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PrROBLEM SET4—-SOLUTIONS
Part | — Analytical Questions

Problem 1: Let
)/ :,3[0( + & &~ N(O,O‘Z)

and o known. Given the normality of &, the exact distribution of ﬁOLS can be obtained.
Answer the following questions:

(&) What isthe distribution of BOLS for ageneric o?
(b) What isthe distribution of ,BOLS for a= 0?

(c) What isthe distribution of ,BOLS for o= %2? How can you rescal e the problem to
obtain this distribution?
(d) What isthe distribution of ;5 for = -1?Hint: lim dt?2=x%16

(3
/éOLs -p= (itzaj_ itae‘t so that
E(’BOLS B ’B): 0; and E|:(/BOLS - 16)2} = GZ(ZtZ“j
and
BOLS =~ N[ﬁ,oj(itz“j J
(b) )
ﬁ(ﬂOLS_ﬂ)~ N(0,0?)
(©)
Note:
:-:11:205 — ;r:lt _ T(T2+ 1) _ O(TZ)
Thus:

plim(ﬁOLS _ﬁ): p”mﬁ(ﬁ@_s _ﬁ):O

T—eo T—eo
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However:

20°

T(ﬁOLS _:B)" N(O’m

j—> N(0,20?)

(d)
~ L 602
(:BOLS - ﬁ)% N (O’ _2]
T
Thus, ,BOLS is unbiased but inconsistent for /3 since the variance does not go to zero asthe
sample size goes to infinity.
Problem 2:

Let thetrue D.G.P. be
Yi = Yia t U

where u isaMDS with variance o> and also sup, E |u, [°< < for some §> 0. Also,
assume that yp = 0. Consider the regression

Y, = X, B+¢& where X, =(1t)".

Denote ,B the OLS estimator, show that

O-U

P—m(ﬁlﬂ L [1 1/2}-1 JW(zaz
Tllz(ﬁz_ﬂz) 1/2 1/3 J'olﬂW(l)dﬂ

Hint: the problem is easier to attack by considering the following
77D (- B) = [0 (X x X )7 T [T DY X v

where v, = Z;l u, and
T1/2 O
O T3/2

Solution:
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T_1DT (B -p)= [D;lz XX, IDgl]_l [T _nglz Xtvt]

1 0 (T-1) z 1 0
-1 n-1l_ ﬁ - t \/?
Dr zxtxt Dy = 0 1 |: Zt ztz} 0 1

T3/2 T3/2

T-1 1
- Xt {1 1/2}

1 1 12 s

DI O

1

T2V | {O'UJ.W(A)M}

TDAY X.v =
T z tVt T—::/zztvt o‘uJ‘Z,W(ﬂ)dﬂ

Putting things together replicates the desired result.

Problem 3:
Show that if

Y, =a+py,_, +Uu, with

U = QU + QU _, + @3U_5+ &
then y; can be expressed as

Yi=Hu+ ﬂy it ¢1Ayt—1 + ¢2Ayt—2 + ¢3Ayt—3 T&

Find the values for ¢y, @, and ¢s, £ and S.

Solution:

Rewrite the process of y; by incorporating the dynamics of the error term as

(1-oL- ¢2|—2 - ¢3L3)yt =a(l-¢—0,— )+ p(l-pL - ¢2L2 - ¢3L3) Yiat & O
Y = 05(1_ O — P, — q’s) + (q)l + ,0) Yia t (¢72 _pq)l) Yio t (¢3 _pq)Z)yt—S — PP 4 TE

Let
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n=(p+p)
7, = (90, — pp,)
Vs = (95— po,)
Va=—P@,

Then from the Beveridge-Nelson decomposition, we have the following correspondence
between parameters

(1-A)— (oL + ¢2L2 + ¢3|—3)(1_ L)=nL+ 72'—2 + 73'—3 + 74'—4

and
ﬂ:71+72+73+74
=11 +7:+7l
@, =—Vs+ 74l
D3 ==Y,

S0 that

u=ol-¢, -, —¢,)
B=p+@A-p)o,+1-p)p, +@;— po,
¢ =pp+@,(p-1) -0, + po,

¢2 = PP, — @3+ pY,

P = P,

Problem 4:

The Sargan-Bhargawa (1983) statistic for asample{yy, ...,yr} isdefined as

1
3 F ZLO ytz
i r—
? Zr:l Aytz

(which incidentally, isthe reciproca of the Durbin-Watson statistic). Show that if {yi} is
adriftless random walk, then

1
SB— [W(r)*dr
0

Hint:
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2
ST oyE=Y y2+yE and %%0

Finally, what effect, if any, will seria correlation in the residuals have on the distribution
of the SB statistic?

Solution:

First, consider the numerator. Using the hint, all we need to do is find the distribution of

1 1 ¥
F Zthl ytz = F Z\Tzl (Zts:l eS)
From the FCLT we know

> e —oW()

1
oNT
Therefore, using the FCLT and the CMT, notice

1gm.,2_1 o’ L 21 2
th:lyt Tz T Zt 1(0_\/—2,&1 SJ ——0 jW(r) dr
0
Next, consider the denominator. Notice that Ay; = &, hence, it istrivial to show that
EZT Ay —2 52
T t=1 yt

Putting these two results together completes the proof. Note that is the residuals were not
white noise but they are covariance stationary, then we need to apply the FCLT for
dependent processes instead. Hence

1
= S e ot [ W ar
0
However, notice that the denominator will now converge in probability to

1t
T 227

so that the limiting distribution becomes
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p(1)’c’ |

B jW(r)Zdr

%o

Problem 5:

Let {y;} begenerated fort=1, ..., T by the process

iid
y,=ut+S where S :th:lvj and v, ~N(0,6°); §,=0
Consider estimating by least-squares the parameters of the model

Yi =HU+ PY VY,

T1/2 O
( O T3/2J
then show that

-1
C, (ﬁ ] ﬂj ) ; T2 Ya| [ TV
PN - _ T _ T 3 T
P- 1 T i Zt:l ytfl T 3221 ytz—l T 32 Zzl yt—lvt
= Brl[ T_UZZtT:th J

3127
T Zt=1 YiaVe

Define the scaling matrix

0
[

(b) Given that

T2y §S—0 T § % —250
_ T _ T
TR g W, TP S§T—sw,

where W, and W, are non-degenerate distributions, show that:

. 1 l’u 3127 L 1 .,,
plim; =) ;[ |=B and T thlyt_lvt—>N(0,§0ﬂ)
I CTa
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(c) Since the asymptotic covariance between T~ Zth:th andT ¥ 22‘11 VARANES %02 g

show that:

-|——1/2 T v 0
312 ;zl t %N( ;O'ZB] and therefore
T Z\=l yt—lvt 0

1 — 0
SRS

p-1 0
Carefully state any theorems and assumptions you make.

Hints;

S=S,+Vv.Al0

4N Sa) L 4N S ’ N EYYE
T ;(ﬁj%LW(r)dr 0T ;(ﬁj — [ WA(r)dr
-Iri—r;g-l-—(ml)itn :(n+1)—1

T2y v, —Ls [aW(r) =W - N0

-
T3 v, — [raw(r) ~ N(O,%)
t=1

-

]
Ty S v — [W(r)dw(r) sothat T2 § v, —20
t=1 t=1

0

T T T 1
T2 Y =T o2t =DV, + T2 Sy — e rdwi(r)
t=1 t=1 t

=1

Alternatively, by conventional methods,

T—llzivt -I-fl/zivt
t=1

L t=1 L 0 2
- —> E: ——>N 0;0' B
T2 ty, UT 23"t
t=1 t=1



ARE/ECN 240C Time Series Analysis Professor Oscar Jorda
Winter 2010 Economics, U.C. Davis

Solution:

(a) Define the vector x; = (1 y:.1)’ then notice that

A T -1 T
(ﬂ - ﬂj T Y Ya Ve
~ - T T T
pP=—p thl Yia thl yI2—1 Z:1 YiaVi

,[1 —-u _ et T ZtT:l Yia |~ ; -1 Zthlvt
CT(/}—].J {CT (Z‘Tl Yia ZtT=1 ytZJCT } o (Z‘Tl ytNtJ

(b) Calculating the plim of each element of Br, we have

and that

pliml=1
T—eo
.
pllm—z”ytl_pllmz’at ZS‘ Note'[hatZM 4T )T +2)
Tow T Tow T T 2 T

and using the hint, |O|imzzS = Oitistrivial toshow pllmz‘—lyt !

T—eo Toe 2

PINE St + 2uS + )
plim==—=plim .
T? T®

T—eo T—eo

Note:

2.tS

T—eo T3
i zz v p”mﬂ_Z(T +)T+2T+)+Y _ p?

To ) 6 -I-3 3

= Osincethehint tellsusT 2> t§ ——W,

2
Finally, the hint also tellsusthat Z‘I:j

from thisresult to Z S —F 0, which would allow usto conclude the proof.

To proof the last result, note

T2 Y,y =T? (,uz t-Dv,+ > SV, ), therefore, using the hintsit istrivial

toshow T™¥2) "y, v, —-5N (O,%az,uz)
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(c) Thelast part really consists on putting the elementsin parts (a) and (b) together.



