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Devwudfw

Krz lv hfrqrphwulf dqdo|vlv +ri sduwldo dgmxvwphqw prghov, d�hfwhg e| wkh idfw wkdw/ zkloh gdwd
froohfwlrq lv grqh dw uhjxodu/ �{hg lqwhuydov ri wlph/ hfrqrplf ghflvlrqv duh pdgh dw udqgrp lqwhuydov
ri wlphB Wklv sdshu dgguhvvhv wklv txhvwlrq e| prghoolqj wkh hfrqrplf ghflvlrq pdnlqj0surfhvv dv
d jhqhudo srlqw surfhvv1 Xqghu udqgrp0wlph djjuhjdwlrq= +4, lqihuhqfh rq wkh vshhg ri dgmxvwphqw
lv eldvhg 0 dgmxvwphqwv duh d ixqfwlrq ri wkh lqwhqvlw| ri wkh srlqw surfhvv dqg wkh sursruwlrq ri
dgmxvwphqw> +5, lqihuhqfh rq wkh fruuhodwlrq zlwk h{rjhqrxv yduldeohv lv jhqhudoo| grzqzdug eldvhg>
dqg +6, d qrq0frqvwdqw lqwhqvlw| ri wkh srlqw surfhvv jlyhv ulvh wr d jhqhudo fodvv ri uhjlph ghshqghqw
wlph vhulhv prghov1 Dq hpslulfdo dssolfdwlrq wr whvw wkh surgxfwlrq0vprrwklqj0ex�hu0vwrfn prgho ri
lqyhqwru| ehkdylru looxvwudwhv/ lq sudfwlfh/ wkh h�hfwv ri udqgrp0wlph djjuhjdwlrq1

� Nh| zrugv= Srlqw surfhvv> Lqwhqvlw|> Vshhg ri Dgmxvwphqw> V/v uxohv1

� MHO fodvvl�fdwlrq= F84> F76> F;4

Rvfdu Mrug�d
Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Fdoliruqld/ Gdylv
Rqh Vklhogv Dyhqxh
Gdylv/ FD <89490;8:;
h0pdlo= rmrugdCxfgdylv1hgx
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Wklv sdshu ghdov zlwk wkh revhuydwlrq wkdw/ zkloh gdwd froohfwlrq lv grqh dw uhjxodu �{hg

lqwhuydov ri wlph +hyhu| prqwk/ txduwhu/ |hdu/ hwf1,/ djhqwv pdnh ghflvlrqv dw luuhjxodu lqwhu0

ydov ri wlph1 Iru h{dpsoh/ lq wkh vwrfn pdunhw/ wkh wlph ehwzhhq wudqvdfwlrqv riwhq ydulhv

iurp ohvv wkdq d vhfrqg wr pruh wkdq dq krxu1 Wklv vwdwhphqw shuwdlqv wr pdq| vlwxdwlrqv

lq hfrqrplfv dqg lv sduwlfxoduo| uhohydqw lq Sduwldo Dgmxvwphqw Prghov +S1D1P1,/ d srsxodu

prgho lq hfrqrplfv xvhg wr ghvfuleh lqyhqwru| ehkdylru/ lqyhvwphqw/ vkruw0uxq fkdqjhv lq

hpsor|phqw/ sulflqj srolflhv/ vwrfn ri prqh| fruuhfwlrqv/ dqg rwkhu hfrqrplf skhqrphqd1

Lq uhfhqw zrun e| Fdedoohur dqg Hqjho +4<<6/ 4<<7,/ Fdedoohur/ Hqjho/ dqg Kdowlzdqjhu

+4<<7,/ pdfurhfrqrplf uhodwlrqv zlwk S1D1P1 duh prghoohg zlwk forvh dwwhqwlrq wr plfur0

hfrqrplf ehkdylru dqg wkh h�hfwv ri djjuhjdwlrq dfurvv khwhurjhqhrxv djhqwv1 Krzhyhu/ wkh

h�hfwv ri wkh wlplqj dqg gxudwlrq ri ghflvlrq pdnlqj rq vwdwlvwlfdo lqihuhqfh dqg hfrqrphwulf

prghoolqj duh jhqhudoo| ryhuorrnhg1 Lw lv fuxfldo wr xqghuvwdqg wkdw gdwd zrxog qhhg wr eh

glvdjjuhjdwhg qrw rqo| e| djhqw/ exw e| ghflvlrq1

Wkh xvxdo dssurdfk lq wkh dqdo|vlv ri whpsrudo djjuhjdwlrq lv wr surfhhg xqghu wkh

dvvxpswlrq wkdw djhqwv pdnh ghflvlrqv dw �{hg lqwhuydov ri wlph1 Krzhyhu/ wkh dvvxpswlrq

wkdw wklv lqwhuydo frlqflghv zlwk wkh gdwd vdpsolqj lqwhuydo lv dedqgrqhg1 Wkh jrdo ri wklv

w|sh ri dqdo|vlv lv wr hydoxdwh wkh frqvhtxhqfhv ri wkh vshfl�fdwlrq huuru wkdw uhvxowv zkhq

wkh djhqw*v wuxh ghflvlrq lqwhuydo lv �qhu wkdq wkh gdwd vdpsolqj lqwhuydo1 Fkulvwldqr dqg

Hlfkhqedxp +4<;:, whup wklv %Whpsrudo Djjuhjdwlrq Eldv1%

Wklv sdshu wdnhv wklv glvfxvvlrq rqh vwhs ixuwkhu1 Lw lv frqfhuqhg zlwk wkh vshfl�fd0
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wlrq huuru wkdw uhvxowv zkhq wkh djhqw*v ghflvlrq lqwhuydo lv udqgrp dqg/ wkhuhiruh/ grhv qrw

frlqflgh zlwk wkh gdwd vdpsolqj lqwhuydo= wklv skhqrphqrq lv whuphg _Udqgrp0Wlph Dj0

juhjdwlrq1% Pruh vshfl�fdoo|/ wklv sdshu dvvxphv wkdw wkh hfrqrplf ghflvlrq surfhvv fdq eh

zhoo ghvfulehg e| d jhqhudo srlqw surfhvv1

Wkh iroorzlqj kljkoljkwv wkh edvlf �qglqjv ri wklv sdshu1 Zkhq wkh ghflvlrq0pdnlqj

surfhvv lv h{solflwo| prghoohg/ wkh fruuhfw vshfl�fdwlrq ri wkh vshhg ri dgmxvwphqw lv vkrzq

wr ghshqg rq wkh lqwhqvlw| ri wkh ghflvlrq surfhvv dqg wkh sursruwlrq ri dgmxvwphqw1 Wkh

uhvxowlqj ydoxhv duh frpsdwleoh zlwk d zlgh udqjh ri prghov ri dgmxvwphqw1 Wklv h{sodlqv

d edvlf sx}}oh lq wkh hpslulfdo olwhudwxuh ri sduwldo dgmxvwphqw prghov= wkh lpsodxvleo| orz

vshhgv ri dgmxvwphqw wkdw duh hvwlpdwhg1 Zkloh wklv lv hvshfldoo| wuxh lq prghov ri lqyhqwru|

ehkdylru +vxfk dv Eolqghu 4<;4/ 4<;9> Eolqghu dqg Pdfflql 4<<4 dqg Ihogvwhlq dqg Dxhuedfk

4<:9,/ lw lv dovr wkh fdvh zlwk rwkhu yduldeohv vxfk dv hpsor|phqw dqg lqyhvwphqw +vhh iru

h{dpsoh Vlpv 4<:7> Sklssv 4<:8> Vp|wk 4<;9> Qlfnhoo 4<;9 dqg Kdphuphvk 4<;<,1 Dv

d uhvxow/ lq jhqhudo/ lw lv qrw srvvleoh wr glvwlqjxlvk d frqyh{ iurp d qrq0frqyh{ frvw ri

dgmxvwphqw vwuxfwxuh zlwk wkh xvxdo phwkrgv1

Lq wkh vdph vslulw/ udqgrp0wlph djjuhjdwlrq d�hfwv fruuhodwlrqv dqg fdxvdo uhodwlrqv1

Wkh grzqzdug eldvhv wkdw duh lqwurgxfhg uhvxow lq wkh idloxuh wr ghwhfw wkhvh uhodwlrqvklsv

lq sudfwlfh1 Wklv uhvxow lv lq pdunhg frqwudvw wr wkh frqmhfwxuhv dgydqfhg lq Fkulvwldqr dqg

Hlfkhqedxp +4<;:,1 Wkh iudphzrun lv wkhq jhqhudol}hg wr doorz iru qrq0frqvwdqw lqwhqvlwlhv

ri ghflvlrq pdnlqj1 Wklv jhqhudol}dwlrq jlyhv ulvh wr d fodvv ri uhjlph ghshqghqw prghov dqg

|lhogv d qdwxudo h{sodqdwlrq iru zk| huuruv lq wkh prgho suhvhqw d w|sh ri DUFK vwuxfwxuh1

Wkh odvw vhfwlrq ri wkh sdshu surylghv dq hpslulfdo dssolfdwlrq wr jodvv frqwdlqhuv lqyhq0
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wrulhv dqg vklsphqwv1 Wkh srsxodu surgxfwlrq vprrwklqj ex�hu0vwrfn prgho lv whvwhg rq

sk|vlfdo/ vhdvrqdoo| xqdgmxvwhg gdwd1 D qrq0olqhdu prgho ghvljqhg wr sduwldoo| dffrxqw iru

udqgrp wlph djjuhjdwlrq rewdlqv vshhgv ri dgmxvwphqw frpsdwleoh zlwk wkh suhglfwlrqv ri

wkh wkhru|1

Wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 lqwurgxfhv wkh qrwlrqv ri d frxqwlqj surfhvv

dqg d srlqw surfhvv> Vhfwlrq 6 lqwurgxfhv wkh ehqfkpdun prgho iru rxu glvfxvvlrq ~ d jhqhudo

sduwldo dgmxvwphqw prgho> Vhfwlrq 7 vkrzv krz wkhruhwlfdo prghov ri dgmxvwphqw jlyh ulvh wr

Srlvvrq srlqw surfhvvhv> Vhfwlrq 8 frqvlghuv jhqhudo prghov ri lqkrprjhqhrxv Srlvvrq srlqw

surfhvvhv> Vhfwlrq 9 vxjjhvwv krz wr ghwhfw udqgrp0wlph djjuhjdwlrq lq sudfwlfh> Vhfwlrq

: suhvhqwv dq hpslulfdo dssolfdwlrq> dqg Vhfwlrq ; frqfoxghv dqg suhvhqwv duhdv ri ixwxuh

uhvhdufk1

2 �hi*�4�?@h) �L?UiT|t

Wklv vhfwlrq lqwurgxfhv wkh frqfhswv ri d udqgrp srlqw surfhvv/ d frxqwlqj surfhvv/ dqg d

Srlvvrq surfhvv1 D odujh dprxqw ri olwhudwxuh lv ghglfdwhg wr wkh vwxg| ri wkhvh vxemhfwv zlwk

d kljk ohyho ri pdwkhpdwlfdo ghwdlo dqg uljru1 Dqghuvhq/ Erujdq/ Jloo/ dqg Nhlglqj +4<<4,

surylgh dq lq0ghswk dqdo|vlv ri frxqwlqj surfhvvhv1 Vq|ghu dqg Ploohu +4<<5, surylgh d jrrg

lqwurgxfwru| dqdo|vlv ri srlqw surfhvvhv dqg wkhlu dssolfdwlrqv1 Wkh dlp ri wklv vhfwlrq lv wr

surylgh dq lqwxlwlyh dqg rshudwlrqdo xqghuvwdqglqj ri wkh pdlq lghdv1 Pxfk ri wkh glvfxvvlrq

wkdw iroorzv lv edvhg rq Vq|ghu dqg Ploohu +4<<4,1

D udqgrp srlqw surfhvv lv d pdwkhpdwlfdo prgho iru d skhqrphqrq +lq wklv fdvh/ ghflvlrq

pdnlqj, fkdudfwhul}hg e| kljko| orfdol}hg hyhqwv +ghflvlrqv,/ glvwulexwhg udqgrpo| lq wlph
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+lq juhdwhu jhqhudolw|/ d frqwlqxxp vsdfh> wlph ehlqj dq h{dpsoh ri vxfk d vsdfh,1 Lq wkh

prgho/ hdfk hyhqw lv uhsuhvhqwhg e| dq lghdol}hg srlqw uhsuhvhqwlqj wkh wlph dw zklfk wkh

ghflvlrq zdv pdgh1 D uhdol}dwlrq ri d udqgrp srlqw surfhvv rq wlph lv d vhw ri srlqwv0lq0wlph1

Lq sudfwlfh/ lw lv riwhq ri lqwhuhvw wr frxqw wkh qxpehu ri srlqwv lq dq lqwhuydo ri wlph rq

zklfk d srlqw surfhvv lv gh�qhg1 D frxqwlqj surfhvv lv lqwurgxfhg iru wklv sxusrvh dqg fdq

eh dvvrfldwhg zlwk hyhu| srlqw surfhvv1

Gh�qlwlrq 4 1 Frxqwlqj surfhvv= Frqvlghu wkh surfhvv ri frxqwlqj hyhqwv rq vrph lq0

whuydo ri wlph ^v> x, zkhuh iw = v � w ? xj dqg wf � v 1 Wkhq Q+iw = v � w ? xj, � Q+v> x,

lv gh�qhg dv wkh qxpehu ri srlqwv lq wkh lqwhuydo iurp v wr x/ srvvleo| lqfoxglqj d srlqw lq v

exw qrw dw x1 Zh lqwurgxfh wkh vwrfkdvwlf surfhvv iQ+w, = w � wfj dffruglqj wr wkh gh�qlwlrq=

Q+w, � Q+wf, . Q+wf> w, zkhuh Q+wf, lv d qrq0qhjdwlyh lqwhjhu wkdw zh zloo vhw wr }hur iru

frqyhqlhqfh1 Zh zloo fdoo Q+w, d frxqwlqj surfhvv1

Zlwklq wkh fodvv ri frxqwlqj surfhvvhv/ zh dvvxph wkdw wkh frxqwlqj surfhvv lv Srlvvrq1

Irupdo glvfxvvlrqv ri wkh frqglwlrqv wkdw d frxqwlqj surfhvv kdv wr phhw lq rughu iru lw wr

eh Srlvvrq dqg plfur0hfrqrplf prghov ri dgmxvwphqw wkdw surgxfh Srlvvrq ghflvlrq pdnlqj

surfhvvhv duh ghod|hg wr Vhfwlrq 71 Khuh/ wkh pdlq surshuwlhv ri wkh Srlvvrq duh vwdwhg1

Gh�qlwlrq 5 1 Lqwhqvlw|= Gh�qh �+w, dv wkh lqvwdqwdqhrxv dyhudjh udwh wkdw srlqwv rffxu

dw wlph w1 Wklv lv whuphg dv wkh lqwhqvlw| ixqfwlrq1 Zkhq �+w, lv d frqvwdqw/ lqghshqghqw ri

wlph/ wkh fruuhvsrqglqj Srlvvrq surfhvv lv vdlg wr eh krprjhqhrxv/ rwkhuzlvh/ lw lv whuphg

lqkrprjhqhrxv1 Wkhq=

41 Su^Q+w, @ 3` @ h{s
q
� U |

f �+x,gx
r
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51 Su^Q+w, @ q` @ �
?-

�U |
f �+x,gx

�?
h{s

q
� U |

f �+x,gx
r
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Wklv vhfwlrq dqdo|}hv wkh h�hfwv ri udqgrp0wlph djjuhjdwlrq lq sduwldo dgmxvwphqw prghov/

uho|lqj rq d uhgxfhg irup prgho zklfk lv qrw ghulyhg khuh iurp �uvw sulqflsohv1 Urwhpehuj

+4<;:, vkrzv wkh htxlydohqfh ri rxu irupxodwlrq wr d olqhdu2txdgudwlf prgho1 Fdedoohur

dqg Hqjho +4<<7, xvh lw dv dq hqfrpsdvvlqj iudphzrun iru wkh olqhdu2txdgudwlf dqg +V/ v,

hfrqrplhv1

Wkh iroorzlqj lqwurgxfhv wkh qrwdwlrq xvhg lq wklv sdshu1 Wkh vxevfulsw w lq d yduldeoh

lv wkh xvxdo wlph lqgh{ dqg ghqrwhv wkh ydoxh ri wkdw yduldeoh lq wkh vdpsolqj lqwhuydo w= Ohw

�| � w� +w� 4, wkhq �| lv d frqvwdqw htxlydohqw wr wkh ohqjwk ri wkh vdpsolqj lqwhuydo +h1j1

iru txduwhuo| gdwd lw lv wkuhh prqwkv,1 Qh{w/ frqvlghu wkh hyhqw0wlph lqgh{ � irupdoo| gh�qhg

dv ��+u> x, � �� zklfk ghqrwhv wkh gdwh zlwklq wkh lqwhuydo ^u> x, zkhq hyhqw l @ 4> 5> ===> L wdnhv

sodfh1 Lq wklv sdshu/ hdfk hyhqw lv htxlydohqw wr d ghflvlrq pdgh e| dq hfrqrplf djhqw1 Dw

wlphv/ wkh vxevfulsw l zloo eh gursshg lq zklfk fdvh lw zloo eh xqghuvwrrg wkdw � � 4 uhihuv

wr wkh gdwh ri wkh ghflvlrq lpphgldwho| sulru wr wkh vxevhtxhqw ghflvlrq pdgh dw wlph �=

Xqghu wkh dvvxpswlrq wkdw wkh duulydo ri ghflvlrqv shu xqlw wlph lv Srlvvrq glvwulexwhg zlwk

lqwhqvlw| �/ wkhq �� � ��+��4, lv dq h{srqhqwldoo| glvwulexwhg udqgrp yduldeoh zlwk phdq

4@�1

Gh�qh |W dv wkh wdujhw yduldeoh dqg | dv wkh frqwuro yduldeoh1 Wkh djhqw fdq dfw xsrq |

exw qrw rq |W1 Wkh djhqw*v remhfwlyh lv wr nhhs wkh glvwdqfh m|W� � |�3�m dv vpdoo dv srvvleoh

vxemhfw wr d frvw ri dgmxvwphqw1 Ghshqglqj rq hdfk sduwlfxodu vlwxdwlrq/ wkh djhqw pljkw eh
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shqdol}hg e| d �{hg dprxqw shu ghflvlrq1 Dgglwlrqdoo|/ wkhuh pd| eh frvwv sursruwlrqdo wr

wkh vl}h ri wkh dgmxvwphqw1 Wkhvh frvwv fdq eh dv|pphwulf lq qdwxuh= srvlwlyh dgmxvwphqwv

pd| ehdu gl�huhqw frvwv wkdq qhjdwlyh dgmxvwphqwv1 Iru lqvwdqfh/ frqvlghu d �up wkdw wulhv

wr nhhs lwv oderu irufh dv forvh dv srvvleoh wr wkh rswlpdo ohyho1 Vlqfh wkhuh duh frvwv ri

fkdqjlqj wkh oderu irufh +�ulqj frvwv vxfk dv vhyhudqfh sd|phqwv> klulqj h{shqvhv vxfk dv

vfuhhqlqj dqg lqwhuylhzlqj ri qhz fdqglgdwhv> hwf1,/ fkdqjhv lq wkh �up*v hpsor|phqw ohyho

gr qrw kdsshq frqwlqxrxvo|/ exw udwkhu dw luuhjxodu lqwhuydov1

Wkh ghvluhg ohyho |W zloo ghshqg rq vhyhudo idfwruv olqnhg wr h{shfwdwlrqv rq wkh frvw

vwuxfwxuh ri wkh sureohp dw kdqg1 Wkhvh idfwruv zloo w|slfdoo| lqfoxgh h{shfwdwlrqv rq uhdo

zdjhv/ uhdo lqwhuhvw udwhv/ sulfhv ri udz pdwhuldov/ ixwxuh vdohv/ sulfhv/ hwf1 Wkh surfhvv iru

|W lq jhqhudo/ fdq eh h{suhvvhg dv wkh iroorzlqj Lwar surfhvv=

g|W+w, @ �^|W+w,> z+w,> w`gw. �^|W+w,> z+w,> w`g�+w, +4,

zkhuh z+w, lv d yhfwru ri yduldeohv wkdw ghwhuplqh |W> �+w, lv dvvxphg wr eh Jdxvvldq zlwk

lqfuhphqwv kdylqj phdq 3 dqg fryduldqfh H^g�+w,> g�+w�,` @ gw li w @ w� dqg htxdo 3 iru w 9@ w�

+iru d suhflvh lqwhusuhwdwlrq vhh Ehujvwurp 4<;7,1 Lq zkdw iroorzv/ lw zloo eh dvvxphg wkdw

�^|W+w,> z+w,> w` @ � dqg �^|W+w,> z+w,> w` @ �= Wklv vlpsol�fdwlrq pdnhv wkh h{srvlwlrq ri wkh

fhqwudo srlqwv fohdu exw grhv qrw uhsuhvhqw d ixqgdphqwdo dvvxpswlrq ri wkh sureohp dqg

fdq eh uhod{hg lq idyru ri ulfkhu h{suhvvlrqv1 Frqvhtxhqwo|/ wkh vwrfkdvwlf surfhvv iru wkh

frqwuro/ | lv vlpso|=

|� @ |�3� . �+|W� � |�3�, +5,
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zkhuh � 5 ^3> 4` dqg zloo eh dvvxphg frqvwdqw wkurxjkrxw1 Djdlq/ rqh fdq dozd|v frpsolfdwh

wkh dqdo|vlv zlwk dv|pphwulhv/ qrq0frqvwdqw h{suhvvlrqv/ hwf1 Wkh sdudphwhu � lv whuphg

dv wkh vshhg ri dgmxvwphqw sdudphwhu1 H{suhvvlrq 5 lv vshfl�hg lq whupv ri wkh hyhqw0wlph

lqgh{ �=

Li � @ 4 wkhq wkhuh duh rqo| frvwv dvvrfldwhg zlwk pdnlqj d ghflvlrq/ uhjdugohvv ri wkh vl}h

ri wkh glvhtxloleulxp m|W� � |�3�m1 Wudglwlrqdoo|/ wklv fruuhvsrqgv wr wkh iudphzrun irxqg lq

phqx0frvw prghov dqg +V> v, hfrqrplhv1 Olqhdu2txdgudwlf prghov duh frpprqo| dvvrfldwhg

zlwk 3 ? � ? 41 Fdedoohur dqg Hqjho +4<<7, frqvlghu wkh fdvhv zkhuh � lv d olqhdu dqg wkhq

d txdgudwlf ixqfwlrq ri |W� � |�3�=

Qh{w gh�qh }� � |W� � |�3�= Xvlqj htxdwlrqv 4 dqg 5 lw lv hdv| wr vhh wkdw

}� @

�
��� . |W�3� . �

] �

�3�
g�+u,

�
� |�3� +6,

Iurp 5

|�3� @ |�32 . �+|W�3� � |�32, +7,

frpelqlqj 6 dqg 7/ wkh odz ri prwlrq iru } ehfrphv=

}� @ ��� . +4� �,}�3� . �

] �

�3�
g�+u, +8,

Wkh irfxv ri wkh dqdo|vlv frqvlvwv lq hvwlpdwlqj wkh sdudphwhu �=

:
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Wklv vhfwlrq ghvfulehv wkh dgmxvwphqw surfhvv xqghu wkh dvvxpswlrq wkdw ghflvlrq pdnlqj

iroorzv d frxqwlqj surfhvv zhoo ghvfulehg e| wkh Srlvvrq1 Ohw q eh wkh qxpehu ri ghflvlrqv

+dgmxvwphqwv, pdgh shu vdpsolqj lqwhuydo ^w� 4> w,/ wkhq=

S? � Su^Q+w� 4> w, @ q` @
4

q$

�] |

|3�
�+x,gx

�?

h{s

�] |

|3�
�+x,gx

�
+9,

Iru wkh vdnh ri fodulw|/ frqvlghu d krprjhqhrxv Srlvvrq surfhvv zlwk lqwhqvlw| �+w, @ �1

� lv wkh dyhudjh qxpehu ri ghflvlrqv shu vdpsolqj lqwhuydo1 Li zh zhuh wr frqvlghu txduwhuo|

gdwd/ 7� zrxog eh wkh dyhudjh ghflvlrq udwh lq d |hdu dqg �
�� lq d prqwk1

Qrz ohw ��+w�4> w, @ �� ghqrwh wkh wlph zlwklq wkh lqwhuydo ^w�4> w, dw zklfk ghflvlrq l lv

pdgh1 E| frqyhqwlrq/ zh dvvxph �f @ w�41 Wkhuhiruh/ �� � �����3� iru l � 4 lv wkh gxudwlrq

ri wlph ehwzhhq ghflvlrqv lq wkh lqwhuydo ^w � 4> w,= d udqgrp yduldeoh1 Iru d krprjhqhrxv

Srlvvrq surfhvv/ �� � H+�,/ zkhuh H+�, lv wkh h{srqhqwldo glvwulexwlrq zlwk sdudphwhu �=

Frqvlghu wkh phfkdqlfv ri wkh dgmxvwphqw surfhvv h{suhvvhg lq whupv ri revhuydeohv1 Li

wkh qxpehu ri ghflvlrqv shu vdpsolqj lqwhuydo ^w� 4> w, lv=

� qrqh= }| @ }|3� . �. �
U |
|3� g�+u,>

� rqh= }| @ +4� �,
k
}|3� . ��� . �

U ��
|3� g�+u,

l
. +4� ��,�. �

U |
��
g�+u,>

� wzr= }| @ +4� �,
q
+4� �,

k
}|3� . ��� . �

U ��
|3� g�+u,

l
. ��2

.�
U �2
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g�+u,
r
. +4� �� � �2,�. �

U |
�2
g�+u,>

� dqg vr rq1
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Wkh lqwxlwlrq ehklqg wklv surfhvv lv wkh iroorzlqj= Zkhq qr dgmxvwphqwv duh pdgh lq wkh

lqwhuydo ^w� 4> w,/ }| +wkh glvhtxloleulxp yduldeoh, dwwdlqv wkh vdph ydoxh dv dw wkh ehjlqqlqj

ri wkh shulrg +w�4, soxv wkh glvhtxloleulxp dffxpxodwhg lq wkh lqwhuydo1 Wklv glvhtxloleulxp

lv d uh�hfwlrq ri krz pxfk wkh wdujhw kdv _wudyhoohg% vlqfh +l1h1/ �.�
U |
|3� g�+u,,1 Zkhq rqh

dgmxvwphqw wdnhv sodfh vrphwlph zlwklq ^w�4> w,> wkh fruuhfwlrq lv pdgh rq wkh glvhtxloleulxp

h{lvwlqj dw wkh wlph ri dgmxvwphqw1 Wklv lv wkh vxp ri wkh lqkhulwhg glvhtxloleulxp/ }|3�c soxv

zkdwhyhu wkh wdujhw kdv wudyhoohg e| gdwh ��= Wklv lv jlyhq e| ��� . �
U ��
|3� g�+u,1 Iurp wklv

h{sodqdwlrq/ lw lv hdv| wr vhh krz zh surfhhg zlwk wzr/ wkuhh/ ru pruh dgmxvwphqwv1

Lq jhqhudo/ wkh surfhvv iru }| fdq eh ghvfulehg dv iroorzv=

}| @ +4� �,&|}|3� .

;?=�
&|[
�'�

+4� �,��� . �

574� &|[
�'�

��

68<@>. +:,

;?=
&|[
�'�

+4� �,�%� . %&|n�

<@>
zkhuh n| lv wkh qxpehu ri dgmxvwphqwv lq wkh lqwhuydo ^w � 4> w,1 n @ in|jA|'� lv d vwrfkdvwlf

surfhvv khuhe| dvvxphg wr eh Srlvvrq glvwulexwhg1 %� @ �
U ��
��3�

g�+u,> %&|n� @
U |
�&|

g�+u,>

wkhuhiruh/ %� � Q+3> �2��,1 Lq rwkhu zrugv/ wkh phdq +jlyhq e| wkh �uvw whup lq eudfnhwv,

dqg wkh dxwruhjuhvvlyh frh�flhqwv ghshqg rq n| zklfk ydulhv iru hdfk lqwhuydo frqvlghuhg1 Wkh

huuru whup/ wkh vhfrqg whup lq eudfnhwv/ lv wkh vxp ri qrq0lghqwlfdo/ lqghshqghqw/ qrupdoo|

glvwulexwhg udqgrp yduldeohv= d qrupdo udqgrp yduldeoh zlwk }hur phdq/ zkrvh yduldqfh dovr

ghshqgv rq n|1 Qrwh wkdw n| lv w|slfdoo| xqrevhuyhg1

Lq jhqhudo/ zh zrxog olnh wr prgho wkh mrlqw suredelolw| glvwulexwlrq ri }| dqg n|/ frqgl0

wlrqdo rq wkh sdvw1 Ohw \| ghqrwh wkh klvwru| ri revhuydwlrqv wkurxjk gdwh w

<



\| @ i}|> n|> }|3�> n|3�> ===> }�> n�j

wkhq/ zlwkrxw orvv ri jhqhudolw|/ wklv suredelolw| fdq eh idfwruhg dv wkh surgxfw ri wkh frqgl0

wlrqdo glvwulexwlrq wlphv wkh pdujlqdo glvwulexwlrq/

i+}|> n|m\|3�> ��> �2, @ j+}|mn|>\|3�> ��,t+n|m\|3�> �2, +;,

Krzhyhu/ sduwldo dgmxvwphqw prghov duh xvxdoo| vshfl�hg dv=

}| @ �f . ��}|3� . %| +<,

Wkh lpsolflw dvvxpswlrq khuh +dw d plqlpxp, lv wkdw n| @ n ;w dqg wkhuhiruh wkh pdujlqdo

glvwulexwlrq ri n| froodsvhv wr 41 Hvwlpdwlrq ri Htxdwlrq < e| pd{lpxp olnholkrrg vd|/ lv

wkhuhiruh htxlydohqw wr hvwlpdwlqj H|3�+}|, xqfrqglwlrqdoo| zlwk uhvshfw wr n|= Xqghu wkh

dvvxpswlrq wkdw wkh n| duh Srlvvrq glvwulexwhg/ wklv h{shfwdwlrq ehfrphv/

H|3�+}|, @ Sf

�
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g�+u,

�
. +43,
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�
+4� �,

�
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�
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] |
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�
.
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59997 +4� �,i+4� �,
k
}|3� . ��� . �

U ��
|3� g�+u,

l
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g�+u,j. +4� �� � �2,�. �
U |
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g�+u,

6:::8. ===

zlwk S� @ Su^n| @ lm\|3�`= Diwhu vrph dojheud uhsruwhg lq wkh Dsshqgl{/ lw fdq eh vkrzq

wkdw
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H|3�+}|, @ }|3� h{s
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. � +44,

zlwk=
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zkhuh �� @ H|3�+��,= Hpslulfdoo|/ wkh frh�flhqw ri lqwhuhvw lv wkdw dvvrfldwhg zlwk }|3�1

Iurp Htxdwlrqv < dqg 44 dqg dvvxplqj d frqvwdqw lqwhqvlw| �+w, @ �/ lw lv hdv| wr vhh wkdw

e�� @ h{si���j1 Wkhuhiruh/ zkhq dvvxplqj n| @ n @ 4 ;w/ wkh lqwhusuhwdwlrq jlyhq wr e�� lv

wkdw ri dq hvwlpdwh ri +4� �, zklfk lq oljkw ri Htxdwlrq 44 lv fohduo| lqfruuhfw1 Wkh eldv lq

wkh vwuxfwxudo lqwhusuhwdwlrq ri wkh dgmxvwphqw sdudphwhu ehfrphv/

ELDVk @ 4� �f � h{s

�
��f

] |

|3�
�+x,gx

�
+46,

zkhuh �f ghqrwhv wkh wuxh ydoxh ri �= Wkh lpsruwdqfh ri wklv eldv lv ehvw looxvwudwhg zlwk

dq h{dpsoh1 Ohw � @ 4 zlwk prqwko| gdwd1 Wklv lv wkh ehvw fdvh vfhqdulr/ zkhuh wkh

iuhtxhqf| zlwk zklfk rxu gdwd lv vdpsohg frlqflghv zlwk wkh dyhudjh iuhtxhqf| ri ghflvlrq

pdnlqj1 Dvvxph �f @ 4 +qrq0frqyh{ frvwv ri dgmxvwphqw,> wkhq/ e�� * 3=6:1 Xqghu wkh

wudglwlrqdo dvvxpswlrqv/ wklv lv lqwhusuhwhg dv e� @ 3=96/ wkxv lqfruuhfwo| frqfoxglqj wkdw

lw wdnhv 6 prqwkv wr forvh <8( ri dq| jlyhq glvhtxloleulxp1 Krzhyhu/ qrwh wkdw wkh uhdo

vshhg ri dgmxvwphqw lv 433( shu prqwk rq dyhudjh/ l1h1 pruh wkdq wkuhh wlphv idvwhu1 Dv

wkh iuhtxhqf| ri dgmxvwphqw +�, lqfuhdvhv/ wkh eldv lqfuhdvhv xs wr +4 � �f,= Frqyhuvho|/
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lqiuhtxhqw dgmxvwphqwv zrun lq wkh rssrvlwh gluhfwlrq dqg wkh eldv fdq dfklhyh d ydoxh ri

��f= Iljxuh 4 glvsod|v wkh vkdsh ri wklv eldv dv d ixqfwlrq ri �=

Wkhvh uhvxowv gr qrw dulvh iurp xvlqj gdwd vdpsohg dw d orzhu iuhtxhqf| wkdq wkh ghflvlrq0

pdnlqj surfhvv/ exw udwkhu iurp ljqrulqj wkh whpsrudo sdwwhuq ri ghflvlrq pdnlqj dowrjhwkhu1

Dv d frqvhtxhqfh/ lqihuhqfh rq vshhg ri dgmxvwphqwv fdq eh vhyhuho| lqfruuhfw1 Lq dgglwlrq/

whvwlqj dq +V/v, prgho djdlqvw dq dowhuqdwlyh olqhdu2txdgudwlf prgho +iru h{dpsoh, ehfrphv

frpsolfdwhg xqohvv rqh fdq mrlqwo| prgho dgmxvwphqwv dqg ghflvlrqv1 Wkhuhiruh/ udwkhu wkdq

fkdqjlqj wkh vdpsolqj iuhtxhqf| ri wkh gdwd/ lghdoo| rqh zrxog zdqw gdwd vdpsohg shu

ghflvlrq1

��2 � w�?! |L �L?|�?�L�t�A�4i �L_i*t

Lw lv lqvwuxfwlyh wr frpsduh wkh uhvxowv lq wkh suhylrxv vhfwlrq wr wkh olwhudwxuh rq wlph

ghirupdwlrq lqwurgxfhg e| Vwrfn +4<;;,1 Vwrfn*v ruljlqdo irupxodwlrq frqvlghuv d wlph vhulhv

prgho edvhg rq dq _hfrqrplf% wlph0vfdoh dqg d wlph0vfdoh wudqvirupdwlrq ri wkh surfhvv

lqwr dq revhuyhg/ fdohqgdu0edvhg wlph0vfdoh1 Wkh edvlf lqjuhglhqwv ri klv iudphzrun frqvlvw

ri d jhqhulf frqwlqxrxv wlph prgho dqg d _odwhqw% surfhvv wkdw hyroyhv lq rshudwlrqdo wlph

� 1 Wkh surfhvv lv revhuyhg lq fdohqgdu wlph w krzhyhu/ zklfk lv uhodwhg wr wkh rshudwlrqdo

wlph0vfdoh e| d frqwlqxrxv wudqvirupdwlrq � @ *+w,= Qrz uhfdoo Htxdwlrq 8/ wkh edvlv ri rxu

glvfxvvlrq/

}� @ ��� . +4� �,}�3� . �
] �

�3�
g�+u,

Lwv frqwlqxrxv wlph frxqwhusduw fdq eh uhzulwwhq dv wkh iroorzlqj Ruqvwhlq0Xkohqehfn surfhvv/
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g}+�, @ +�� �}+�,,g� . �g�+�, +47,

zklfk kdv wkh iroorzlqj glvfuhwh0wlph uhsuhvhqwdwlrq +vhh Ehujvwurp +4<;7,,/

}+�, @ +4� h{s+���� ,,
�

5
. h{s +���� , }+� � 4, . +48,

�

] �

�3�
h{s+��+� � u,,g�+u,

Ohw � @ *+w, dqg � � 4 @ *+w� 4,> wkhq wkh revhuydeoh surfhvv lq glvfuhwh wlph ehfrphv/

}| @ +4� h{s+���*+w,,,
�

5
. h{s +���*+w,, }+� � 4, . %| +49,

%| @ �
] )E|�

)E|3��
h{s+��+*+w,� u,,g�+u,

Htxdwlrq 49 ehduv forvh vlplodulw| wr 44 dqg 451 Wkh prgho zloo jhqhudoo| h{klelw wlph0

ydu|lqj fryduldwhv dqg khwhurvnhgdvwlflw| wkdw ghshqg rq wkh wlph0vfdoh wudqvirupdwlrq1 Wkh

iuhtxhqf| ri ghflvlrq0pdnlqj shu wlph lqwhuydo +w� 4> w` lv d qdwxudo fdqglgdwh iru wkh wlph0

vfdoh wudqvirupdwlrq �*+w,= Diwhu doo/ hfrqrplf0wlph zloo ghshqg rq krz riwhq djhqwv pdnh

hfrqrplf ghflvlrqv1 Dffruglqjo|/ vhwwlqj �*+w, @
U |
|3� � +u, gu> 49 fdq eh uhzulwwhq dv/

}| @
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4� h{s+��

] |

|3�
�+u,gu,
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5
. h{s
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] |

|3�
�+u,gu
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}+� � 4, . %| +4:,

zkhuhH+%|, @ 3> H+%2| , @ �
�
h{s

�
5�

U |
|3� �+u,gu

�
� 4

�
@5�=Wkhuhiruh/ dq dgmxvwphqw surfhvv

vxemhfw wr udqgrp wlph djjuhjdwlrq |lhogv wkh vdph dgmxvwphqw sdudphwhu ixqfwlrq dv d

frqwlqxrxv wlph dgmxvwphqw surfhvv vxemhfw wr wlph ghirupdwlrq zkhuh wkh wlph0vfdoh wudqv0

irupdwlrq lv jlyhq e| wkh lqwhqvlw| ri hfrqrplf ghflvlrq0pdnlqj/
U |
|3� �+u,gu=
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Dowkrxjk Htxdwlrq 8 lv d xvhixo fkdudfwhul}dwlrq ri wkh g|qdplfv ri glvhtxloleuld dqg lw kdv

ehhq xvhg lq uhfhqw sdshuv e|/ iru h{dpsoh/ Fdedoohur dqg Hqjho +4<<7,/ Fdedoohur/ Hqjho/

dqg Kdowlzdqjhu +4<<7,/ wzr prgl�fdwlrqv ri wkh suhylrxv dqdo|vlv duh frqvlghuhg1 Iluvw/ zh

dqdo|}h wkh h�hfw ri udqgrp0wlph djjuhjdwlrq rq wkh lqihuhqfh ri fruuhodwlrqv dqg2ru fdxvdo

uhodwlrqv ehwzhhq yduldeohv1 Vhfrqg/ zh zloo lqwurgxfh wklv jhqhudol}dwlrq lq wkh frqwh{w ri

dqrwkhu srsxodu vshfl�fdwlrq ri wkh S1D1P1/ dowhuqdwlyh wr wkdw xvhg lq Htxdwlrq 81

Edvhg rq Htxdwlrq 7/ wkh sduwldo dgmxvwphqw prgho lv vrphwlphv vshfl�hg dv/

�|� @ � +|W� � |�3�, . �z� +4;,

Khuh � uhwdlqv wkh vdph lqwhusuhwdwlrq dv ehiruh dqg � fdswxuhv wkh h�hfw ri z rq fkdqjhv

lq |1 D jrrg looxvwudwlrq ri vxfk d prgho lv wkh surgxfwlrq0vprrwklqj prgho ri lqyhqwrulhv=

�L|n� @ d +LW| � L|,� e+V| � Ve
| , +4<,

zkhuh L| lv wkh vwrfn ri lqyhqwrulhv> LW| lv wkh ghvluhg ohyho ri lqyhqwrulhv dqg +V| � Ve
| , duh

vdohv vxusulvhv1 Dffruglqjo|/ lqyhqwrulhv fkdqjh iru wzr prwlyhv1 Wkh �uvw fruuhvsrqgv wr wkh

whup +LW| � L|, dqg uh�hfwv dqwlflsdwhg lqyhqwru| lqyhvwphqw1 Ghvluhg lqyhqwrulhv zloo w|slfdoo|

ghshqg rq h{shfwhg vdohv/ h{shfwhg frvwv dqg fxuuhqw dqg h{shfwhg uhdo lqwhuhvw udwhv1 Wkh

vhfrqg whup/ +V| � Ve
| ,> fruuhvsrqgv wr xqdqwlflsdwhg lqyhqwru| lqyhvwphqw dqg fdswxuhv

wkh h{whqw wr zklfk lqyhqwrulhv ex�hu vdohv vxusulvhv wr pdlqwdlq surgxfwlrq dssur{lpdwho|

frqvwdqw1 Wkh hpslulfdo vhfwlrq ri wklv sdshu zloo eh edvhg rq wklv prgho1
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Dvvxph wkdw z iroorzv d jhqhudo frqwlqxrxv0wlph Pdunry surfhvv1 Olnh ehiruh/ rqh frxog

wklqn ri z iroorzlqj d jhqhulf s|� rughu vwrfkdvwlf gl�huhqwldo htxdwlrq1 Krzhyhu/ fxpehu0

vrph ghulydwlrqv zrxog ghwudfw iurp wkh fhqwudo dujxphqw1 Frqvhtxhqwo|/ ohw/

gz+w, @ pgw. g�+w, +53,

zkhuh �+w, lv dvvxphg Jdxvvldq zlwk lqfuhphqwv kdylqj phdq 3 dqg fryduldqfhH^g�+w,> g�+w�,` @

��gw iru w @ w� dqg htxdo 3 iru w 9@ w�= Ixuwkhupruh/ H^g�+w,> g�+w�,` @ 3 iru doo w dqg w�= Xqghu

wkhvh dvvxpswlrqv/ frqvlghu wkh dgmxvwphqw surfhvv lq whupv ri vdpsohg revhuydwlrqv1 Li wkh

qxpehu ri ghflvlrqv pdgh shu lqwhuydo ri wlph +w� 4> w` lv=
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� dqg vr rq1

Uhfdoo �� @ +�� � ��3�,= Wkh lqwxlwlrq ehklqg wklv dgmxvwphqw surfhvv lv fohdu1 Zkhq qr

dgmxvwphqwv duh pdgh gxulqj wkh vdpsolqj lqwhuydo ^w�4> w,/ | zloo fkdqjh gxh wr wkh hyroxwlrq

ri z iurp w � 4 wr w= Li dq dgmxvwphqw wdnhv sodfh gxulqj wkh lqwhuydo/ wkh glvhtxloleulxp

h{lvwlqj xs wr wkdw srlqw zloo eh fruuhfwhg1 Krzhyhu/ qrz wkh glvhtxloleulxp qrw rqo| ghshqgv
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rq pryhphqwv rq wkh ghvluhg ohyho |W exw dovr rq wkh lpsdfw ri z= Zkhq wzr dgmxvwphqwv duh

pdgh/ wkh vhfrqg fruuhfwlrq lv zlwk uhvshfw wr wkh sursruwlrq +4� �, ri wkh �uvw fruuhfwlrq

soxv dq| dgglwlrqdo pryhphqwv lq } dqg z vlqfh dqg xs wr �2= Lw lv hdv| wr vhh krz wzr ru

pruh dgmxvwphqwv zrxog eh grqh1 Uhzulwlqj wkh revhuyhg dgmxvwphqw surfhvv lq d vlplodu

zd| wr Htxdwlrq :/

�|| @ �+n|, . � +n|,�+4� �,&|3BE&|�}|3� . ��BE&|�+4� �,&|3BE&|�z|3� . x| +54,

zkhuh n @ in|j|'A|'� lv wkh vdph Srlvvrq glvwulexwhg vwrfkdvwlf surfhvv suhylrxvo| glvfxvvhg>

�+n|, @ 4 li n| A 3 dqg htxdov 3 rwkhuzlvh1 Wkh lqwhufhsw �+n|, lv/

�+n|, @ �
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�+4� �,�3��� . �p
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�+4� �,�3��� .

574� &|[
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684D +55,

zkhuh �f @ 3> dqg wkh huuru whup lv/

x| @
&|[
�'�

�+4� �,�3�
] ��

��3�

g�+u, . �

3C &|[
�'�

�+4� �,�3�
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��3�

g�+u, .

] |

�&|

g�+u,

4D +56,

zkhuh �f @ w= Ghvslwh wkh dssduhqw frpsoh{lw| ri wkh deryh htxdwlrqv/ 54 lv vlpso| d olqhdu

htxdwlrq zlwk wlph0ydu|lqj sdudphwhuv wkdw ghshqg rq n|= Wkh huuru whup lv wkh vxp ri qrq0

lghqwlfdo/ lqghshqghqwo| glvwulexwhg qrupdo udqgrp yduldeohv zlwk phdq }hur dqg yduldqfh

wkdw ghshqgv rq n|> l1h1 x| � Q+3> ��+n|,,= Dv n| lqfuhdvhv/ wkh frh�flhqwv dvvrfldwhg zlwk

}|3� dqg z|3� zloo ghfuhdvh wrzdug }hur/ surylghg wkdw � ? 4= Li � @ 4 wkhq wkh frh�flhqw

dvvrfldwhg zlwk }|3� lv }hur h{fhsw iru n| @ 4 zkhq lw htxdov rqh1 Wkh frh�flhqw dvvrfldwhg

zlwk z|3� lv � li n| @ 3> lv �� li n| @ 4 dqg lv }hur rwkhuzlvh1 Wkh h�hfw rq z|3� lv sduwlfxoduo|
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lqwhuhvwlqj vlqfh lw vwhpv/ qrw iurp wlph djjuhjdwlrq shu vh/ exw udwkhu iurp wkh phfkdqlfv

ri dgmxvwphqw xqghu udqgrp0wlph djjuhjdwlrq1

Lq dssolhg zrun/ lw lv frpprq wr vshfli| Htxdwlrq 54 dv/

�|| @ !f . !�}|3� . !2z|3� . y| +57,

Iru lqvwdqfh/ Eodqfkdug +4<;6, uhsruwv hvwlpdwhv ri !� wkdw udqjh iurp 315: wr 3135 iru

prqwko| dxwrpreloh lqyhqwru| gdwd1 Zlwk txduwhuo| gdwd/ Ihogvwhlq dqg Dxhuedfk +4<:9,

uhsruw !� @ 3=38: iru pdqxidfwxulqj/ qrqgxudeoh lqyhqwru| gdwd1 Eolqghu +4<;4, hvwlpdwhv

vlplodu vshfl�fdwlrqv iru vhyhudo gxudeoh dqg qrq0gxudeoh pdqxidfwxulqj lqgxvwulhv �qglqj

ydoxhv ri !� ehwzhhq 3147 wr 31361 Hvwlpdwhv ri _vshhgv ri dgmxvwphqw% lq wkh oderu olwhudwxuh

duh vlplodu1 Vdujhqw +4<:;, dqg Phhvh +4<;3, uhsruw !� @ 3=38 iru txduwhuo| X1V1 xqhpsor|0

phqw1 Iru wkh X1N1/ Qlfnhoo +4<;7, �qgv !� @ 3=48= Deudkdp dqg Krxvpdq +4<<6, rewdlq

!� 5 ^3=39> 3=4<` iru Jhupdq|/ Iudqfh dqg Ehojlxp1 Uhfhqw h�ruwv e| Kdphuphvk +4<<6,

zlwk plfur0gdwd iru X1V1 Pdqxidfwxulqj |lhog vlplodu uhvxowv/ !� @ 3=49=

Pd{lpxp olnholkrrg hvwlpdwlrq ri Htxdwlrq 57 lpsolflwo| dvvxphv wkdw n| @ n +pruh

vshfl�fdoo| n @ 4,1 Frqvhtxhqwo|/ lq wkh vdph vslulw ri rxu glvfxvvlrq lq Vhfwlrq 614/ wklv lv

htxlydohqw wr fdofxodwlqj H|3�+�||, xqfrqglwlrqdoo| zlwk uhvshfw wr wkh glvwulexwlrq ri n|1

Xqghu rxu pdlqwdlqhg dvvxpswlrqv/ wklv h{shfwdwlrq ehfrphv/

H|3�+�||, @ f.
�

+4� �,

�
h{s

�
��

] |

|3�
�+x,gx

�
� h{s

�
�

] |

|3�
�+x,gx

��
}|3� +58,

.
�

+4� �,

�
�h{s

�
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�
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Dffruglqjo|/ e!� @ ^�@+4� �,` ^h{s+���,� h{s+��,` +iru d krprjhqhrxv Srlvvrq, dqg e!2 @
^�@+4� �,` ^�h{s+���, . +4� 5�,h{s+��,` = Krzhyhu/ wkhvh frh�flhqwv duh w|slfdoo| lqwhu0

suhwhg dv e!� @ � dqg e!2 @ ��= Lw lv hdv| wr fdofxodwh wkhlu eldvhv/

ELDVk @
�f

+4� �f,
ih{s+��f�,� h{s+��,j � �f +59,

ELDVq @
�f

+4� �f,
i�fh{s+��f�, . +4� 5�f,h{s+��,j � �f

zkhuh �f dqg �f ghqrwh wkh wuxh ydoxhv ri � dqg �= Dq h{dpsoh ehvw looxvwudwhv wkh h�hfwv

ri wkhvh eldvhv1 Frqvlghu Ihogvwhlq dqg Dxhuedfk*v +4<:9, h{dpsoh/ zklfk xvhg txduwhuo|

gdwd1 Wkh| uhsruw hvwlpdwhv ri e!� @ 3=38: dqg e!2 @ 3=377 zlwk lqyhqwru| gdwd1 Iru � @ 7=8

+d olwwoh ryhu rqh dgmxvwphqw shu prqwk, wkh vshhg ri dgmxvwphqw ehfrphv � @ 3=;8 dqg

wkh wuxh h�hfw ri vdohv rq lqyhqwrulhv � @ 3=94= Dv � jurzv/ wkhq ELDVk whqgv wr ��f dqg

ELDVq wr ��f= Frqyhuvho|/ dv � whqgv wr 3/ ELDVk whqgv wr ��f dqg ELDVq wr 3= Iljxuh

5 looxvwudwhv wkh vkdsh ri wkhvh eldvhv dv d ixqfwlrq ri �=

e A�i �L�ttL? �L�?| �hLUitt @?_ |�i w@� Lu +@hi ,�i?|t

Wklv vhfwlrq mxvwl�hv wkh jhqhudolw| ri dvvxplqj wkh Srlvvrq glvwulexwlrq lq prgholqj ghflvlrq0

pdnlqj surfhvvhv e| vwdwlqj wkh Odz ri Uduh Hyhqwv +O1U1H1,1 Dv dq looxvwudwlrq/ wkh jhqhu0

dwlqj surfhvv ri ghflvlrqv iru dq +V/v, uxoh lv frqvlghuhg ~ dq dgmxvwphqw uxoh wkdw qdwxudoo|

surgxfhv Srlvvrq glvwulexwhg ghflvlrq pdnlqj1 Wkh Odz ri Uduh Hyhqwv lv d vhw ri txdolwdwlyh

frqglwlrqv iru dq duelwudu| frxqwlqj surfhvv wr eh d Srlvvrq frxqwlqj surfhvv1 Wkhvh frqgl0

wlrqv duh vwdwhg lq dq lqwxlwlyh zd|1 Iru wkh irupdo pdwkhpdwlfdo vwdwhphqw ri wkh wkhruhp

4;



dqg lwv surri/ wkh uhdghu lv uhihuuhg wr Vq|ghu dqg Ploohu +4<<4,1 Odqfdvwhu +4<<5, dqg Wd|oru

dqg Nduolq +4<<7, surylgh dowhuqdwlyh vwdwhphqwv dowkrxjk zlwk ohvv jhqhudolw|1

Wkhruhp 6 1 Wkh Odz ri Uduh Hyhqwv= Ohw iQ+w, = w � wfj eh d frxqwlqj surfhvv

dvvrfldwhg zlwk d srlqw surfhvv rq ^wf>4,1 Vxssrvh wkdw=

41 Wkh srlqw surfhvv lv frqglwlrqdoo| rughuo|1 Lqirupdoo|/ wklv phdqv wkdw srlqwv gr qrw

rffxu vlpxowdqhrxvo| lq wlph1

51 Iru doo w � wf dqg iru dq duelwudu| hyhqw S dvvrfldwhg zlwk wkh udqgrp yduldeohv iQ+x, =

wf � x � wj/ wkh olplw

olp
B<f

Su^Q+w> w. �, @ 4mS `

�
@ �+w,

h{lvwv/ lv �qlwh/ dqg lv dq lqwhjudeoh ixqfwlrq ri w dorqh/ wkdw lv/
U |
r �+x,gx h{lvwv dqg lv

�qlwh iru doo �qlwh lqwhuydov ^v> w`> wf � v � w=

61 Su^Q+wf, @ 3` @ 4=

Wkhq iQ+w, = w � wfj lv d Srlvvrq frxqwlqj surfhvv zlwk dq devroxwho| frqwlqxrxv

sdudphwhu ixqfwlrq �+w, @
U |
|f
�+x,gx dqg

Su^Q+v> w, @ q` @
4

q$

�] |

r
�+x,gx

�?

h{s

�
�

] |

r
�+x,gx

�

K|srwkhvlv 5 lpsolhv wkdw wkh surfhvv iQ+w, = w � wfj hyroyhv lq�qlwhvlpdoo| zlwkrxw

diwhu0h�hfwv= Li S dqg I duh duelwudu| hyhqwv lq wkh sdvw dqg lq wkh ixwxuh uhvshfwlyho|/ wkh

frqglwlrqdo suredelolw| ri I jlyhq S> htxdov wkh xqfrqglwlrqdo suredelolw| ri S iru doo w � w=

Lq rwkhu zrugv/ wkh surfhvv iQ+w, = w � wfj kdv lqghshqghqw lqfuhphqwv1 Wkh ixqfwlrq �+w,

4<



lv wkh lqvwdqwdqhrxv dyhudjh udwh dw zklfk srlqwv rffxu dqg lv whuphg wkh lqwhqvlw| ixqfwlrq1

Zkhq wkh lqwhqvlw| lv d frqvwdqw lqghshqghqw ri wlph/ �+w, @ �/ wkh fruuhvsrqglqj Srlvvrq

frxqwlqj surfhvv lv vdlg wr eh krprjhqhrxv1 Lq wklv fdvh=

Su^Q+w, @ q` @
4

q$
�?h3b

Wkh dssolfdwlrq ri wkh O1U1H1 lv ehvw looxvwudwhg lq wkh frqwh{w ri +V/v, uxohv zklfk duh

frqvwuxfwhg iurp irupdo plfurhfrqrplf prghov ri glvfrqwlqxrxv dqg oxps| dgmxvwphqw dqg

duh dssolhg lq d ydulhw| ri wrslfv lq hfrqrplfv1 Zkloh wkhlu ruljlq fdq eh wudfhg edfn wr wkh

wkhru| ri lqyhqwru| frqwuro/ wrgd| wkh| duh dovr xvhg wr ghvfuleh lqyhvwphqw/ fdvk edodqfh

dgmxvwphqwv/ oderu ghpdqg/ whfkqrorj| xsjudghv/ hwf1 Rswlpdolw| ri vxfk uxohv lv qrw suryhg

khuh exw udwkhu wkh whpsrudo sdwwhuq ri dgmxvwphqwv lv dqdo|}hg1

Wkhuh duh vhyhudo w|shv ri +V/v, uxohv= rqh vlghg/ grxeoh vlghg/ zlwk grxeoh uhwxuq srlqwv/

hwf1 Wklv vhfwlrq dqdo|}hv d rqh0vlghg +V/v, uxoh/ ghvfulehg dv iroorzv= Ohw v ? V dqg ohw |W+w,

eh d Eurzqldq prwlrq zlwk guliw � � 3/ zkhuh |W+3, @ v1 Zkhqhyhu |W+w, � V/ wkh surfhvv

lv uhvwduwhg dw v/ wkdw lv/ g|W+w7, @ V � v/ zkhuh w7 lv wkh �uvw wlph wkh surfhvv uhdfkhv wkh

ohyho V1 Wkhq/ lw fdq eh vkrzq wkdw w7 kdv suredelolw| ghqvlw| ixqfwlrq=

i+w> v> V, @
+V � v,

�
s
5�w�

h{s

%
++V � v,� �w,2

5�2w

&
w A 3 +5:,

Surri= Nduolq dqg Wd|oru +4<:8,/ s1 6961

Htxdwlrq 5: lv wkh lqyhuvh jdxvvldq glvwulexwlrq dqg surylghv wkh zdlwlqj wlph ghqvlw|

xqwlo wkh �uvw ghflvlrq1 Qrwh wkdw wkh surfhvv uhvwduwv dw wkh vdph ohyho/ v/ hdfk wlph wkh

eduulhu V lv furvvhg1 Wkhuhiruh/ wkh lqyhuvh jdxvvldq lv lq idfw wkh ghqvlw| ri doo wkh zdlwlqj
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wlphv ehwzhhq hyhqwv1 Lw lv hdv| wr yhuli| wkdw wkh frxqwlqj surfhvv dvvrfldwhg zlwk wkh

furvvlqj wlphv ri wklv +V/v, uxoh lv d Srlvvrq surfhvv1 Srvwxodwh 4 ri wkh O1U1H1 krogv= Wkh

suredelolw| ri wzr hyhqwv rffxuulqj lq wkh vdph wlph lqwhuydo jrhv wr }hur dv wkh vl}h ri wkh

lqwhuydo jrhv wr }hur zkhqhyhu v ? V1 Srvwxodwh 5 krogv ehfdxvh wkh surfhvv hyroyhv zlwkrxw

diwhuh�hfwv= Wkh suredelolw| ri furvvlqj wkh eduulhu V lv lqghshqghqw ri krz orqj lw wrrn wr

suhylrxvo| furvv lw1 Srvwxodwh 6 krogv e| frqvwuxfwlrq= Su^|W+3, @ V` @ 3 zkhqhyhu v ? V1

Uhfdoo wkdw iurp wkh gh�qlwlrq ri wkh Srlvvrq surfhvv/ Su^V lv qrw uhdfkhg lq wkh lqwhuydo

^3> w,` @ Su^Q+w, @ 3` @ h{s
q
� U |

f �+x,gx
r
1 Wkhuhiruh=

h{s

�
�

] |

f
�+x,gx

�
@ 4�

] |

f

+V � v,

�
s
5�u�

h{s

%
++V � v,� �u,2

5�2u

&
gu +5;,

iurp zkhuh/ lq jhqhudo �+w, @ �+w> v> V> �> �,= Hdfk sduwlfxodu w|sh ri +V/v, uxoh surgxfhv

lqwhu0duulydo wlphv ehwzhhq ghflvlrqv wkdw duh udqgrp yduldeohv1 E| lqvshfwlqj zkhwkhu wkh

wkuhh srvwxodwhv ri wkh O1U1H1 krog/ rqh fdq mxvwli| wkdw wkh dvvrfldwhg frxqwlqj surfhvv zloo

eh Srlvvrq1

D Bi?ih@* 5TiU��U@|�L? Lu #iU�t�L?��@!�?}

Lq wkh suhvhqfh ri udqgrp0wlph djjuhjdwlrq/ zh kdyh ghwhuplqhg wkdw h{suhvvlrqv ri wkh

irup H|3�+||, duh/ lq jhqhudo/ ixqfwlrqv ri sdvw lqirupdwlrq/ d sdudphwhu vsdfh/ dqg wkh

lqwhqvlw| ri wkh ghflvlrq surfhvv1 Wklv vhfwlrq frqvlghuv pruh jhqhudo lqwhqvlw| vshfl�fdwlrqv

wkdw zloo doorz xv wr h{dplqh vfhqdulrv lq zklfk= wkh iuhtxhqf| ri ghflvlrq pdnlqj lv wlph

ghshqghqw +lqkrprjhqhrxv Srlvvrq surfhvvhv,> lqwhqvlwlhv wkdw duh d pl{wxuh ri surfhvvhv
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+pl{hg Srlvvrq surfhvvhv,> dqg ghflvlrq pdnlqj wkdw ghshqgv rq dq dx{loldu| lqirupdwlrq

surfhvv vxfk dv vwdjh ri wkh exvlqhvv f|foh h�hfwv/ lqwhuhvw udwhv/ xqhpsor|phqw h�hfwv/ hwf1

+grxeo|0vwrfkdvwlf Srlvvrq surfhvvhv,1 Lq hdfk fdvh/ wkh surshuwlhv ri wkh sduwlfxodu surfhvv

zloo glfwdwh wkh dssursuldwh wlph vhulhv uhsuhvhqwdwlrq dqg wkh surshuwlhv wkdw zh vkrxog

h{shfw rxu prgho wr kdyh1

Wkh h{whqvlyh olwhudwxuh rq srlqw surfhvvhv +frpsuhkhqvlyho| vxuyh|hg lq Vq|ghu dqg

Ploohu 4<<4, h{dplqhv d zlgh ydulhw| ri prghov dqg vshfl�fdwlrqv1 Lw xvxdoo| frqvlghuv

wkh mrlqw glvwulexwlrq ri wkh Srlvvrq surfhvv dqg lwv frpsdqlrq surfhvv +iru h{dpsoh/ wkh

pdunv lq d pdunhg srlqw surfhvv/ wkh lqirupdwlrq surfhvv lq d grxeo| vwrfkdvwlf surfhvv/

hwf1,1 Khuh/ krzhyhu/ wkh irfxv lv rq wkh glvwulexwlrq ri wkh Srlvvrq Surfhvv/ frqglwlrqdo

rq lwv frpsdqlrq surfhvv1 Lq doo lqvwdqfhv/ zh zloo frqvlghu wkh fdvh zkhq wklv frpsdqlrq

surfhvv lv suhghwhuplqhg1 E| dgrswlqj wklv frqglwlrqdo dssurdfk/ zh vlpsoli| wkh sureohp

wuhphqgrxvo| dqg uhwxuq wkh irfxv wr wkh hvwlpdwlrq ri wkh sduwldo dgmxvwphqw prgho1

D�� Ai4TLh@* �L�ttL? �hLUittit

Frqvlghu wkh fdvh zkhuh wkh lqwhqvlw| lv d ixqfwlrq ri wlph1 Pruh jhqhudoo|=

] |

|3�
�+x,gx @ k+w, +5<,

Wklv vshfl�fdwlrq lv dssursuldwh lq vfhqdulrv zkhuh/ iru h{dpsoh/ wkhuh lv d shulrg ri

ohduqlqj1 Dw wkh vwduw ri wkh dgmxvwphqw surfhvv/ ghflvlrqv duh pdgh pruh iuhtxhqwo|1 Dv wkh

ohduqlqj surfhvv hyroyhv/ wkh lqwhqvlw| frqyhujhv wr vrph dyhudjh ydoxh1 D w|slfdo vshfl�fdwlrq

wkdw fdswxuhv wklv h�hfw lv=
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k+w, @ �. �w�3� � A 3 +63,

Zkhq � A 4> wkh surfhvv lv h{sorvlyh/ zkhq � @ 4 |lhogv d qrq0ghshqghqw surfhvv1 Iru

� ? 4/ wkh surfhvv frqyhujhv wr � dv w $ 41 Xqghu wklv vshfl�fdwlrq/ hvwlpdwlrq ri wkh

frqglwlrqdo h{shfwdwlrq dw wlph w� 4 ri rxu yduldeoh ri lqwhuhvw fdq eh grqh e| Qrq0Olqhdu

Ohdvw Vtxduhv +QOOV, zkhuh wkh yduldqfh ri wkh uhvlgxdov ehfrphv wlph0ghshqghqw1

Rwkhu srsxodu vshfl�fdwlrqv lq wkh wkhru| ri srlqw surfhvvhv doorz wkh lqwhqvlw| wr ghshqg

rq wkh qxpehu ri sdvw hyhqwv +vxfk dv uhqhzdo surfhvvhv/ eluwk0ghdwk surfhvvhv, dqg hyhq

wkhlu rffxuuhqfh wlphv +vhoi0h{flwlqj srlqw surfhvvhv,1 Krzhyhu/ lq jhqhudo/ wkh vdpsoh sdwk

iru wkh srlqw surfhvv lv qrw revhuyhg zkhq gdwd lv vdpsohg dw uhjxodu lqwhuydov ri wlph1

Wkhlu xvhixoqhvv lv wkxv olplwhg= wkhvh vshfl�fdwlrqv lqyroyh xqrevhuyhg odwhqw surfhvvhv wkdw

frpsolfdwh pdwwhuv frqvlghudeo|1

D�2 �� i_ �L�ttL? �hLUittit

Wkh srvvlelolw| ri dv|pphwulf ehkdylru lv riwhq frqvlghuhg lq wkh olwhudwxuh ri sduwldo dg0

mxvwphqw prghov1 Lq wkh frqwh{w ri sulfh dgmxvwphqwv lq dq hqylurqphqw zlwk lq�dwlrq/ iru

h{dpsoh/ ehlqj deryh vrph _rswlpdo% sulfh ohyho lv qrw dv frvwo| dv ehlqj ehorz lw1 Lq vxfk

fdvhv/ zh vkrxog h{shfw wkh iuhtxhqf| ri srvlwlyh fruuhfwlrqv wr gl�hu iurp wkh iuhtxhqf| ri

qhjdwlyh fruuhfwlrqv1 Srvlwlyh dqg qhjdwlyh glvhtxloleuld pljkw qrw eh wkh rqo| wzr vwdwhv

wkdw kdyh gl�huhqw lqwhqvlwlhv1 Dq dssursuldwh vshfl�fdwlrq iru wklv w|sh ri sureohp lv wkh

pl{hg Srlvvrq surfhvv1 Lq jhqhudo/ wkh lqwhqvlw| ri d pl{hg Srlvvrq surfhvv fdq eh h{suhvvhg

dv=
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�+w, @
r[

�'�

��+w, v A 4 +64,

Wkh vlpsohvw fdvh lv wr doorz wkh lqwhqvlw| wr kdyh d frqvwdqw ydoxh lq hdfk ri wkh v vwdwhv1

Wkh prghoolqj vwdjh fdq eh dssurdfkhg iurp wzr dqjohv= Rqh lv wr doorz �� wr ghshqg

rq suhghwhuplqhg yduldeohv1 Iru h{dpsoh/ li }|3� A 3 fkrrvh �+w, @ ��> rwkhuzlvh/ fkrrvh

�+w, @ �2= D pruh jhqhudo dssurdfk krzhyhu/ lv wr ohw wkh wudqvlwlrq ehwzhhq vwdwhv iroorz d

Pdunry klgghq surfhvv1 Lq wklv fdvh/ zh fdq xvh wkh Vzlwfklqj0uhjlphv prgho sursrvhg e|

Kdplowrq +4<;<,1 Dq h{dpsoh zlwk wzr vwdwhv ri Htxdwlrq : zrxog eh=

}| @ �� . ��}|3� . %�| li v| @ 4

�2 . �2}|3� . %2| li v| @ 5

+65,

zkhuh zh kdyh doorzhg iru wzr vwdwhv zlwk �� @ h{si����j> l @ 4> 5= Wkh yduldqfh ri wkh

huuru whup zloo eh dovr vwdwh ghshqghqw1 Wkh dsshdo ri wklv dssurdfk lv wkdw zh fdq rewdlq

wkh lghqwl�fdwlrq ri wkh wudqvlwlrq suredelolwlhv gluhfwo| iurp wkh hvwlpdwlrq vwdjh1

D�� #L�M*) 5|LU�@t|�U �L�ttL? �hLUittit

Dq dsshdolqj vshfl�fdwlrq ri wkh S1D1P1 lv wr doorz wkh lqwhqvlw| ri wkh ghflvlrq0pdnlqj

surfhvv wr ghshqg rq suhghwhuplqhg lqirupdwlrq1 Ghflvlrqv pljkw eh grqh pruh iuhtxhqwo|

lq grzqwxuqv wkdq lq h{sdqvlrqv ru zkhq lqwhuhvw udwhv duh orz udwkhu wkdq kljk1 Odujh

glvhtxloleuld pljkw eh dgmxvwhg pruh iuhtxhqwo| wkdq vpdoo glvhtxloleuld1 iQ+w, = w � w� 4j

lv d grxeo| vwrfkdvwlf Srlvvrq surfhvv zlwk lqwhqvlw| surfhvv i�+{+w,> w, = w � w � 4j li iru

doprvw hyhu| jlyhq sdwk ri wkh surfhvv i{+w, = w � w � 4j> Q+=, lv d Srlvvrq surfhvv zlwk
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lqwhqvlw| ixqfwlrq i�+{+w,> w, = w � w� 4j= Lq rwkhu zrugv/ iQ+w, = w � w� 4j lv frqglwlrqdoo|

d Srlvvrq surfhvv zlwk lqwhqvlw| i�+{+w,> w, = w � w� 4j jlyhq i{+w, = w � w� 4j= Wkh surfhvv

i{+w, = w � w� 4j lv fdoohg wkh lqirupdwlrq surfhvv1 Lq jhqhudo=

Su^Q+w, @ q` @ H +Su^Q+w, @ qm{+x, = w� 4 � x � w`, @ +66,

H

�
4

q$

�] |

|3�
�+{+x,> x,gx

�?
h{s

�
�

] |

|3�
�+{+x,> x,gx

��

Wkh h{shfwdwlrq rq wkh uljkw kdqg vlgh ri Htxdwlrq 66 lv jhqhudoo| gl�fxow/ li qrw lpsrv0

vleoh/ wr hydoxdwh1 Wkhuhiruh/ zh surfhhg e| frqglwlrqlqj wkh Srlvvrq surfhvv rq wkh sdwk ri

{+w,= Wkh olwhudwxuh ri gxudwlrq gdwd lv ulfk lq vshfl�fdwlrqv +vhh Odqfdvwhu +4<<3,,1 Wkh wzr

prvw iuhtxhqwo| xvhg vshfl�fdwlrqv duh wkh sursruwlrqdo lqwhqvlw| prgho dqg wkh jhqhudol}hg

dffhohudwhg idloxuh wlph prgho1

41 Sursruwlrqdo Lqwhqvlw| Prgho= Wklv sdudphwul}dwlrq doorzv vhsdudelolw| ri wkh hi0

ihfw ri wkh suhghwhuplqhg fryduldwhv iurp wkh xqghuo|lqj ghflvlrq surfhvv1 Wkh lqwhqvlw|

lv vshfl�hg dv=

] |

|3�
�+{+x,> x,gx @ �f+w,n+{, +67,

Xvxdoo| n+{, @ h{si{��j/ doorzlqj wkh sdudphwhu vsdfh ri � wr eh xqfrqvwudlqhg1

Krzhyhu/ lw lv lqwhuhvwlqj wr qrwh wkdw sdudphwul}lqj n+{, @ �+{� f,2 dqg �f+w, @ �>

dqg vshfli|lqj wkh prgho dv lq Htxdwlrq : zlwk }hur frqvwdqw +iru vlpsolflw|,/ zh kdyh=

}| @ }|3� h{s
q
����+{|3_ � f,2

r
. %| +68,
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Wklv lv wkh vshfl�fdwlrq ri H{srqhqwldo Vprrwk Dxwruhjuhvvlyh Prghov +HVWDU, ~ d

srsxodu idplo| ri qrq0olqhdu wlph vhulhv prghov1 Whvwv iru qrq0olqhdulw| djdlqvw wklv

dowhuqdwlyh/ vshfl�fdwlrq/ hvwlpdwlrq/ dqg hydoxdwlrq surfhgxuhv duh zhoo ghyhorshg iru

wklv w|sh ri prgho +Vhh Whu�dvyluwd 4<<7> Hvfuledqr dqg Mrugd 4<<:,1 Xqghu wklv vshfl0

�fdwlrq/ wkh huuruv suhvhqw khwhurvnhgdvwlflw| frqglwlrqdo rq wkh lqirupdwlrq surfhvv1

51 Jhqhudol}hg Dffhohudwhg Idloxuh Wlph Prgho +J1D1I1W1,= dq dowhuqdwlyh vshfl0

�fdwlrq wr wkh sursruwlrqdo lqwhqvlw| prgho/ wkh J1D1I1W1 lv vxlwdeoh wr prgho vlwxdwlrqv

lq zklfk wkh h�hfw ri wkh h{sodqdwru| yduldeohv dfwv pxowlsolfdwlyho| rq wkh wlph vfdoh1

Wkh jhqhudo vshfl�fdwlrq ri wkh J1D1I1W1 lv=

] |

|3�
�+{+x,> x,gx @ �f+wn+{,,n+{, +69,

Iru pdq| sduwlfxodu glvwulexwlrqv +olnh wkh H{srqhqwldo dqg wkh Zhlexoo,/ wkh sursru0

wlrqdo lqwhqvlw| prgho dqg wkh J1D1I1W1 surgxfh vlplodu vshfl�fdwlrqv1

S #i|iU|�?} +@?_L4 A�4i �}}hi}@|�L?

Vr idu/ zh kdyh vkrzq wkdw lqihuhqfh lq wkh suhvhqfh ri udqgrp wlph djjuhjdwlrq fdq eh

vhyhuho| eldvhg dqg kdyh jlyhq vshfl�f ixqfwlrqdo irupv wr wkhvh eldvhv1 Krzhyhu/ lv wkhuh d

zd| wr ghwhfw d sulrul udqgrp wlph djjuhjdwlrqB Wr dqvzhu wklv txhvwlrq zh qhhg wr uhihu

edfn wr Htxdwlrqv : dqg 54/ uhsurgxfhg khuh iru frqyhqlhqfh=
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D w|slfdo vfhqdulr zloo frqwdlq }|> ||> dqg z| dv revhuydeoh yduldeohv dqg n| dv dq xqre0

vhuydeoh ru odwhqw surfhvv1 Zkhq n| @ n ;w +wkh wudglwlrqdo w|sh ri wlph djjuhjdwlrq,/ wkh

uhvxowlqj htxdwlrqv duh olqhdu zlwk frqvwdqw yduldqfhv dqg sdudphwhuv/ frqvhtxhqwo| yluwx0

doo| lqglvwlqjxlvkdeoh iurp d qrq0djjuhjdwhg vwrfkdvwlf surfhvv1 Xqohvv wkh sudfwlwlrqhu kdv

h{0dqwh lqirupdwlrq uhjduglqj n/ hpslulfdoo| wkhuh lv qrw pxfk wkdw fdq eh grqh1 Krzhyhu/

xqghu wkh dvvxpswlrq wkdw n lv Srlvvrq glvwulexwhg/ n| zloo dwwdlq gl�huhqw ydoxhv dw hdfk

gdwh w zklfk phdqv wkdw wkh prgho zloo kdyh wlph0ydu|lqj sdudphwhuv dqg wkh huuru whupv

zloo prvw fhuwdlqo| eh khwhurvnhgdvwlf1 Wkhvh wzr foxhv duh xvhixo lq vxvshfwlqj udqgrp0wlph

djjuhjdwlrq1 Xqiruwxqdwho|/ iru d kljko| djjuhjdwhg vhulhv wkhuh zloo eh olwwoh yduldwlrq ri wkh

n| ryhu wlph +e| wkh surshuwlhv ri wkh Srlvvrq, dqg wkh yduldqfh ri wkh huuru whupv zloo eh

uhodwlyho| odujh/ wkxv uhgxflqj wkh vljqdo wr qrlvh udwlr1

Wkh prgholqj vwudwhj| sursrvhg khuh lv wr surfhhg frqglwlrqdoo| rq n| dqg xvh dq| ri

wkh lqkrprjhqhrxv lqwhqvlw| vshfl�fdwlrqv ghvfulehg lq wkh suhylrxv vhfwlrq1 Wkh uhvxowlqj

wlph0vhulhv prghov duh w|slfdoo| qrq0olqhdu/ d ihdwxuh iru zklfk wkhuh jhqhudoo| h{lvwv d whvwlqj

phwkrgrorj|1 Wklv lv wkh vwudwhj| wkdw zloo eh xvhg wkh iroorzlqj dssolfdwlrq wr d prgho ri

lqyhqwrulhv1
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. ,4T�h�U@* �TT*�U@|�L?G W?�i?|Lh) �_��t|4i?|

Lqyhqwru| uhvhdufk wr wklv gdwh kdv fhqwhuhg pdlqo| lq wzr plfurhfrqrplf prghov ri �up eh0

kdylru= wkh surgxfwlrq vprrwklqj prgho dqg wkh +V/v,1 Wkh vwdqgdug hpslulfdo vshfl�fdwlrq

vlqfh Oryhoo +4<94, kdv ehhq wkh vwrfn dgmxvwphqw htxdwlrq eulh�| lqwurgxfhg lq Vhfwlrq 615/

zklfk zh uhsurgxfh khuh zlwk voljkwo| gl�huhqw qrwdwlrq=

L| � L|3� @ !f . !�
�
LW|3� � L|3�

�� !2
�
V|3� � Ve

|3�

�
. x| +6:,

zkhuh L| @ vwrfn ri lqyhqwrulhv dw wlph w> LW| @ ghvluhg ohyho ri lqyhqwrulhv dw wlph w>V| @ vdohv

dqg Ve
| @ h{shfwhg vdohv1 Zkloh wkh suhglfwlrqv ri wklv prgho duh vlpsoh dqg lqwxlwlyh/ wkuhh

pdmru �qglqjv kdyh forxghg lwv vxffhvv1 Iluvw/ dgmxvwphqw vshhgv +jlyhq e| !�, duh h{wuhpho|

orz1 Zkloh hyhq wkh zloghvw vzlqjv lq lqyhqwru| vwrfnv dprxqw wr rqo| d ihz gd|v surgxfwlrq/

dgmxvwphqw vshhgv duh xvxdoo| hvwlpdwhg wr eh ohvv wkdq 43( d prqwk1 H�ruwv wr h{sodlq

wklv �qglqj dv d uhvxow ri vrph hfrqrphwulf eldv kdyh kdg olplwhg vxffhvv1 Hfrqrplfdoo|/

vorz dgmxvwphqw vshhgv frxog eh h{sodlqhg e| �upv* ghvluh wr vprrwk surgxfwlrq1 Krzhyhu/

wzr dgglwlrqdo hpslulfdo �qglqjv dovr frqwudglfw wklv ylhz1 Surgxfwlrq lv irxqg wr eh pruh

yrodwloh wkdq vdohv dqg xqdqwlflsdwhg vdohv vkrfnv +l1h1 V|3� � Ve
|3� , gr qrw vhhp wr ohdg wr

lqyhqwru| glvlqyhvwphqw1

Lq wklv vhfwlrq/ d vwrfn dgmxvwphqw prgho vlplodu wr 6: lv hvwlpdwhg1 Lq sduwlfxodu/

zh dqdo|}h gdwd rq jodvv frqwdlqhuv dv surylghg e| wkh Fhqvxv Exuhdx*v prqwko| vxuyh|=

Pdqxidfwxuhuv* Vklsphqwv/ Lqyhqwrulhv dqg Rughuv/ rwkhuzlvh nqrzq dv wkh P06 uhsruw1 Wkh

gdwd vsdq iurp 4<<4 wr 4<<9 dw d prqwko| iuhtxhqf|1 Wkhuh duh vhyhudo dgydqwdjhv wr wklv
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gdwd vhw1 Iluvw/ lw lv rewdlqhg iurp d prqwko| vxuyh| ri 49 nqrzq pdqxidfwxuhuv/ wkhuhe|

uhgxflqj sureohpv ri djjuhjdwlrq dfurvv �upv zlwk gl�huhqw frvw vwuxfwxuhv1 Vhfrqg/ wkh gdwd

lv lq sk|vlfdo xqlwv +pruh vshfl�fdoo| lq wkrxvdqgv ri jurvv/ rqh wkrxvdqg jurvv @ 477/333,

zklfk lv khosixo lq ylhz ri Nudqh dqg Eudxq +4<<4, zkr uhsruw wkdw gl�huhqw dgmxvwphqwv dqg

dffrxqwlqj phwkrgv wr ydoxh0edvhg gdwd w|slfdoo| lqwurgxfh phdvxuhphqw huuru1 Wklug/ wkh

gdwd lv qrw vhdvrqdoo| dgmxvwhg dqg wkhuhiruh h{hpsw ri wkh glvwruwlrqv w|slfdo ri frqyhqwlrqdo

vhdvrqdo dgmxvwphqw phwkrgv1

Zh ehjlq e| uhsruwlqj wkh edvlf surshuwlhv ri wkh gdwd1 Iljxuh 6 glvsod|v wkh vhulhv ri

surgxfwlrq/ vklsphqwv dqg lqyhqwrulhv1 Wkh vhulhv h{klelw kljk vhdvrqdo �xfwxdwlrqv exw

dsshdu rwkhuzlvh vwdwlrqdu| +dq dssuhfldwlrq ixuwkhu frq�uphg e| dxjphqwhg Glfnh|0Ixoohu

whvwv dqg Skloolsv0Shuurq whvwv wkdw ryhuzkhoplqjo| uhmhfw wkh qxoo k|srwkhvlv ri d xqlw urrw,1

Lqyhqwru| glv2lqyhvwphqw lv uhodwlyho| vpdoo frpsduhg wr surgxfwlrq +wkh odujhvw ri ghyldwlrqv

dssur{lpdwho| fruuhvsrqg wr wzr gd|v surgxfwlrq,1 Wkh udwlr ri wkh yduldqfh ri surgxfwlrq

wr vdohv lv 31<3 zklfk vxssruwv wkh qrwlrq wkdw lqyhqwrulhv duh sduwo| xvhg wr ex�hu vdohv

�xfwxdwlrqv1 Lqwhuhvwlqjo|/ li wkh gdwd lv ghvhdvrqdol}hg +dgglwlyho| zlwk d vhw ri vhdvrqdo

gxpplhv,/ wklv udwlr ehfrphv 4158 d iuhtxhqw �qglqj lq wkh olwhudwxuh rq lqyhqwrulhv1 Ixuwkhu

vxssruw iru wkh ex�hu uroh ri lqyhqwrulhv lv surylghg lq Iljxuh 71 Wkh wrs judsk glvsod|v wkh

vhdvrqdo phdqv ri Surgxfwlrq dqg Vklsphqwv zkloh wkh erwwrp judsk glvsod|v wkhlu gl�huhqfh

+l1h1/ lqyhqwru| lqyhvwphqw gxh wr vhdvrqdo �xfwxdwlrqv,1 Vhdvrqdo �xfwxdwlrqv dffrxqw iru

dssur{lpdwho| 73( ri wkh yduldwlrq lq lqyhqwru| lqyhvwphqw1 Dgmxvwlqj iru wkh qxpehu ri

gd|v lq hdfk prqwk/ surgxfwlrq uhpdlqv dssur{lpdwho| frqvwdqw iurp Iheuxdu| wr Qryhpehu

dqg gursv lq Ghfhpehu dqg Mdqxdu|1 Rq wkh rwkhu kdqg/ vklsphqwv gurs iurp Qryhpehu wr
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Iheuxdu| dqg duh uhodwlyho| kljkhu gxulqj wkh vxpphu prqwkv1

Zlwk wklv lv plqg/ frqvlghu hvwlpdwlrq ri Htxdwlrq 6:1 Wudglwlrqdoo|/ lw lv dvvxphg wkdw

wkh ghvluhg ohyho ri lqyhqwrulhv fdq eh dssur{lpdwhg e| d olqhdu ixqfwlrq ri vdohv1 Lq dgglwlrq/

vdohv h{shfwdwlrqv duh dovr frqvwuxfwhg rq wkh edvlv ri sdvw revhuydwlrqv rq vdohv1 Zlwkrxw

lpsrvlqj dq| uhvwulfwlrq/ 6: fdq wkhq eh uhzulwwhq dv/

�L| @ ff � !�L|3� . #�V|3� . ===. #RV|3� . %| +6;,

%| @ �%|3� . x|

zkhuh wkh sdudphwhu ri lqwhuhvw lv !�> wkh vshhg ri dgmxvwphqw sdudphwhu1 Zkloh wklv irupxod0

wlrq lv ixoo| �h{leoh/ rqh fdqqrw lghqwli| wkh _ex�hu% sdudphwhu xqohvv frh�flhqw uhvwulfwlrqv

duh lpsrvhg1 Wkh g|qdplf vwuxfwxuh ri wkh huuru whup vwhpv iurp wkh idfw wkdw LW| lv ehlqj

dssur{lpdwhg1 Lq dgglwlrq/ x| lv doorzhg wr frqwdlq wkh vhdvrqdo frpsrqhqw ri lqyhqwru| lq0

yhvwphqw ghvfulehg deryh1 Wdeoh 4 uhsruwv wkh hvwlpdwlrq uhvxowv ri wkh uhohydqw sdudphwhuv1

Wkh hvwlpdwh e!� @ 3=54 dwwdlqv d uhodwlyho| kljk ydoxh uhodwlyh wr zkdw lv frpprq lq wklv

olwhudwxuh |hw vwloo orz wr eh frqvlvwhqw zlwk wkh wkhru| dqg rxu suholplqdu| �qglqjv1 Wklv

srlqw lv ehvw looxvwudwhg e| fdofxodwlqj wkh qxpehu ri gd|v uhtxluhg wr forvh <8( ri d jlyhq

glvhtxloleulxp1 Wklv txdqwlw| fdq eh fdofxodwhg dv W @ 63orj+3=38,@orj+4 � e!�, zklfk iru

wklv h{dpsoh ehfrphv 6;4 gd|v1 Wkh vhdvrqdo sdwwhuq ri x| pdwfkhv wkdw uhsruwhg lq Iljxuh

71 Wkh vhdvrqdo yduldwlrq lv uhgxfhg wr :9( ri wkh ruljlqdo

Qh{w zh zdqw wr fkhfn zkhwkhu udqgrp0wlph djjuhjdwlrq pljkw eh gulylqj wkhvh uhvxowv1

Zh sursrvh d frqglwlrqdo/ sursruwlrqdo kd}dug prgho vlplodu wr wkdw sursrvhg lq Vhfwlrq 816=
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n| @ h{s
q
��+�L|3_ � �,2

r
vr wkdw wkh vwrfn dgmxvwphqw prgho 6: ehfrphv=

�L| @ h{s
q
��+�L|3_ � �,2

r
iff � !�L|3� . #�V|3� . ===. #RV|3�j. %| +6<,

%| @ �%|3� . x|

zklfk lv d vshfldo fdvh ri vprrwk wudqvlwlrq dxwruhjuhvvlyh prgho +lqwurgxfhg e| Whu�dvyluwd

4<<7, iru zklfk Hvfuledqr dqg Mrug�d +4<<:, kdyh ghyhorshg wkh vshfl�fdwlrq whvwv wkdw zh xvh

khuh1 Iluvw zh whvw wkh vhulhv ri fkdqjhv lq lqyhqwrulhv iru hylghqfh ri wklv w|sh ri qrqolqhdulw|1

Wkh dx{loldu| uhjuhvvlrq wkhq ehfrphv/

�L| @
�2[
�'�

��g�| . $��L|3� . ===. $e�L|3e . ���L2|3_ . �2�L�|3_ . ���Le|3_ . �| +73,

zkhuh wkh vhdvrqdo gxpplhv +g� iru l @ 4> 5> ===> 45, duh lqfoxghg wr dyrlg vsxulrxv ghwhfwlrq

ri qrqolqhdulwlhv1 Wkh qrq0olqhdulw| whvw vlpso| frqvlvwv ri mrlqwo| whvwlqj wkh vljql�fdqfh ri

wkh frh�flhqwv �� +l @ 4> 5> 6, dqg fkrrvlqj g wkdw plqlpl}hv wkh s0ydoxh ri wklv whvw iru

g @ 4> 5> 6> 7= D olnholkrrg udwlr whvw vkrzhg hylghqfh ri qrqolqhdulw| dw wkh frqyhqwlrqdo 8(

frq�ghqfh ohyho iru g @ 6=

Dffruglqjo|/ Htxdwlrq 6< zdv hvwlpdwhg e| Zhljkwhg Qrq0olqhdu Ohdvw Vtxduhv dqg

Zklwh*v fryduldqfh frqvlvwhqw hvwlpdwhv iru wkh vwdqgdug huuruv1 +�L|3� lv glylghg e| lwv

vwdqgdug ghyldwlrq iru frpsxwdwlrqdo frqyhqlhqfh,1 Wdeoh 5 uhsruwv wkh uhvxow ri wklv hvwl0

pdwlrq1 Xqiruwxqdwho|/ wkh olnholkrrg udwlr whvw iru wkh mrlqw vljql�fdqfh ri wkh h{wud wzr

64



uhjuhvvruv kdv d qrq0vwdqgdug glvwulexwlrq +wklv sureohp lv glvfxvvhg lq Hvfuledqr dqg Mrug�d

4<<:, exw wkh W0vwdwlvwlfv rq wkh dgglwlrqdo sdudphwhuv duh kljko| vljql�fdqw1 Wkh uhvlgxdov

h{klelw wkh vdph vhdvrqdo sdwwhuq dv ehiruh exw wkh vhdvrqdo yduldwlrq lv ixuwkhu uhgxfhg wr

:5( ri wkh ruljlqdo1 Wkh prvw uhyhdolqj ihdwxuh lv wkh hvwlpdwh e!�h{sq�e�+�L|3_ � e�,2r > wkh

wlph0ydu|lqj vshhg ri dgmxvwphqw glvsod|hg lq Iljxuh 81 Wkh dvvrfldwhg vshhg ri dgmxvwphqw

�xfwxdwhv txlwh uhpdundeo| riwhq rewdlqlqj ydoxhv flufd 31:3/ d qxpehu pxfk pruh lq olqh

zlwk wkh suhglfwlrqv ri wkh vwrfn0dgmxvwphqw prgho1 Wkh dyhudjh dgmxvwphqw iru wkh shulrg

lv durxqg 314;/ idluo| forvh wr wkh hvwlpdwhg 3154 zlwk wkh olqhdu vshfl�fdwlrq1 Zkloh e| qr

phdqv dq h{kdxvwlyh dqdo|vlv/ wklv uhodwlyho| vlpsoh dssurdfk looxvwudwhv krz udqgrp0wlph

djjuhjdwlrq lpsdfwv lqihuhqfh rq dgmxvwphqw vshhgv1 Dowhuqdwlyho|/ rqh frxog ylhz rxu ds0

solfdwlrq dv uhvxowlqj iurp d plvvshfl�fdwlrq ri wkh wkhruhwlfdo prgho lq wkdw wkh dgmxvwphqw

vshhg lv qrw doorzhg wr ghshqg rq suhylrxv lqyhqwru| lqyhvwphqw11

H �L?U*�t�L?

Wklv sdshu lghqwl�hg d qhz vrxufh ri plvvshfl�fdwlrq lq hfrqrphwulf dqdo|vlv= udqgrp0wlph

djjuhjdwlrq1 Wklv plvvshfl�fdwlrq dulvhv zkhq zh dedqgrq wkh dvvxpswlrq wkdw wkh srlqw0lq0

wlph vdpsoh lqwhuydov frlqflgh suhflvho| zlwk wkh wlplqj ri djhqwv* ghflvlrqv1 Wkh eldv dulvhv

iurp ljqrulqj wkdw hfrqrplf ghflvlrq pdnlqj lv grqh udqgrpo| lq wlph zkloh gdwd froohfwlrq

lv grqh dw uhjxodu lqwhuydov ri wlph1 Wklv frpprq w|sh ri plvvshfl�fdwlrq zdv dqdo|}hg

lq wkh frqwh{w ri sduwldo dgmxvwphqw prghov exw lv olnho| wr d�hfw pdq| rwkhu vlwxdwlrqv lq

hfrqrplfv1

Sduwldo dgmxvwphqw prghov/ srsxodu uhgxfhg0irup prghov ri hfrqrplf ehkdylru/ sur0
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ylgh irupdo plfur0irxqgdwlrqv ri ghflvlrq surfhvvhv wkdw hyroyh lq udqgrp0wlph1 Wklv sdshu

ghprqvwudwhg wkdw wkh ghflvlrq0pdnlqj surfhvv lv ehvw xqghuvwrrg dv d srlqw surfhvv1 Lq sdu0

wlfxodu/ lw zdv vkrzq wkdw +V/v, uxohv frpso| zlwk wkh frqglwlrqv ri Wkh Odz ri Uduh Hyhqwv/

d wkhruhp wkdw vwdwhv wkh frqglwlrqv xqghu zklfk wkh Srlvvrq dssursuldwho| uhsuhvhqwv wkh

hyroxwlrq ri dgmxvwphqwv wkurxjk wlph1

Zlwk wkh ghflvlrq surfhvv h{solflwo| prghoohg/ hvwlpdwlrq ri wkh sduwldo dgmxvwphqw prgho

lqyroyhv mrlqw prghoolqj ri wkh glvwulexwlrq ri dgmxvwphqwv dqg ghflvlrqv1 Krzhyhu/ w|slfdo

hpslulfdo dqdo|vlv glvuhjdugv wkh odwwhu1 Frqvhtxhqwo|/ vshhgv ri dgmxvwphqw duh eldvhg ~

wkh plvvshfl�fdwlrq dulvhv ehfdxvh wkh wlph w � 4 h{shfwdwlrq/ xqfrqglwlrqdo zlwk uhvshfw

wr wkh ghflvlrq surfhvv/ ehfrphv d ixqfwlrq ri wkh lqwhqvlw| ri wklv ghflvlrq surfhvv dqg wkh

sursruwlrq ri dgmxvwphqw1 Fruuhodwlrqv dqg2ru fdxvdo uhodwlrqv duh dovr lqfruuhfwo| hydoxdwhg

~ dv wkh lqwhqvlw| ri ghflvlrq pdnlqj jurzv/ vr grhv wkh grzqzdug eldv lqwurgxfhg/ zklfk lq

wxuq fdxvhv idovh uhmhfwlrqv ri wkhvh uhodwlrqv ~ gxh wr wkh lqwhudfwlrq ehwzhhq dgmxvwphqwv

dqg djjuhjdwlrq1 Udqgrp0wlph djjuhjdwlrq lv qrw dq duwlidfw ri orz2kljk iuhtxhqf| vdpsolqj=

lw lv dq duwlidfw ri �{hg lqwhuydo vdpsolqj1

Wkh prghov sursrvhg duh jhqhudol}hg wr doorz iru ydu|lqj ghflvlrq0pdnlqj lqwhqvlwlhv lq

wkuhh zd|v= Iluvw/ wlph0ghshqghqw Srlvvrq surfhvvhv +xvhixo wr prgho ohduqlqj h�hfwv, zhuh

sursrvhg> vhfrqg/ pl{hg Srlvvrq surfhvvhv zhuh frqvlghuhg ~ Pdunry vzlwfklqj prghov sur0

ylghg wkh dssursuldwh whfkqrorj| iru wklv w|sh ri jhqhudol}dwlrq> dqg wklug/ grxeo| vwrfkdvwlf

Srlvvrq surfhvvhv duh dqdo|}hg ~ zkloh vhyhudo vshfl�fdwlrqv duh dydlodeoh lq wkh olwhudwxuh

ri gxudwlrq gdwd/ vprrwk wudqvlwlrq uhjuhvvlrq prghov surylgh vx�flhqw �h{lelolw| wr prgho

wklv w|sh ri ehkdylru1
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Dq dqdo|vlv ri lqyhqwru| ehkdylru lq wkh Jodvv Frqwdlqhuv lqgxvwu| looxvwudwhv wkh sudf0

wlfdo lpsolfdwlrqv ri wkh suhylrxv fodlpv1 D vlpsoh whvw iru qrq0olqhdulw| lqglfdwhv srvvleoh

plvvshfl�fdwlrq gxh wr udqgrp0wlph djjuhjdwlrq1 Xvlqj odjjhg lqyhqwru| lqyhvwphqw dv dq

h{sodqdwru| fryduldwh iru yduldeoh vshhgv ri dgmxvwphqw/ wkh vwrfn0dgmxvwphqw prgho lv vkrzq

wr shuirup dv suhglfwhg e| wkh wkhru|1

Ixuwkhu duhdv ri uhvhdufk vsdq lq wzr pdmru gluhfwlrqv ~ wkh h�hfw ri furvv0vhfwlrqdo

djjuhjdwlrq lq wkh suhvhqfh ri udqgrp0wlph djjuhjdwlrq dqg wkh dqdo|vlv ri udqgrp0wlph

djjuhjdwlrq lq jhqhudo wlph vhulhv prghov1 Wkh dqdo|vlv lq wklv sdshu irfxvhg rq wkh h�hfwv

ri udqgrp0wlph djjuhjdwlrq dw wkh ohyho ri wkh lqglylgxdo djhqw zklfk lv qrw lqghshqghqw

ri djjuhjdwlrq dfurvv khwhurjhqhrxv djhqwv1 Wkh phvvdjh ri wklv sdshu lv fohdu= hpslulfdo

dqdo|vlv ri hfrqrplf ehkdylru surfhhgv e| dgdswlqj wkh hfrqrplf prgho wr wkh dydlodeoh gdwd1

Frqvlvwhqwo| ljqrulqj wkh zd| wkdw gdwd lv jhqhudwhg uhvxowv lq vhyhuh eldvhv lq vwuxfwxudo lq0

ihuhqfh ri hfrqrphwulf prghov1 Wklv sdshu surylghv dq h{dpsoh ri krz vxfk plvvshfl�fdwlrqv

dulvh zkhq zh ljqruh wkh wlph glphqvlrq ri wkh sureohp1

Dfnqrzohgjphqwv= Wkh dxwkru zlvkhv wr wkdqn Qdwkdqlho Ehfn/ Zrxwhu Ghq Kddq/ Jud0

kdp Hoolrww/ Urehuw Hqjoh/ Doydur Hvfuledqr/ Folyh Judqjhu/ Mhvxv Jrq}dor/ Wdnhr Krvkl/

Ydohulh Udph|/ Doodq Wlpphupdqq dqg wzr dqrq|prxv uhihuhhv iru pdq| lqvljkwixo frp0

phqwv dqg vxjjhvwlrqv1 Ilqdqfldo vxssruw iurp _Od Fdl{d% dqg wkh Edqn ri Vsdlq lv judwh0

ixoo| dfnqrzohgjhg1
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Zh vwdwh d wkhruhp wr fdofxodwh ��=

Wkhruhp 7 = Ohw ��> �2> ===/ eh wkh rffxuuhqfh wlphv lq d Srlvvrq surfhvv ri udwh b� A 31

Frqglwlrqhg rq Q+w, @ q/ wkh udqgrp yduldeohv ��> ===> �? kdyh mrlqw suredelolw| ghqvlw| ixqf0

wlrq=

i#�c���c#?��E|�'?+��> ===> �?, @ q$w3? iru 3 ? �� ? === ? �? ? w +79,

wkdw lv/ wkh| duh mrlqwo|/ xqlirupo| glvwulexwhg1

Surri= Wd|oru dqg Nduolq +4<<7, s15:3

+iuihi?Uit

Deudkdp/ Ndwkhulqh J1 dqg Vxvdq V1 Krxvpdq/ 4<<6/ Grhv Hpsor|phqw Surwhfwlrq Lq0
klelw Oderu Pdunhw Ioh{lelolw|B Ohvvrqv iurp Jhupdq|/ Iudqfh dqg Ehojlxp1 Zrunlqj
Sdshu Qr1 76<31 QEHU/ Fdpeulgjh/ PD1

Dqghuvhq/ S1N1/ Erujdq/ 1/ Jloo/ U1G1 dqg Nhlglj/ Q1 +4<<5,/ Vwdwlvwlfdo Prghov edvhg
rq Frxqwlqj Surfhvvhv/ Vsulqjhu Vhulhv lq Vwdwlvwlfv/ Qhz \run= Vsulqjhu0Yhuodj1
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Ehujvwurp/ D1U1 +4<;7,/ _Frqwlqxrxv0Wlph Vwrfkdvwlf Prghov dqg Lvvxhv ri Djjuhjd0
wlrq ryhu Wlph/% lq Kdqgerrn ri Hfrqrphwulfv/ Hg11 ]1 Julolfkhv dqg P1G1 Lqwulooljdwru/
Qhz \run= Hovhylhu Vflhqfh Sxeolvkhuv/ Qruwk0Kroodqg1

Eolqghu/ Dodq V/ 4<;4/ Uhwdlo Lqyhqwru| Ehkdylru dqg Exvlqhvv Ioxfwxdwlrqv1 Eurrnlqjv
Sdshuv rq Hfrqrplf Dfwlylw|/ Yro1 5=4<;4/ 77608381

Eolqghu/ Dodq V1/ 4<;9/ Fdq wkh Surgxfwlrq Vprrwklqj Prgho ri Lqyhqwru| Ehkdylru
Eh VdyhgB Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 434/ Dxjxvw/ 76407861

Eolqghu/ Dodq V1 dqg Orxlv M1 Pdfflql/ 4<<4/ Wdnlqj Vwrfn= D Fulwlfdo Dvvhvvphqw
ri Uhfhqw Uhvhdufk rq Lqyhqwrulhv1 Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Yro1 8/ Qr1 4 0
Zlqwhu 4<<4/ :60<91

Fdedoohur/ Ulfdugr M1 dqg Hgxdugr P1U1D1 Hqjho/ 4<<6/ Plfurhfrqrplf Dgmxvwphqw
Kd}dugv dqg Djjuhjdwh G|qdplfv1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 43;/ Qr1 5/
Pd|/ 646068;1

Fdedoohur/ Ulfdugr M1 dqg Hgxdugr P1U1D1 Hqjho/ 4<<7/ H{sodlqlqj Lqyhvwphqw G|0
qdplfv lq X1V1 Pdqxidfwxulqj= D Jhqhudol}hg +V/v, Dssurdfk1 Zrunlqj Sdshu1

Fdedoohur/ Ulfdugr M1/ Hgxdugr P1U1D1 Hqjho dqg Mrkq Kdowlzdqjhu/ 4<<7/ Djjuhjdwh
Hpsor|phqw G|qdplfv= Exloglqj iurp Plfurhfrqrplf Hylghqfh1 Hfrqrplf Ioxfwxd0
wlrqv Uhvhdufk Phhwlqj/ QEHU/ Mxo| 480491

Fkulvwldqr/ Odzuhqfh M1 dqg Pduwlq Hlfkhqedxp/ 4<;:/ Whpsrudo Djjuhjdwlrq dqg
Vwuxfwxudo Lqihuhqfh lq Pdfurhfrqrplfv1Fduqhjlh0Urfkhvwhu Frqihuhqfh Vhulhv rq Sxe0
olf Srolf|/ Yro1 59/ 9604631

Hvfuledqr/ Doydur dqg Rvfdu Mrugd/ 4<<:/ Lpsuryhg Whvwlqj dqg Vshfl�fdwlrq ri
Vprrwk Wudqvlwlrq Uhjuhvvlrq Prghov/ Xqlyhuvlw| ri Fdoliruqld/ Gdylv/ Zrunlqj Sdshu
<:0591

Ihogvwhlq/ Pduwlq dqg Dodq Dxhuedfk/ 4<:9/ Lqyhqwru| Ehkdylru lq Gxudeoh Jrrgv
Pdqxidfwxulqj= Wkh Wdujhw Dgmxvwphqw Prgho1 Eurrnlqjv Sdshuv ri Hfrqrplf Dfwly0
lw|/ Yro1 5=4<:9/ 68406<91

Kdphuphvk/ Gdqlho V1/ 4<;</ Oderu Ghpdqg dqg wkh Vwuxfwxuh ri Dgmxvwphqw Frvwv1
Dphulfdq Hfrqrplf Uhylhz/ Yro1 :</ Qr17/ Vhswhpehu/ 9:709;<1

Kdphuphvk/ Gdqlho V1/ 4<<6/ Oderu Ghpdqg dqg wkh Vrxufh ri Dgmxvwphqw Frvwv1
Hfrqrplf Mrxuqdo/ 438+763,/ Pd|/ 9530671

Kdplowrq/ Mdphv G1/ 4<;</ D Qhz Dssurdfk wr wkh Hfrqrplf Dqdo|vlv ri Qrqvwdwlrqdu|
Wlph Vhulhv dqg wkh Exvlqhvv F|foh1 Hfrqrphwulfd/ 8: +5,/ Pdufk/ 68:0;71

Nduolq/ Vdpxho dqg Krzdug P1 Wd|oru/ 4<:8/ D Iluvw Frxuvh lq Vwrfkdvwlf Surfhvvhv1
+Dfdghplf Suhvv Hg1,1

6:



Nduolq/ Vdpxho dqg Krzdug P1 Wd|oru/ 4<;4/ D Vhfrqg Frxuvh lq Vwrfkdvwlf Surfhvvhv1
+Dfdghplf Suhvv Hg1,1

Nudqh/ Vshqfhu G1 dqg Vwhskhq Q1 Eudxq/ 4<<4/ Surgxfwlrq Vprrwklqj Hylghqfh iurp
Sk|vlfdo0Surgxfw Gdwd1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <<+6,/ Mxqh/ 88;0;41

Odqfdvwhu/ Wrq|/ 4<<3/ Wkh Hfrqrphwulf Dqdo|vlv ri Wudqvlwlrq Gdwd1 Hfrqrphwulf
Vrflhw| Prqrjudskv/ +Fdpeulgjh Hg1,1

Oryhoo/ Plfkdho F1/ 4<94/ Pdqxidfwxuhuv* Lqyhqwrulhv/ Vdohv H{shfwdwlrqv dqg wkh Df0
fhohudwlrq Sulqflsoh1 Hfrqrphwulfd/ [[L[/ Mxo|/ 5<606471

Phhvh/ Ulfkdug/ 4<;3/ G|qdplf Idfwru Ghpdqg Vfkhgxohv iru Oderu dqg Fdslwdo xqghu
Udwlrqdo H{shfwdwlrqv1 Mrxuqdo ri Hfrqrphwulfv Yro1 47=47408;1

Qlfnhoo/ V1 M1/ 4<;7/ Dq Lqyhvwljdwlrq ri wkh Ghwhuplqdqwv ri Pdqxidfwxulqj Hpsor|0
phqw lq wkh Xqlwhg Nlqjgrp1 Uhylhz ri Hfrqrplf Vwxglhv 84/ 85<08:1

Qlfnhoo/ V1 M1/ 4<;9/ Fkdswhu </ G|qdplf Prghov ri Oderu Ghpdqg/ lq= R1 Dvkhqiho0
whu dqg U1 Od|dug hgv1/ Wkh Kdqgerrn ri Oderu Hfrqrplfv/ Yro1 L/ 1+Hovhylhu Vflhqfh
Sxeolvkhuv,/ 7:708551

Sklssv/ Dqwkrq| M1/ 4<:8/ Wkh Uhodwlrqvkls ehwzhhq Rxwsxw dqg Hpsor|phqw lq
Eulwlvk Pdqxidfwxulqj Lqgxvwu|1 R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 6:+4,/
Iheuxdu|/ 7<0961

Urwhpehuj/ Mxolr M1/ 4<;:/ Wkh Qhz Nh|qhvldq Plfurirxqgdwlrqv/ lq= R1M1 Eodqfkdug
dqg V1 Ilvfkhu hgv1/ QEHU Pdfurhfrqrplfv Dqqxdo/ 4<;:/ 9<04491

Vdujhqw/ Wkrpdv M1/ 4<:;/ Hvwlpdwlrq ri G|qdplf Oderu Ghpdqg Vfkhgxohv Xqghu
Udwlrqdo H{shfwdwlrqv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;9/ 433<0771

Vlpv/ Fkulvwrskhu D1/ 4<:7/ Rxwsxw dqg Oderu Lqsxw lq Pdqxidfwxulqj1 Eurrnlqjv
Sdshuv rq Hfrqrplf Dfwlylw|= 6/ 9<80:5;1

Vp|wk/ Gdylg M1/ 4<;9/ Wkh F|folfdo Uhvsrqvh ri Hpsor|phqw wr Rxwsxw Fkdqjhv=
X1V1 Pdqxidfwxulqj Lqgxvwulhv 4<7; wr 4<;61 Dssolhg Hfrqrplfv/ Pd|/ Yro1 4;/ Qr1 8/
7<808331

Vq|ghu/ Grqdog O1 dqg Plfkdho L1 Ploohu/ 4<<4/ Udqgrp Srlqw Surfhvvhv lq Wlph dqg
Vsdfh1 Vhfrqg Hglwlrq/ Qhz \run/ +Vsulqjhu Yhuodj,1

Vwrfn/ Mdphv K1/ 4<;:/ Phdvxulqj Exvlqhvv F|foh Wlph1 Mrxuqdo ri Srolwlfdo Hfrqrp|/
Yro1 <8/ Qr1 9/ 4573045941

Vwrfn/ Mdphv K1/ 4<;;/ Hvwlpdwlqj Frqwlqxrxv0Wlph Surfhvvhv Vxemhfw wr Wlph Gh0
irupdwlrq1 Dq Dssolfdwlrq wr Srvwzdu X1V1 JQS1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ Yro1 ;6/ Qr1 734/ Pdufk/ ::0;71
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Wd|oru/ Krzdug P1 dqg Vdpxho Nduolq/ 4<<7/ Dq Lqwurgxfwlrq wr Vwrfkdvwlf Prghoolqj/
+Dfdghplf Suhvv,1

Whu�dvyluwd/ W1/ 4<<7/ Vshfl�fdwlrq/ Hvwlpdwlrq dqg Whvwlqj ri Vprrwk Wudqvlwlrq Dx0
wruhjuhvvlyh Prghov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<+758,/ Pdufk/
53;054;1
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Figure 1: Shape of the Bias in the Speed of Adjustment Parameter
Under Random Time Aggregation (Autoregressive Specification).
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Figure 2: Shape of the Bias in the Alpha and Beta Parameters
Under Random Time Aggregation (Specification includes
Exogenous Variable)
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Figure 3: Production, Shipments and Inventories of Glass
Containers. SAMPLE: 1991:1 to 1996:12. NSA
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Table 1: Estimates of the Linear Stock Adjustment Model for Inventories of Glass
Containers. Sample: 1991:1 to 1996:12, N.S.A.

Coefficient Estimate (Std. Error) T-Statistic
C0 13427.17

(4405.667)
3.0477

φ1 0.2085
(0.0834)

2.5006

ψ 1 -0.0007
(0.0636)

0.0102

ψ 2 -0.1781
(0.0656)

2.7152

ρ 0.4634
(0.1234)

3.7549

January 741.25
(370.72)

1.9995

February 830.23
(370.72)

2.2394

March -40.50
(338.42)

0.1197

April -300.08
(338.42)

0.8867

May -69.77
(338.42)

0.2062

June -780.79
(338.42)

2.3071

July 659.79
(338.42)

1.9496

August -884.28
(338.42)

2.6129

September -302.99
(338.42)

0.8953

October 1098.38
(338.42)

3.2456

November 458.29
(338.42)

1.3542

December -1209.34
(338.42)

3.5735

Log-Likelihood -563.1564
SSR 39856715

Durbin-Watson 1.8011
R2 0.60

Standard Errors in parenthesis



Table 2: Estimates of the Non-Linear Stock Adjustment Model for
Inventories of Glass Containers. Sample: 1991:1 to 1996:12.

Coefficient Estimate T-Statistic
C0 41369.68

(11426.43)
3.6205

φ1 0.7444
(0.2723)

2.7340

ψ 1 -0.0222
(0.1481)

0.1500

ψ 2 -0.2659
(0.1288)

2.0650

ρ 0.2726
(0.1166)

2.3377

γ 0.8722
(0.4727)

1.8453

δ 1.6294
(0.1095)

14.8792

January -147.71
(340.37)

0.4340

February 437.57
(340.37)

1.2856

March -501.21
(340.37)

1.4725

April -321.36
(340.37)

0.9442

May -301.12
(310.72)

0.9691

June -866.62
(310.72)

2.7891

July 224.63
(310.72)

0.7229

August -913.06
(310.72)

2.9386

September -572.70
(310.72)

1.8431

October 801.43
(310.72)

2.5793

November 897.62
(310.72)

2.8889

December -1447.97
(310.72)

4.6601

Log-Likelihood -541.0503
SSR 32439119

Durbin-Watson 1.9436
R2 0.67

Standard Errors in parenthesis


