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PrROBLEM SET 2—SOLUTIONS
Part | — Analytical Questions

Problem 1: Consider the following stationary data generation process for arandom

Vi =Pyt e e:~N(0,1)iid.
with |8 < 1, and y, ~ N(0, (1 - ).

(a) Obtain the population mean, variance, autocovariances and autocorrel ations.

ECO=H S B, |0

0% = E(B%y?,+ 2,0, +¢7) = fio? +1=—
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since{y;} isstationary. Further, notice that E(e;’) = 3. Noting only the nonzero terms:

3+643%c2
BO1) =BG+ S5 BGEe + ) =
Finally,
COV(y,,y,41)=E(,,y.4) = BEG2)+E(y,4e,) = fo?
E(yz’yt—k) = ﬁE(yz 'yt—k+1)
(b) Derive
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2 __2
(iv) Note: E( f):%. Derive

Py pil= ey i -ot =2y S Eer) -
=172 E(ph+2r?Y S E(viy?)-o!

=370 ~c?+2I 2y 2‘1(1+2/32<H>)y
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(c) Derivethelimiting distribution of the sample mean. Hint: {y,} is not i.i.d. but it is
ergodic for the mean.

Sincey, is stationary, the only difficulty in the derivation of the distribution of the
sample mean isthat {y;} isnot ani.i.d. process, adthough it is ergodic. A general
strong law of large numbers and a central limit theorem can be applied to such
processes so that the sample mean converges a.s. to the population mean, which is
zero, and is normally distributed around zero (i.e. using the central limit theorem for
martingal e difference sequences we discussed in class). However, the problem can
also be solved from first principles as follows:

EG) = E(T-liy,j 7Y E(y,) =0
V(y)= E[{T‘liy,] }T_ZET:ET:E(WS)
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Next, /Ty isalinear function of independent, normally distributed components{e;},
with afinite, non-zero variance in large samples, so that:

d 1
01
JF*HN[ (1—ﬁ2)]

(d) Obtain the limiting distribution of the least squares estimator of B Hint: calculate
JT (,B -p ) and then derive its distribution.

Using the above results and Slutsky’ s theorem:

. _ T
pllmT—)mT lztzzyt—let _ 0 _

lim. |3-8)=
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Next, from Mann-Wald

1

T d 1
— N| O,
ﬁ;yt—let ( 1_ﬂ2j

Using Cramer’ s theorem, we thus have

JT(3- B)5N(0.a- 52)



ARE/ECN 240C Time Series Analysis Professor Oscar Jorda
Winter 2010 Economics, U.C. Davis

Problem 2: Consider the AR(1) model of the previous exercise but suppose instead that
e, ~ N(0,07). The conditional density for observation ¢ is therefore

(yt _@}y—l)z

100/ (7, 13,4:.0%) ==~ log(@r) ~log(o) - =

Let (3,62) be the unrestricted MLE estimate of 0 = (8 &)’ and let (5,52 ) bethe

restricted MLE estimate subject to the constraint R = ¢, where R and ¢ are known
constants. Also, let

111 111
R AzyZ,_z a0 g;Z,-z a0
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(a) Verify that B minimizes the sum of squared residuals so that if it is the same as
the OL S estimator.

This problemisalot simpler if we proceed with the conditional likelihood, whichis

L(e) = _TT_llog(Zﬂ') —TT_]-log(O-z) _ Zt:Z ();;2@}1—1)

and can be viewed as a QMLE problem. The first order conditions are,

AL -2 0 =By
2

r
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which isthe OLS estimator

(b) Verify that ﬁ minimizes the sum of sgquared residual s subject to RS = ¢ so that it
istherestricted LS estimator.

Therestricted likelihood is very simple and takes the form,

ztrzz(yt _lgyt—l)z A
20°?

7o) =—TT_1log(27r)—TT_1log(0'2)— +Z5(RB=0)
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where the lagrange mulltiplier is rescaled by o” for convenience and without |oss of
generality. Thefirst order conditions are,

oL __ th:Z(yt — )y +E ~0
B o’ o’

from which

AR

r 2
[:Zyl‘—l
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Of course, in this example the constraint can be trivially imposed in the problem and
it would not require any estimation. The restricted least squares estimator would be
calculated by minimizing,

N>, = fy.0)" + 2URB-0)

whose first order conditions can be shown to coincide with those calculated via
restricted maximum likelihood.

(c) What assumptions did you make on f{y,|3 o) assuming y, is unobserved? Discuss
the importance of any simplifying assumptions and the importance that the
parameter S hasif its value were unrestricted.

We have been using the conditional likelihood for simplicity. However, if we had
used the exact likelihood, the sensible assumption regarding f(y;|8 o) isthat it is
distributed N(0, o’/(1 - £)). Note, however, that the exact likelihood is only valid if
|8 < 1, otherwise, the log-likelihood becomes unbounded for g = 1.

(d) Let
0,0) =13 100/ (1,17,1:5.0%)

Show that
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0) =—=log(2r)-=—-=lo L
0,(0) > g(2r) > 510
~ 1 1 1, SSR
0)=—=log(27)-=-=lo R
0,(0) 5 g(2r) 55109

Where SSR,, = ZLZ (v, - ,By,_l)2 and SSR,, = Ziz (v, - Byt_l)z . Hint: Show that
pe SSR,, SSR,,

and 6% =

SSR

SRy ando? = TR all that you beed is to compute the first order

To show, 62 =

conditions of the likelihood and the restricted likelihood with respect to o°.

SSR,, SSR

Substitution of 62 = ando’ = TR into Or(0) triviadly deliversthe two

expressionsfor Q, (é) and O, (5 ).

(e) Verify that the )y given above, although not the same as —%Zi LHO é) is

consistent for —E/H(y;; 6,)]. Vexify that = , although not the same as
—%ZIT_ZH()/,;(;) , iIsconsistent for —E/H(yy; 6y)]. Hint: You may assume that 0 is

consistent for 6y and @ is consistent for 6y under the null. This should make proving
consistency of 67 and 6 easier.

The easiest approach is to calculate the hessian for the conditional and the restricted
likelihoods. Using the hint, it then becomes trivial to show that both

_%Z;H(y,;é)%E[H(yzieo)] and

—%zf_zm,v,;é) — E[H(y,:6,)] and

S — E[H(y,:6,)]andZ — E[H(y,:6,)]
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(f) Show that the Wald, LM, and LR statistics, using = and = can be written as

(RB—c)?
(Rzytz—l)SSRU

o 2

(Yt I_ﬂYt—l)| Yt—l (Yt—l I Yt—l) B Yt—l (Yt '_ﬁYt—l)
SSR,

LM =T

No secrets here, just direct application of the formulas.
(g) Show that these three statistics can also be written as

SSR,, — SSR,,
SSR,

LR=Tlog SSR,
SSR

U
SSR, — SSR,,
SSR,

wW=T

LM =T

Thisinvolves simple algebraic manipulations.
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Problem 3: Consider the stochastic process {x;} which describes the number of trades per
interval of time of a particular stock. Thus, x;, is integer-valued and non-negative. The
Poisson distribution is commonly used to describe this type of process. Its density has the
form:

A A
, e " A
f(xt :] |Qt—1;9): jl

with conditional mean

E(x,|x,_4,...) =4, =expla+ b, ;)

Answer the following questions:
(8 Under what parametric restrictions of avand gwill {x;} be stationary?

Thisisatricky guestion since we have a specification for the conditional mean
directly rather than for {x;} . However, it can be shown that the model is explosive for

B> 0.

(b) Write down the log-likelihood function for this problem conditional on x;.

L(e) = i{xz (a+ let—l) - eXp(OC+ ﬂxt—l) - Inxz!}

(c) Compute thefirst order conditions and obtain the estimators for zand .

LY - explart fi 1)} =0
g_z = Zliz{xt (o + P ) —expla+ ﬂxt—l)]}: 0
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(d) Suppose x; is not Poisson distributed. Are oz and /3 consistently estimated by the
conditional log-likelihood in (b)?

The Poisson distribution is an example of linear exponential function whose QMLE
properties have been established by Gourieroux, Momfort and Trognon (1984).
Check Cameron’s (1998) book for the references.

(e) Compute the one-step ahead forecast x.+ .. Next, describe the Monte Carlo
exercise that would allow you to compute the two-step ahead forecast. Finally,
describe what approach would you take if the data were not Poisson distributed
but you wanted to produce multi-step ahead forecasts with the conditional mean
estimated in (b).

The one step ahead forecast x4 is A4+ = exp(a + ;).

To compute the two-step ahead forecast note that we need to compute £(x,,, | x,) . To
do this, we will draw from a Poisson distribution with mean parameter A,+; = exp(« +

=7

Lx,). Suppose you draw n times from this Poisson, you will have n valuesfor x/,

which you can then plug into the expression of the conditional mean to compute the
forecast as:

1 n i
Xevop = ;zl_:leXp(Of + ﬁwl)

Computing the h-step ahead forecast would consist on drawing » times from a
Poisson distribution whose conditional mean is given by the (h — 1)-step ahead
forecast and calculating the average as is done above.

Note that as long as the conditional mean is correctly specified, multi-step ahead
forecasts computed as described above would be consistent (albeit not efficient if the
distribution is not Poisson).



