time_inconsistency demo.nb

This example is from Stanley Fischer's article, "Dynamic
Inconsistency and the Benevolent Dissembling Government,”
(Journal of Economic Dynamics and Control (1980) 93-107.)

mni.- OFf [General: :"spelll", General::"spell"]
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m This model presents a good illustration of dynamic
iInconsistency within the context of optimal taxation. We
examine three cases: a model with no distortionary taxes, a
model with distortionary taxes and precommitment and a model
with distortionary taxes and no precommitment.

m First the model with no distortionary taxes. This introduces the
baseline model: The economy lasts for two periods. In the first period
agents have an endowment and face a simple consumption/savings
decision. In the second period, agents receive income through the
returns on capital (i.e. savings) and work effort. This is used to
consume and pay taxes. The taxes are used to finance government
expenditures. The details are:

The utility function is:

U(cy, C2, 1—n, g) = Incy + d6(Incy + aln(l — n) + BIng)
where
cy Is first period consumption, ¢, is second period consumption, n is labor
supply (the household has one unit of time so (1-n) is leisure) and g is govern-
ment expenditures.

The parameter ¢ represents agents' time preference while o and g represent
the importance of utility from leisure and government expenditures respec-
tively.

We first solve the problem as a social planner problem - the government
knows the preferences of the individuals and chooses the level of consump-
tion, labor and government expenditures to maximize utility.
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The first period resource constraint is: (1) ci+k=y
where k is capital and y is the endowment in the first period.

The second period resource constraint is: (2)
C, +g =an+Rk

where R is the rate of return on capital (this is exogenous) and a is the produc-
tivity of labor (the production function is linear). Note that taxes are ignored
since in this example they are lump sum and do not influence agents' deci-
sions.

The intertemporal budget constraint is obtained by solving (1) for k and substi-
tuting into (2). The maximization problem (written as a Lagrangian is):

In[2] := L -
Log[ci] + 6 (Log[c2] + aLog[1l - n] + BLog[g]) +
A(an + Ry -Rcy1-Cc2-9) ;

Next we obtain the first-order conditions

mpy.- foes = {D[L, ¢1] == 0, D[L, ¢c3] =0,
D[L, n] ==0, D[L, g] ==0, D[L, A] =0}

1 1) 1) 1e)
out [3]= {—R)\+—::O, -A+ — =0, - o +a)\::0,5——)\::0, —g+an+Ry—Rc1—CZ:O}
Ccy Cy l1-n g

Then we solve for the optimal choices: (cq, Cy, N, Q)

mp1:- 801 = Flatten [
Simplify[ Solve[focs, {ci, c2, n, g}, A1 ]11]:

mrsi:- {€el1*, ely*, nl1*, gl*} = {ci, c2, n, g} /. sol

a+Ry (a+Ry) S -Ryad+a (1+6+B06) (a+Ry) BS }

out [5]= {R(1+(1+o(+[3) §) " 1+ (l+a+B)6’ a(l+(l+a+B)o) ' 1+ (l+a+B)d
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Let's check the solution. Note eqgs. (5)-(7) in Fischer's article - we check to
see if these hold.

In[9]:= {Clz* =0 R Cll*,
x
Simplify[nl1* =1 - — 6Rcly*|, gl* =B cly*}

a

Out [9]= {True, True, True}
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m Now we introduce distortionary taxes. Since taxes are applied
on labor and capital income in period 2, we need to
acknowledge through our notation that the tax rate that prevails
in the second time period may not be the same as announced in
the first period.

m First we examine the optimal solution when there is precommitment,
that is when some mechanism exists so that announced (in period 1)
and actual tax rates are the same. Solving this is done in two steps.

1. The individual makes choices based on the expected tax rates - this
produces demand functions for (c1, cp, n) that are functions of the
announced tax rates. Expected government expenditures do not affect
household decisions since utility is separable - hence we will ignore g in
period 1.

2. The government then maximizes household indirect utility by
choosing the tax rates subject to the government budget constraint.

To simplify the notation, define the net after-tax returns from capital and
labor as:

Re, = (1-1®R and ae, = (1 —15,%) a where the notation 'e' denotes
expected level and the "2" is used to denote Economy 2.

First we express the household's problem as the following Lagrangian
(convince yourself that this is correct). Note the differences - the returns on
labor and capital are affected by the expected tax rates and government expen-
ditures are no longer a choice variable).

mpi.- L2 = Log[ei1] + 6 (Log[cz] + aLog[l - n]) +

A (ae;n +Rey, y -Res 1 -¢C3) ;

Next we do the same steps as above to find agents demand functions:
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mpnz .- foes2 = {D[L2, c1] =0,
D[L2, c;] ==0, D[L2, n] ==0, D[L2, A] == 0}

1 1e] ad
out [12]= {c——)tRez =0, -A+ . =0, - T +Aaey =0, naey, -cy; + yRe, -3 Rep ::O}
1 2 -

mns3:- 8012 = Flatten [
Simplify[ Solve[focs2, {ci, ca, n}, A1 ]11]:

This yields the optimal consumption and labor choices. | also use these to define opti-
mal capital.

maa:- {€21%, ¢252%, n2*, k2*} = {c1, ¢, n, y-c1} /. sol2

Out [14] = { ae; + y Rey 6 (aey; +y Rey) (1+0) aey —yadRey B ae, + y Rey }
“ B (1+85+ab) Rey ' 1+8+a6 (1+S5+a0d) ae, a4 (1+6+ad) Rey

Now use the households indirect utility (we now incorporate g since the gov-
ernment will need this when maximizing households' utility). The indirect
utility function is obtained by substituting the demand functions for the
choice variables in agents' (direct) utility function. Then utility is a function
of tax rates rather than consumption and labor

mpis- IU2 = Log[ec2:*] + 6 (Log[c2,*] +
aLog[l - n2*] + BLog[g2]) /. sol2;

Now express the government's Lagrangian and (try to) do the same steps.
(Note that R - Re, = 7°R and similarly for the tax on labor.)

e GL2 = IU2 + ¥ ((R - Rey) k2* + (a - ae;) n2* - g2) ;

This will get messy fast...
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mpze1:- gfoes2 = {D[GL2, Re,;] == 0, D[GL2, ae;] == 0,
D[GL2, g2] == 0, D[GL2, y] ==0}

Y aep;+y Re
(l+5+0(5) Re2 < (1+6+a &) Rey - (1+52+oz6)}§e§)
out [24] = { vy
ae; +y Rep
o vyad (a-aey) N ae, +y Rey + (R-Rey) |- y N ae; +y Re,
(1+6+ad) ae, (1+6+ad) Rey (1+6+ad) Rey (L+6+aéb) ReZ
vy yvya2é
ae, + yRe * 1+68 5 1 _ (16)ae; yobRe, =0,
2 2 ( + ta >ae2< B (L+6+a O) aez )
1 (1+6) (a-aey) R - Re, _(a-aey) ((1+6)aey-yadRey)
ae, +y Re, (1+6+a0d) ae, (L+6+ad) Rey (1+6+a6b) aeZ
a (_ 1+8 (1+6) aezfyotéReg)
(1L+0) ae; ~yadRey 1 N (1+6+a 6) ae, (1+6+a 6) ae? -0
(1+6) aea-ya éRe -
(L+0+a0d) ae, ae; + y Rey l_W
—Y+Bé 0, —g2+ (a-aez) ((1L+06) aex —yadRey) + (R-Rey) (y— ae; + y Rey ): }
g2 (L+0+00) aey (L+0+a0) Rey

This defines three equations in the three unknowns (Re,, ae,, g) - but it can
not be solved analytically. So let's use some numbers.

mpsy.- parms = {R » 1.5, y-» 3,
a-»1, 6-0.9, a-»0.25, B » 0.5}

Out[25]= {R->1.5,y>3,a->1,6-50.9, a->0.25, 3-50.5}

mpize1:- Ngfocs2 = gfocs2 /. parms

out [26] = 0.9 0.0794118 3
v = {o. ae; (1- 0.470588(1.2226‘270.675Re2) ] ¥ e, + 3 Re,
1.41176 0.470588 (aey+3 Rey)
2.125Re; (LTHE - el ) 0.317647 (1 - aes)
+Y |-3 - +
ae, + 3 Rey ae,

0.470588 (ae 3 Re 1.41176 0.470588 (ae 3 Re
(aes + 2) + (1.5 -Re,) |- N (aep + 2) =0,
Re, Re, Re%
( 0.894118 (1 - ae,) 0.470588 (1 -ae,) (1.9ae, - 0.675Re,)
ae; ae?
0.470588 (1.9ae; - 0.675Rey) B 0.470588 (1.5 -Rey) 1
ae; Re, ae, + 3 Rey
0.894118 0.470588 (1.9ae3-0.675Reyp)
NS {-f.pzans T 2). ) 1 L, 0:45
- 1 _ 0.470588 (1.9ae; 0.675Rey) + ae, + 3 Re, ’ g2 -y =
aep

g2+ 0.470588 (1 -aey) (1.9ae, -0.675Rey) + (1.5-Rey) (3_

ae;

0.470588 (ae; + 3 Rey) ) B O}
Re, o
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mrs2;:- £ax2 = FindRoot[ngfocs2,
{{Rey, 1.0}, {aez, 0.5}, {g2, 0.75}, {v¥, 0.6}}]

Out [32]= {Rep - 0.999441, ae, - 0.668364, g2 - 0.776475, ¥ —» 0.579542}

That's better. Now compute the actual tax rates and the choice variables.
After we have these, we can compute household utility.

m3.- taxrates2 = {R - Rey;, a-aey} /. parms /. tax2

out[33]= {0.500559, 0.331636)}

mres;:- choices2 = {nc2;*, nk2*, nc2,*, nn2*, g2*} =
{c2.%, k2%, c2,*, n2*, g2} /. parms /. tax2

Out [68]= {1.72646, 1.27354, 1.55295, 0.419122, 0.776475}

mreor:- utility2 = IU2 /. parms /. tax2

Out [69]= 0.706147

m For comparison, let's go back to the first case and get numerical values

mrzs;:- choicesl = {ncl;*, nkl*, ncl,*, nnl*, ngl*} =
{cl,*, v - cl:*, c¢ly*, nl*, gl*} /. parms

Out [28]= {1.42395, 1.57605, 1.92233, 0.519417, 0.961165}
mpor.- ukilityl =
Log[cl:*] + &6 (Log[cly*] + aLog[l - nl*] +
B Log[gl*]) /. parms

Out [30]= 0.758923

Note that utility is higher in the economy with no distortionary
taxes...precisely what you expect.

m Now we examine the case with no precommitment. This
involves two economies: one which is a time-consistent
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equilibrium and one which is a time inconsistent solution (but
can not be a rational expectations equilibrium).

m The time consistent example (Economy 3) - as in the previous example,
we require in equilibrium that the expected and actual tax rates are the
same. But here there is no precommitment, so to determine the path of
taxes, we need to work backwards: First determine the optimal set of
taxes in the last period given the capital stock inherited from period 1
and then households, in the first period, choose capital knowing that
these are the taxes they will face.

For notational purposes we define the net after tax return on capital as R3 =
(1 -73¢) R and a3 = (1 — 73)) a where the "3" denotes that we are analyzing
Economy 3.

The government maximizes second period utility taking as given k. First, we
need to analyze the optimal consumer behavior to obtain the demand func-

tions for ¢, and n. Then the government maximizes the household's indirect
utility function subject to the government budget constraint. The households
problem is (note k3 is exogenous since it was chosen in period 1 and again g
is ignored by the household):

L3 = Log[c3,] +
aLog[l - n3] + A (R3k3 + a3 n3 - c33) ;

In[34]:

s .- foes3 =
{D[L3, ¢3,] = 0, D[L3, n3] = 0, D[L3, A] = 0} ;

mpel:- 8013 = Flatten [
Simplify[ Solve[focs3, {c3,, n3}, A1 ]11]:

mp7r:- {€32%, n3*} = {e¢3,, n3} /. sol3

a3 + k3 R3 a3 -k3R3 a
{ }

Out [37] =
1+a ald3+ald o
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mps):- IU3 = Simplify|[
Log[c3;] +aLog[l - n3] + BLog[g3] /. sol3] ;

The government chooses a3 and R3 in order to maximize household utility
subject to the government budget constraint. The Lagrangian is

me:- GL3 = IU3 + ¥y ((R - R3) k3 + (a - a3) n3*-g3) ;

gfocs3 = {D[GL3, R3] == 0, D[GL3, a3] == 0,
D[GL3, g3] == 0, D[GL3, y] =0} ;

In[40]:

mpez;:- gsol3d = Flatten [
Simplify[ Solve[gfocs3, {R3, a3, g3}, ¥v] 1]

(a+k3R) 3 R3 > k3R(1+a) -af3

out [42]= {g3 > Tia:58 ' k3 (1+o+p)

,a3ea}

mpsr:- {g3%*, R3*, a3*} = {g3, R3, a3} /. gsol3

(a+k3R) k3IR(1+a) -apf a}

out (431 = { 1+0+8 ' k3 (lL+a+h)

Note that the result a3 = a implies that the tax on labor is zero. That is, since
capital is already in place, a capital tax is not distortionary so the optimal
choice for the government is to not tax labor (given that this tax is distortion-
ary) and tax capital only. Also note that the tax rate on capital is (R - R3) =
g3/k3 so that the tax rate (g3/k3) times the tax base (k3) is equal to total
expenditures (g3).

We now turn to the individual's problem in the first period. In the first
period, the household has two choice variables: (¢3;, k3) and, from the indi-
rect utility function, it already knows the level of utility it can achieve for
any choice of k3. Also, the agent makes these choices using its forecast of
taxes given by the solution gsol3 above. The individual's Lagrangian is (note
again, we ignore government choices...the individual takes this as given).
First define the indirect utility function that does not include governent
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mpey:- IU33 = Log[c3,] +alog[l - n3] /. sol3

a3 + k3 R3
1+

a3—k3R3a}

out [44]= Log]| a3

] +ocLog[l—

L33 = Log[c3:] + 6IU33 + A (y - ¢3; -k3) ;

In[45]:

e .- foes33 =
{D[L33, ¢3;] ==0, D[L33, k3] == 0, D[L33, A] == 0}

R3 R3 o?
= U, 6-A=0, -k3 -c3;1 =0
c31 a3 +k3R3 (a3 +a3a) (1- 23K3R3ay tY 1 }

a3+a3 a

out [46] = {7)\ +

mpe71:- 80133 = Flatten [
Simplify[ Solve[focs33, {c3;, k3}, A]111]:

mpsr:- {€31%, k3*} = {e3;, k3} /. sol33

a3 +R3y -—a3+R3y (1+a) o

4 =
out(481= {3 235,305 " R3 (1+6+a0) }

Note we have two equations in two unknowns. From the government's prob-
lem, we have that the optimal choice of taxes will imply the after-tax return

on capital of: R3 = £325+2-28 - That is, the implied tax rate will be a

function of the capital stock. Then, agents choose a capital stock based on

: H . _ -03+R3y S (1+a) lilhes
their expectations of the tax rate: k3 = —5=375 % Inequilibrium, we

require these to be consistent so use the second expression to eliminate k3 in
the first expression.

We can see this by graphing the two expressions. We can use Mathematica
to plot this via the Implicit Plot function. First define the two functions:

mper.- aftertaxreturn = R3* - R3 /. parms

0.571429 (-0.5+1.875k3)

- R3
k3

Oout [49] =

mo;:- cap = k3* - k3 /. parms /. a3 > 1

0.470588 (-1 +3.375R3)
R3

out [50]= -k3 +
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Now import the required Mathematica function:

In[51] :=

Needs["Graphics "ImplicitPlot™"]

First plot the tax function

In[52] :=

Out [52] =

ImplicitPlot[aftertaxreturn== 0,
{k3, 0.0001, 3}, {R3, 0.0001, 2},
PlotStyle - RGBColor([1l, 0, 0] ]

0t

0 0.5 1 1.5 2 2.5 3

- ContourGraphics -

Now Plot the two functions together
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mrs3y:- ImplicitPlot[{aftertaxreturn=- 0, cap=0},
{k3, 0.0001, 3}, {R3, 0.0001, 2},
PlotStyle -»
{RGBColor[1l, 0, 0], RGBColor[0O, 1, 0] },
AxesLabel -» {"K3", "R3" }]

R3

o
/ .

0.5 1 1.5 2 2.5 3

Out [53]= = Graphics =

Back to the algebraic solution - replace capital on the RHS of the TAX equa-
tion using the CAP equation:

tnis4]:- TS = R3* /. sol33 /. a3 -» a

R (1+a) (-a+R3y (1+a) &)
R3 (1L+6+06) (-aB+ ERERT i) )

(l+a+f3) (—-a+R3y (L+a) O)

Out [54] =

Then we require this expression to be equal to R3...this produces a quadratic
expression which can be seen by the analytic solution for R3.

mrss;:- R3soln = Simplify[ Solve[ R3 == rhs, R3]]

a+Ry6+Rya6—aBé—\/—4aRy(l+a+ﬁ
2y (L+oa+f3)
a+Ry6+Rya6—aBé+\/—4aRy(l+a+ﬁ
2y (L+oa+f3)

out [55] = {{R?;e 5+ (a+Ry (l+a)6-aBs)? }

{R3 > 5+ (a+Ry (l+a)6-aBs)? 1

O~ Of—

To get a numerical answer, use the same parameter values we used earlier
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mrse;:- NR3 = R3soln /. parms

out[56]= {{R3 > 0.406099}, {R3 > 0.781732}}

Note that the first value implies a very high tax rate on capital since R3 repre-
sents the net after tax return. It is likely that this would imply a lower level of
utility. If this conjecture is correct, then it can not be an equilibrium - let's
check.

In[57] := R31* = nR3 // Last

out [57]= {R3 > 0.781732}

In[58] := R32* = nR3 // First

out [58]= {R3 - 0.406099}

mrse):- tax3d =
{R-R3, a-a3}) /. a3 » a /. parms /. R31*

Out [59]= {0.718268, 0}
First we calculate the choice variables in the low tax state (denoted as "1")

mor- {€@311%, k31*, e31,%, n31*, g31} =

(a+k3R) B
l+a+f /

sol33 /. a3 » a /. parms /. R31*

{ec3:, k3, c¢35*, n3*, g3} /. g3~

Out [60]= {2.01375, 0.986254, 1.41679, 0.645803, 0.708394}
Now we calculate their equivalents in the high tax state (denoted as "2")

meee- {€321%, k32%, ¢32,*, n32*, g32} =

(a+k3R) S
l+a+f /

sol33 /. a3 » a /. parms /. R32"

{ec3:, k3, ¢35, n3*, g3} /. g3~

Out [61]= {2.57057, 0.429432, 0.939514, 0.765122, 0.469757}
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Note that, as expected, consumption in period 1 is higher in the high tax state
since savings (i.e. capital) is low. Also note that labor is higher and govt.
consumption is lower in the high tax state...the following shows that this
does indeed result in lower utility:

utility3l =

Log[c3;] + 6 (Log[c3,*] + aLog[l - n3*] +
(a+k3R) B
l+a+f /
sol33 /. a3 » a /. parms /. R31"

In[62]:

B Log[g3]) /. g3~

Out[62]= 0.624883

utility32 =

Log[c3:] + 6 (Log[c3,*] + aLog[l - n3*] +
(a+k3R) S
l+a+f /
sol33 /. a3 » a /. parms /. R32*

In[63]:

B Log[g3]) /. g3~

Out [63]= 0.222025

Utility in the high tax equilibrium is lower so we ignore this as an
equilibrium.
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m Finally, we calculate the time inconsistent solution... note that this is
NOT a permissible rational expectations equilibrium since agents'
expectations of future taxes are wrong (predictably wrong...this is not a
stochastic model).

To solve the model, we assume that agents believe in the first period that the
optimal tax policy under precommitment (Economy 2) will be followed in
the second period even though there is no commitment mechanism. Hence,
we know the path of taxes: For period 1, the agent solves the following prob-
lem as in Economy 2 so that all values are the same. We repeat these below:

mres):- choices4 =
{c4.,*, k4*} = {c2:*, k2*} /. parms /. tax2

out [64]= {1.72646, 1.27354}

Then in period 2, the government uses the optimal plan described in Econ-
omy 3: set labor taxes to zero and tax only capital. This solution was
described in the first part of the time consistent equilibrium without precom-
mitment; that is, we already have the government's optimal choice of taxes
for a given capital stock and the household's demand functions. First we
solve for taxes and government expenditures consistent with the level of capi-
tal inherited from the first period:

{g4*, R4*, a4*} =
{g3*, R3*, a3*} /. k3 -» nk2* /. parms

Out [70]= {0.831515, 0.847081, 1}

In[70] :

mi71y:- tax4 = R - R4 /. parms

Out [71]= 0.652919

Then we use the tax rate on capital to determine the optimal amount of con-
sumption and labor in the second period.
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In[72] := {C42*, n4*} = {C32*, n3*} /.
{R3 - R4*, a3 - a4*, k3 - nk2*} /. parms

Out [72]= {1.66303, 0.584242}

Finally, we use these values to compute utility:

In[73] := utility4 =
Log[nc2:*] + &6 (Log[c4.,*] + aLog[l - n4*] +
B Log[g4*]) /. parms

Out [73]= 0.723354

Note that utility is indeed higher in this solution, hence Fischer's title: the

Benevolent Dissembling Government.

The table below summarizes the results:

Solution u* | ¢ k C n Tk 75 T, | T8
Social Planner 0.758|1.42| 158 |1.92/0.519| - - - -
Precommitment 0.706 | 1.73| 1.27 |1.55/0.419| 0.50 | 0.50 | 0.33|0.33

Time Consistent Eq. | 0.625|2.01 | 0.986 | 1.42| 0.646 |0.7180.718) 0 | 0
Time Inconsistent Soln. | 0.723| 1.73 | 1.27 | 1.66 | 0.584 | 0.653| 0.50 | 0 |0.33







