 D=

ll, Vlploduo|/ wkh dvvxpswlrqv lpso|= li H � E dqg H 5 D wkhq H @ D=

Frqvlghu D 5 D dqg E glvmrlqw iurp D=

Li E @ DS> wkhq � +D ^E, @ � +D, . � +E, e| dvvxpswlrq ll, rq t=

Li E � DS> wkhq � +D ^E, @ � +D, @ � +D, . � +E, e| surshuwlhv l, dqg ll, ri �=

Wklv vkrzv wkdw D � D2
D =

Frqvlghu qrz D @5 D= E| wkh dvvxpswlrqv rq D> dw prvw rqh ri iD>DSj frqwdlqv vrph

H 5 D=

Khqfh e| surshuwlhv l, dqg ll, ri �> dqg dvvxpswlrq ll, rq t = � +D, . � +DS
, ? 4> zklfk
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vkrzv wkdw D2
D � D= �

Frqvlghu qrz D dqg t jlyhq e| wkh iroorzlqj wdeoh/ ohwwlqj V @ W �W zlwk W @ id> e> fj =

D 5 D t +D,

id> ej � W �

ifj � W 4� �

W � id> ej �

W � ifj 4� �

ie> fj � ie> fj �

+idj � W , ^ +W � idj, 4� �

> 3

W � W 4

D lv hdvlo| fkhfnhg wr vdwlvi| wkh dvvxpswlrqv ri wkh ohppd> t vdwlv�hv wkh dvvxpswlrqv

dv zhoo zkhqhyhu �> �> � 5 +3> 4, = Ohw � ghqrwh wkh lqqhu phdvxuh lqgxfhg e|D dqg t= Wkhq

� lv suredelolvwlfdoo| lqfrkhuhqw rq D2
D @ D zkhqhyhu �. � . � ? 4=

Wklv lv vhhq dv iroorzv1 Vxssrvh t +@ � rq D, kdv dq dgglwlyh h{whqvlrq s rq 5
7 =

Wkhq s +i+f> f,j, A 4�s +id> ej � W ,�s +W � id> ej, @ 4����> exw dovr s +i+f> f,j, 9 �>

zklfk lpsolhv 4 9 �. � . �=
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^4` Fkdwhdxqhxi/ D1 dqg M10\1 Md�ud| +4<;<,/ _Vrph Fkdudfwhul}dwlrqv ri Orzhu Suredelolwlhv

dqg Rwkhu Prqrwrqh Fdsdflwlhv Wkurxjk wkh Xvh ri P�relxv Lqyhuvlrq%/ Pdwkhpdwlfdo

Vrfldo Vflhqfhv 4:/ 59605;61

^5` Fkrtxhw/ J1 +4<86,= _Wkhru| ri Fdsdflwlhv%/ Dqq1 Lqvwlw1 Irxulhu +Juhqreoh, 8/ 46405<81

^6` Ghpsvwhu/ D1 +4<9:,/ _Xsshu dqg Orzhu Suredelolwlhv Lqgxfhg e| d Pxowl0Ydoxhg Pdsslqj%/

Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 6;/ 658066<1

^7` Hlfkehujhu/ M1 dqg G1 Nhovh| +4<<9,= _Xqfhuwdlqw|0Dyhuvlrq dqg Suhihuhqfh iru Udqgrpl0

vdwlrq%/ Mrxuqdo ri Hfrqrplf Wkhru| :4/ 640761

^8` Hsvwhlq/ O1 dqg M10N1 ]kdqj +4<<9,= _Eholhiv dqg Fdsdflwlhv%/ plphr/ Xqlyhuvlw| ri Wrurqwr1

^9` Jkludugdwr/ S1 +4<<9,= _Frslqj zlwk Ljqrudqfh= Xqiruhvhhq Frqwlqjhqflhv dqg Qrq0

Dgglwlyh Xqfhuwdlqw|%/ plphr/ Fdowhfk1

^:` Jkludugdwr/ S1 +4<<:,= _Rq Lqghshqghqfh zlwk Qrq0Dgglwlyh Phdvxuhv/ zlwk d Ixelql Wkh0

ruhp%/ iruwkfrplqj/ Mrxuqdo ri Hfrqrplf Wkhru|1

^;` Jloerd/ L1 dqg G1 Vfkphlgohu +4<;<,= _Pd{plq H{shfwhg Xwlolw| zlwk d Qrq0Xqltxh Sulru%/

Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4;/ 47404861

^<` Kdoohu/ K1 +4<<8,= _Qrq0Dgglwlyh Eholhiv lq Vroydeoh Jdphv%/ plphr/ Xqlyhuvlw| ri Ylujlqld1

^43` Khqgrq/ H1 / K1M1 Mdfrevhq/ E1 Vorwk dqg W1 Wudq�v +4<<8,/ _Wkh Surgxfw ri Fdsdflwlhv

dqg Orzhu Suredelolwlhv%/ plphr/ Xqlyhuvlw| ri Frshqkdjhq1

^44` Pruulv/ V1 +4<<8,= _Dowhuqdwlyh Qrwlrqv ri Eholhi%/ iruwkfrplqj lq= O1 Jhudug0Yduhw hw do1

+hgv1,= Hslvwhplf Orjlf dqg wkh Wkhru| ri Jdphv dqg Ghflvlrqv1

^45` Pxnhumhh/ V1 +4<<8,= _Xqghuvwdqglqj wkh Qrqdgglwlyh Suredelolw| Ghflvlrq Prgho%/ plphr/

iruwkfrplqj lq Hfrqrplf Wkhru|1
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^46` Qhkulqj/ N1 +4<<4,= D Wkhru| ri Udwlrqdo Ghflvlrq zlwk Ydjxh Eholhiv1 Sk1G1 glvvhuwdwlrq/

Kduydug Xqlyhuvlw|1

^47` Qhkulqj/ N1 +4<<7,= _Rq wkh Lqwhusuhwdwlrq ri Vdulq dqgZdnnhu*v *D Vlpsoh D{lrpdwl}dwlrq

ri Qrqdgglwlyh H{shfwhg Xwlolw| Wkhru|%*/ Hfrqrphwulfd 95/ <680<6;1

^48` Vdulq/ U1 dqg S1 Zdnnhu +4<<5,= _D Vlpsoh D{lrpdwl}dwlrq ri Qrqdgglwlyh H{shfwhg Xwlolw|

Wkhru|%/ Hfrqrphwulfd 93/ 4588045:51

^49` Vdulq/ U1 dqg S1 Zdnnhu +4<<8,= _Rq wkh Lqwhusuhwdwlrq ri Olnholkrrg lq Fkrtxhw H{shfwhg

Xwlolw|%/ plphr/ XFOD dqg Xqlyhuvlw| ri Ohlghq1

^4:` Vdydjh/ O1M1 +4<87,1 Wkh Irxqgdwlrqv ri Vwdwlvwlfv1 Qhz \run= Zloh|1 Vhfrqg hglwlrq 4<:5/

Gryhu1

^4;` Vfkphlgohu/ G1 +4<;<,= _Vxemhfwlyh Suredelolw| dqg H{shfwhg Xwlolw| zlwkrxw Dgglwlylw|%/

Hfrqrphwulfd 8:/ 8:408;:1

^4<` Vkdihu/ J1 +4<:9,1 D Pdwkhpdwlfdo Wkhru| ri Hylghqfh/ Sulqfhwrq= Sulqfhwrq X1S1

^53` ]kdqj/ M10N1 +4<<:,= _Vxemhfwlyh Dpeljxlw|/ Suredelolw| dqg Fdsdflw|%/ plphr/ Xqlyhuvlw|

ri Wrurqwr1

58


