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Problem Set 3 Solution

1.
(a) The problem is
min Q(0) = g(7r; 0)Wg(7r; 0).

We will use some auxillary assumptions,
W — W and VT (77 — m9) - N(0,02),

along with the usual regularity conditions.

The FOC is
—G'Wg=0

where G = dh(f)/df. Note that we have a CLT result for 77 — h(6y) but not for 7y — h(0).

Hence, apply the mean value theorem, we get

2= h(0) = [7r — ni60)] ~ 2 G, )

Plugging this expression back into the FOC leads to

dh(®) —~ [ . dh(f) ~
—— W {[WT = h(0o)] — —=(0r - 90)} =0.

If 67 — 6y and h(-) is continuously differentiable, then

~ ! —
dh(0) dh(0) » dh(8o)" .,
g Mg g 9

Hence
VT (07 — 00) = —VT(GWG) *G'W[Fr — h(6,)]

and
VT (01 — 0) —5 N (0,(GWE)'\GWPWG(GWE)™) .

When W = (02)71, this reduces to
VT (07 — 05) —5 N (0,(G"(0*)7'G) 7).
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(b) Now h(0) = 362 and dh(0)/d6 = 60 = G. So VT (61 — 6p) = N (0,02(3662)7).

(c) To use delta method, we need to express 6 as a function of 7.

1 1/2

%T = 302:>9:f(71'): (§%T> .
11\, 1,
fr = 6 (§7TT) i>6901-

Thus vT (01 — 00) - N(0, f.Var(R)fs) = N (0,02(3663)7"), which is the same as the

answer in (b).
2. See Hamilton’s book p.127-129 for details.

3.
(a) From assumptions in the problem,
Ut = Y — PrYe—1 — - — PpYi—p-

y; is MA(1) with [0] < 1, so y;/(1 + 0L) = ;.. With the condition p; 25 (=1)¢, we can

obtain

Yy = 0yt—1 —I— + (_1)p0pyt_p + Z (—].)jejyt_] ‘I‘ €t.

Jj=p+1
Hence o
ﬁt L Z (—1)]0jyt_J + €¢.
J=p+1

Note that

Z (_1)j9jyt—j = o7t Z<_1)j‘9jyt—p—j—1 = 9p+1(€t—p + O€t—pi1).

Jj=p+1 7=0

Hence

-~

p p+1 —
U — 0 (Gt,p —+ HEt,erl) + € = Wi—p + €.

Since |0] < 1, we know that w;_, —— 0 if p — oc.

Remarks:

(1) Here the asymptotics can be deceiving. On the one hand, the quality of the first step
approximation improves as p — oo. However, in small samples, standard errors for ﬁj grow
as p — 00, and hence the standard errors for ;.

(2) Asymptotically, and with quite a bit of work, it can be shown that the right rate for

p — oo is p*/T — 0.



(b) The second step regression is y; = 0u;_1 + vy. Thus

Note that

Zut ) { €1+ 0" (epr + Het_p_g)]Q} = ?[1 + 6721+ 6%)] < 00

When p — oo, the higher order term dies out. On the other hand,
1 « 1 «
T Z €l —— T Z erler1 + 9p+1(€t—p—1 + Oer—p-2)] — 0o + Op(T).
1 1

since E(ee_;) = 0Vj > 2. If p — o0, the second term vanishes. Thus we prove the

consistency of 0.

T
(c) Since we have derived that (1/7) Z u? | 25 0?[1 + 60%2(1 4 6?)], all we need to do is

check
1 — 1 —
— 0P ey 1+ Oy o) + — €r€4_1.
ﬁzl:t (tpl tp2) ﬁzljttl
T
Since (1/7T) Ze - 0%, {ee1} is a MDS, and E[(ge_1)?] = E[E(2 )] =
1
E(c%*¢ |) = o*, then

T
1
ﬁ Z Et€t—1 - N(0, 04)-
1

Note that for j > 1, we have
1 X
d 4
— Z ee—j — N(0,0%).
VT 4
Hence

d 4n2p+2
Yeserp 1 —— N(0,0%0°P%),

5=

d
etet_p_z —55 N(0, 00?1,

P
2

5~



In sum, we obtain

T T T
1 1 1
— €61 + — P lees 1+ — 0P e, o
S SRR ST
—L, N(0, 0 (1 + 6772 4 g2+,

T
Combined with (1/7) Z u? | 2 0?14 6% (1 4 6?)], we can prove asymptotic normality.
1
The departure from the MLE case (in which ¢; is observed) is the higher order terms in the

asymptotic variance. The efficiency of 0 achieves @M e only when p — oo.

4.
Yt 1.2 —-0.5 0.25 €t

(d) Let Z, = | yoq |, A = 1 0 0 |, Vi=10]|,C= 10|, then this
€t 0 0 0 €t

process can be written as Z;, = C + AZ;_1 + V.

(b) It is easy to verify the eigenvalues of A are 0 and 0.6-£0.3742i. Since 1/(0.6)2 + (0.3742)2 <

1, this process is stationary.

(c) Note that
E(Zivo — plZey — p1y0) = A(Zia — po).
0.528 —0.47 0.235
Since A>=| 094 —0.6 0.3 | and u=2/(1—1.2+0.5)=20/3, the first row of the
0 0 0

above matrix gives

20 20 20
E(yt+2 — ?lyt—h ) = 0528<yt_1 — g) — O.47(yt_2 — ?) -+ 0.235675_1,

or
E(yt+2’yt,1, ) = 6.28 + O.528yt,1 — 0-47yt72 + 0.235615,1.

(d) Given that we have derived the state space representation, notice that

20
Y = 3 +e+Ane1 + A%1€t72 + ..

where A7, is the (1,1) element in the matrix A7.



