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Abstract

This paper surveys the fundamental principles of subjective Bayesian inference in
econometrics and their implementatiosing posteriosimulationmethods. The emphasis

is on the combination of models ati development of predictivdistributions. Moving
beyond conditioning on a fixed number obmpletely specifiedmodels, the paper
introduces subjective Bayesian todéts formal comparison of these models with as yet
incompletely specifiednodels. The paper thershows how posterior simulators can
facilitate communicatiotbetween investigator§or example econometricians) on the one
hand and remote clients (for example decision makers) on the other, enabling clients to vary
the prior distributions and functions of interest employednlgstigators. Aheme of the
paper is the practicality of subjective Bayesmethods. To thiend, it describepublicly
availablesoftware for Bayesian inferencamodel development and communication, and
provides illustrations using two simple econometric models.
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1. Introduction

Subjective uncertainty is a central concept in economic theory and apptiadmics.

In economictheory, itcharacterizes the beliefs of economic agents about the stiueirof
environment. Inapplied economics,subjective uncertainty describéle situation of
investigators who assesempeting models based tmeir implicationsfor what might be
observed, and the circumstances of decision makenso must act given limited
information. With the application of the expected utility paradigm in increasingly richer
environmentsexplicit distributionalassumptiondhave become&ommon, but closed form
analytical expressions for the distribution of observables are typically unobtainable. In this
environment simulation methods — the representation of probabistyibutions by
related finite samples — have become important tools in economic theory.

In applied economics the possibility of proceeding stratlglytically isalso remote.
Even in the simplest typical situation the investigator or decision nmaket proceed
knowing the observables whiclare random variables in models bé&havior, but not
knowing the specification of tastes and technoladimat the theorist takes adixed.
Bayesian inference formalizes the applied economics problem in ettastlyay: given a
distribution over competing models athe¢ prediction of each modfr observables, the
distribution of competing modelsonditionalon theobservables is wetlefined. But the
technical tasks in moving from even such well specified modelsiaadto the conditional
distribution over modelare more daunting thahose found ireconomictheory. In the
pastdecadevery substantiaprogress haveen made in the development of simulation
methods suited to this task. Section 2 of this article reviews the conditional distributions of
interest to the investigator or decisioraker. Section 3 describdsow modern simulation
methods permit access to thedistributions, using somsimple examples and publicly
available software to illustrate the methods.

A central issue in any kind of inference, whether or not it is Bayesian oregpéaitly
based on probability theory of ahynd, is that the simple paradigm dheory before
measurement is oversimplifiedChe set of models/hich theorists and investigatdnave
beforethem is constantlghanging. Some modeleecome fully developedith explicit
predictions, others are no more than incomplete notions, and many are somewhere between
thesetwo extremes.The process by which some modddecome more fullydeveloped,
othersreceive little attentiomnd stillothersare abandoned is driven in large partdaya.
Section 4 of thisarticle sets forthrecently developed numerigatocedures fothe explicit
comparison of fully developedhodels. Section 5Sturns tothe practicabut more difficult
problem of the interaction between datal the development omodels. Itadvances the
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thesisthat theprocess ofmodel development is inherentBayesian. It showshat this

processcan be implemented in a practigghy using two new concepts the incomplete
model, andimited information marginalikelihood. This process iflustrated inworked

examples using public domain software.

The rigor of conditioning on what isnown and working througthe implications of
explicit assumptions for what is unknown has both a rich yield and a substastial The
rich yield is the exactistribution of unobservablesonditional on thedata, rendered
accessible by simulatiomethods. The cost is that models must providehe joint
distribution of observables and unobservables explicitly. In part this ctist real effort
expended in formulating thiexplicit distribution. Perhaps greater concern ighat
decision makers may nshare inall the distributional assumptionthat an investigator
makes in this process. In Bayesian inference this comeerriocused othe development
of prior distributions of parameters, but usually the more serious probldra isstrictions
on observables inherent e parameterization of the model -- a problem faced by
Bayesians, non-Bayesians, and thegleo would abandorformal probability theory
altogether ininference. The last section of tharticle takes upsimple, effective ways of
simultaneously realizing the rich promise of explicitly Bayesimathods,and dealing with
the desire of decision makers to change investigassumptions at low cost. The
proceduresare intimately related to simulatiomethods and rapid movement targe
information sets overthe internet. Theyare illustratedfor some simple but realistic
examples, using publicly available software.
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2. Bayesian Inference

This section provides a brief overview of Bayesiaference with reference to its
application in economics. Thmurpose is to sdhe contribution of simulation methods in
an explicit context of concepts and notation. Eatgmpthasbeen made to distill a large
literature in statistics tavhat is essential to Bayesian inference as it is usually applied to
economic problems. If this endeavor has b&atessfuthen this section alsprovides a
sufficient introduction for econometricians with little or no grounding in Bayesian methods
to appreciate some of tledntributions, bothrealizedand potential, of simulation methods
to economic science.

Most of the material here andardyeflecting much more comprehensive treatments
including Jeffreys (1939, 1961)Zellner (1971), Berger (1985), Bernardo and Smith
(1994) and Poirie(1995). At two junctures the exposition departoom the usual
development. The first is the concept of a complete mod&ection2.1), which is the
specification of gproper predictive distribution over amxplicit class of events. This
concept can be a clarifying analyticivice. It also setthe foundatiorfor the concept of
an incomplete model (Secti@?2) which provides a proper Bayesiarterpretation of the
work of economists in improving their models and formulating new ones.

The other deviatiofrom the standardreatment is the decomposition of the marginal
likelihood in terms of predictive densities (Secti2r8). This developmentvas first
provided explicitly by Geisel(1977) but hadargely been ignored in theubsequent
literature. The decomposition is the quantitative expression of the fact that prgolietiee
is the scientifically relevant test of the validity ohgpothesis (Jeffreys, 1939; Friedman,
1953).

This review concentrates entirely eract,finite samplemethods. As ighe case in
non-Bayesian statistics, givesuitable regularity conditions there exigteful asymptotic
approximations to the exact, finite sample results. Bernardo and Smith (1994, Seg}ion
provide an accessible introduction to these results. Asymptotic methods are complementary
to, ratherthan prerequisitéor, the posterior simulation methods taken sybsequently in
Section 3.

2.1 Basic concepts and notation

Bayesian inference tak@éace in the context abne or more parametric econometric
models. Let y, denote ap x1 vector of observable random vectors over a sequence of
discretetime units t =1,2,K . The history of the sequencéyt} at time t is given by

Yt:{ys}tSﬂDLIJt; YO:{D}. A mode| A, specifies a corresponding sequence of
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probability density functionsp(yt|Yt_l,9, A) in which 6 is a kx1 vector of unknown

parametersd 0O 0 0%, andA denotes the modeél. In this section we shall condition on
a single model busubsequently, inSection 2.3, several models will be entertained
simultaneously.

The probability density functiorfp.d.f.) of Y., conditional on the modeA and
parameter vecto#, is p(YT|9, A) = H::lp(yt|Yt_l,6, A). Conditional on observed ,, the
likelihood functions any functionL(e;YT,A) 0 p(YT|6, A). If the model specifiethat the
y, are independent andlentically distributed then p(yt|Yt_1,9, A) =p(y,l6.A) and
p(Y.16,A) = H::lp(yt|6, A). Moregenerally,the index t” may pertain tocross sections,
to time series, or both, but time series models and language are used here for specificity.

If in addition the modeA also provides the distribution éf, then it alsgrovides the
joint distribution of @ and Y ;. In particular, ifp(6|A) denotes therior densitythen

(2.1.1) p(Y+.61A) = p(B1A) [T _,P(v.Y...6.A) = p(61A) p(Y- 6, A).
But we also have

(2.1.2) o(Y+.8A) = p(6]Y+. A)p(Y;|A),

in which

(2.1.3) p(Y-|A) = L p(Y- 16, A) p(6|A)dv(6)

is themarginal likelihood of modelA and

p(61Y+. A) = p(Y+16, A) p(6IA)/p(Y+|A) T p(Y+ 6, A) p(61A)
is theposterior densitpf 8 in modelA, so long as
(2.1.4) L p(Y- 16, A) p(61A)dv(6)

is absolutely convergent. This last condition is typically, but not necessarily, satisfied and
easy to verify. For example, boundednesheflikelihood functionp(YT|6, A) in @ is

sufficient, sinceJ’e p(6l/A)dv(6) =1. But if the likelihood function isinbounded, it isital

to confirm the absolute convergence (@t1.4). Expressions (2.1.1and (2.1.2) are

central, either explicitly or implicitly, to scientifiearning. The former isused to express
the reduction of reality t@ inherent in the mode), and thdatter isused tolearn about

reality from the perspective of this particular simplification. This section outimebasic

principles of the explicit, or Bayesian, approach to learning.

Throughout, p(0) denotes a generjarobability density functiorwith respect to a measurév([) and

P([) a generic cumulative distribution function. The conditioning set melkasthe specific distribution

or density intended. The measm‘e([) permits continuous, discrete, and mixed random variables.

2This terminology dates at least to Raiffa and Schlaifer (1961, Section 2.1) which also treats these topics.
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In addition to the dateensity p(Y,|6, A) and theprior density p(6|A), a model also
specifies a densityp(w|YT,9, A) for a vector of interestwJQOR'. This vector

represententities the model is intended tlescribe. Whereas@ is specific toA, w

remains the samacross models. For example, suppose model specifies €obb-
Douglas production functioﬁzyﬂlyg'el) for two inputsy, andy,,. Then the technicahte
of substitution,w, is w =6, /(1—91). If a secondnodel specifies a constant elasticity of
substitution (CES) production functic(n@l +0,y% + Bgyff)w“, then the same technicalte
of substitution, w, is w = 6,(y, /th)(e“_l)(tS?2 /6,). In each case the mappifigm 6 to w
is deterministic:p(w|YT,9, A) puts unit mass on a single valuecof

As a second example, suppadabat one model specifies &rst order stationary
autoregressive process foy,, (y,—6,)=6,(y,—6,)+¢ with & 2 N(0,6,).  If
w' = (ym, ym), thefirst two post-sample observatiorteen p(w|6,YT,A) is a bivariate
normal density with mean and variance

[, +6,(y, -6,)0 o 6 O

and @
%1"‘922()/1-—91)% 3%22 1"'922%

respectively. If a seconthodel specifies aecond order stationary autoregresguecess
. 1D .
for y,, (v, =6,) = 6,(y,., —6,) + 65(y,_, - 6,) + & with & ~ N(0,6,), then p(w|6,YT,A) is

again a bivariate normal density, but with mean and variance

O 6, + 62(yT - 61) + 93(yT—1 - 61) O (1 922 O
and 6
%1(1"' 62) + 63(1+ 62)(yT - 61) + 9263(yT—1 - 91)% ) %22 1+ 922%
respectively.

Since p(w|YT,9, A) implies marginabistributions for subvectors ab, one need not

explicitly elaborate all ofw. Indeed,much scientificdiscoursecan be interpreted as
specification ofw. A complete modetonsists ofthree componentsp(YT|0, A), p(6|A)

and p(w|Y-.6,A).

Without loss of generalitylet the objective ofnferencewhenthere is one model be
(2.1.5) Eh(w)Y;. A,
for suitably choserh( ). This formulation includes several special cases of interest. If a
hypothesis restricts@ to a set ©, then by taking h(w)= x, (6), we have
E[h(a))|YT,A] = P(B D@O|YT,A), the posterior probabilitthat thehypothesis is trug. To
illustrate, suppose that in the first example we wisimgaoire whether théechnical rate of

substitution exceeds one whep =vy,,. Forthe Cobb-Douglas production functiotgke
©, ={6,:6, >.5, and for the CES production functitake ©, ={6,,6,,6, :6,6,/6, >1} .

3Here and throughouty.(z) is the indicator functiony (z) =1if zOS and x(2) = 0if zOS.
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Note that in each case there is a nuisance pararfigtier. Cobb-Douglas and, for CES.
Here, and in general, nuisance parameters pose no particular difficulties.

Another important class of cases arises from predictioproblems,
w = (ym,K ,ym). Throughthe appropriate choice oh(w) this category includes
expectedvalues, turningpoint probabilities, and predictivatervals. Inthe timeseries
example just set forth, suppose that, <y;_, <y;. If a turning point atime t is said to
occur if y,_, <V, <V, > V., > Vo, then a turning point dme T is the set of events
Q" ={w:w,<w, <y;}. Hencefor h(w)= x_.(w), E[h(w)|YT,A] is the probability of a
turning point at timd, whereT is the end of the sample.

Yet another useful class of functions fiw) = L(a,, w) - L(a,,w), in which L(a w)
denotes the loss incurred if actiars taken and then the realization of the vector of interest
is w . To examine a specific case, suppthsg in thesecondexampley, is the logarithm
of tax revenue in period A policy maker must either commiq) or notcommit (a,) to a
program which utilizes tax revenues in periddsl and T +2. Then the policy maker’'s
loss functionL(a,w) might be monotone decreasingdn + w, for a=a, and monotone
increasing inw, +w, for a=a,, and consequentlyh(w) is monotone decreasing in
w, +w,. The solution of the decision problem is ta@ommit to the project if
E[h(a))|YT, A] <0 and not commit ifE[h(a))|YT, A] >0.

The posterior moment (2.1.5) can be expressed as
(2.1.6) Hh(w)|Y, A = [oJh@) p(cd6. Y-, A) p(6]Y, A)dv(w)dv(6)

= [J,h() p(w, Yx, A)p (8Yx, A)dv(w)dv(6)/ [P (81, A)dv(6)
where p’(6]Y,, A) O p(6|YT,A) Op(6A)p(Y;[6,A) is anyposterior densitykernel for 6.4
It clearly matters not which posterior kernelused. Howeverthe problem of evaluating
integrals -- one in the numerator, the other in the denominator -- remains paramount.
The importance of verifying the absolute convergence of the integral in the
denominator of the rightide of(2.1.6) hasalready beemoted. It is, of coursegqually
important to verify the absolute convergence of the numerat(i. bf6). Together, both
conditions are equivalent to the existence of fwsterior moment (2.1.5). It is
straightforward to verify these convergence conditions in the examples discussed above.
Many of these ideas can be illustrated in the standsrdr model. For arobservable
T x1 vector of dependent variablgsnd T x k matrix of fixed covariatésX ,

4More generally, any nonnegative function proportional to a probability density is a density kernel.
8 instead X is randomwith p.df. p(Xn), p(B.hnlA)=p(BHA)p(nlA) and p(w|y,X,B, h, n)
= p(ou|y,X,B, h), thenX is ancillary and the analysis that follows still pertains. fewther discussion of

ancillarity seeBernardo andSmith (1994, Section 5.1.4). The condition ofweak exogeneity in the
econometrics literature (Engd al, 1983; Steel and Richard, 1991) is closely related.
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(2.1.7) y=XB+e; &X~N(0,hM,); rank(X)=k.
The parameteh is theprecisionof thei.i.d. disturbancesg, K ,é&;; it is the inverse of
var(g,) = 0°.6 Consider the independent prior distributionsfoandh,

(2.1.8) B~N(B.H™),

(2.1.9) sth~ x*(v),

where H is a fixed precision matrix is a fixed mearvector, ands® and v are fixed

scalars. In any given applicati¢d.1.8)-(2.1.9) isnot necessarily an adequa&epression

of prior beliefs’ However,the specification in2.1.8)-(2.1.9) has attractive analytical

propertiesthat will become clear indue course. Moreover, irmany cases it is

straightforward to modifythe posterior distributionimplied by the prior distributions

(2.1.8)-(2.1.9) toexpressthe posterior distributions corresponding (@.1.7) and

alternative prior distributions, using simple numerical methods described in Section 6.
From (2.1.8),

(2.1.10)  p(B)=(2m) *H[" exp%.S(B -B) H(B- /_3)@

and from (2.1.9)

(2.1.11) p(h) =221 (v/2)] *(s?)"*h* " exp(-s*h/2).

Since (2.1.7) is equivalent to the conditional data density
(2.1.12)  p(yX,B,h) = (27) *h" expg—.Sh(y ~XB) (y - X ,8)5

a posterior density kernel is the product of (2.1.10), (2.1.11) and (2.1.12),
(2.1.13a)  (2m) "2 (v/2)|”

(2.1.13b) ()"
(2.1.13c) B2 exp(-s?h/2)
(2.1.13d) @xp%—.S@ﬁ—g) ﬂ(ﬁ—§)+h(y—x,8)'(y—x,8)%

To simplify this expressioncomplete thesquare in of the term inbrackets in
(2.1.13d), yielding

(B-8) H(B-B)+hly-XB) (y-XB)=(8-B) H(B-B)+Q,
where
(2.1.14)  H=H+hX'X,
(2.1.15) B =H?>(HB +hx'y)=H(HB +hXx'Xb) and

(2.1.16)  Q=hy'y+B HB-BHB

6More generally, the precision of any random variable is the inverse of its variance.
"Nor is (2.1.7), necessarily. We return to this important question in greater depth in Sections 2.3 and 4.
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=hvs’ +(b - B) hx'X(b - B) + (8- B) H(B - B).
with b denoting the coefficients in therdinary leastsquaresfit of y to X,
b=(X'X)"Xy; &=(y- Xb)’(y - Xb)/v andv=T-k. If (2.1.13) isinterpreted as a
function of 8 only, that function must be a posterior density kerneBfaonditional onh,

and our squarecompletion shows that p(,8|h,y,X)Dexp%—.S(ﬁ—E)lﬁ(ﬁ—E)EL

Consequently, B
(2.1.17) Bl(hy.X)~N(B. H?).
Interpreting (2.1.13) as a function bf alone,

(T+v-2)/2 0 2 _ "y — u
p(h|,8,y,X) Oh expg—.S% +(y=XpB) (v XB)%%
and consequently,
(2.1.18) §2+(y—X/3) (y—XB)éL]‘(B,y,X)~X2(T+L/).

The distributions in(2.1.8) and (2.1.9) are speciakases of conditionallgonjugate
priors (to be defined shortly)They are attractive because they lead to the tractebidts
(2.1.17)and(2.1.18). Yetthese resultare not directlyuseful, forthey do not provide
distributions conditional only othe dataand prior information. Howevethey form the
basis of an attractive simulation method discussed in Section 3.3.

In any application of thstandardlinear model the vector of interesb is likely to
include an as yainobservedT x1 vectory™ corresponding to a situation in which it is
hypothesizedthat y’ :X*B+£*,£*‘X* ~ N(O, h™ T*). If € and & are conditionally

independent given(X,X*,B,h) then y*‘(X*,y,X,B,h)~N(X*/B,h'llT*) and it is
straightforward to show” ‘(X*,y,x, h) ~ N(X*B, XHX" +h™ T*).

2.2 Conjugate and improper prior distributions

The prior distributionp(6|A) is a representation of belief in the context of madlel In
selecting a prior or data distribution, the richer ¢laess of functionaforms from which to
choose the more adequate the representatipniaf beliefspossible. Orthe otherhand,
the choice is constrained by theractabilty of the posterior density
p(6|YT,A) Dp(9|A)p(YT|9,A), which is jointly determined by the choice of functional
forms for the data density and pridensity. The searchor rich tractableclasses of prior

distributions may be formalized by considering classes of prior densities,
p(6|A) = p(6|y, A), wherey is a parameter vector that indexes prior beliefs. We hsed
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this approach irthe linear modelfor example,the prior distribution g ~ N(@, ﬂ‘l) IS
indexed byBand H.

I

Supposethe modelp(Y; [0, A) hassufficient statistics, = ((sr)l,K ,(sr)r) =s.(Y;), 1
is fixed asT varies,and (sr)l =T. Then theconjugatefamily of prior densitieswith
respect top(Y, |6, A) is {p(9|y, Ay DF}, where

p(6|y’ A) b p[(sh)J - yi (J = 2’K ’r)|6’ A]

and

[y J'p[ —yJ =2K ,r)|9,Ad6<00}.
The kernel of any conjugaterior densitymay be interpreted as a likelihood function

corresponding to a data s&f with sufficient statistics, = (yz,K ,yr). To the extent one

can represenprior beliefs arising from notionalatawith the same probability density

functional form asthe actualdata, aconjugate prior distribution will provide good
representation of belief. By constructip{Y. |6, A) O p’(s;|6,A) and p(lA) O p'(y, A),

wherethe proportionality is inf, and p’(s;|6,A) and p’(y6,A) have exactly the same
functional form in6. Hencep(6|Y;,A) 0 p'(s,6, A)p'(v16,A). Itis often the case that the
functional form of p(é]Y;,A) is the same as that @f (s,/6,A), and it is this featuréhat

makes the posterior density tractable.
To extend thisidea let &' =(6;,8;) and fix 6,=67. Supposethe model

p(YT|61, 0, = 6§,A) hassufficient statistics, =s,(Y;), 1" is fixed,and (s;), =T. Then
rx1

the conditionally conjugatdamily of prior densitieswith respect to p(YT|91, 0, = GS,A) is

{p(01|y*,A),y* Dr*}, with T -[ 1, p[ =y(i=2K r')e,6,= @g,A]clel < oo]

and p(91|y*,A) O p[(s%)] =yi(i=2K.r')e.6, = 63, ]

The prior distributions (2.1.8) and (2.1.9) are conditionally conjugate, but not
conjugate, in the linear model (2.1.7). In thi@ample thegorior density for@' = (,8',h) 5
indexed byy:{g,ﬂ,gz,y} . In the linear model, because

/2 aym M 2 _h) % _
(2.2.1) p(y|X,B,h)Dh/expEr.5h§/s +(B-b) X'X(B b)%,

8Indeed, one cabegin with thisproperty as the definition of conjugateeBerger(1985, Section 4.2.2)
andPoirier (1995, Section 6.7). Thiefinition here isthat used byBernardo andsSmith (1994, Section

5.2.1)andZellner (1971, SectioR.3). For the exponential family of distributiophich includes the
standard linear model) the two are equivalent (see Bernardo and Smith (1994), Proposition 5.4).
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the vector s; = [T,b,sZ,X’X] is a sufficient statistie. Conditioning on h=h,,

' : [ ' [l
p(y|X,,B) 0 expE—.S(,B - b) hyX'X(B - b)é Since p(B8) O epo.S(,B —g) ﬂ(,B _E)H the
prior density (2.1.10) is conditionally conjugate. Likewise conditioning of = (,,
p(y[X,h) Oh" exp(-5°h/2) where s* = vs* +(B, —=b) X'X(B, —b). Hence theprior
density (2.1.11)p(h) O hl¥2)72 exp(—§2h/2), is conditionally conjugate.

In many instances posterior momei(&s1.5) continue to be welldefined, as a
mathematicalformality, even if p*(9|A) is not the kernel of any probability density

function. Particular interesfocuses onthe case inwhich p'(fA)=00600 but
J’ep*(6|A)dv(9) is divergent. Such a function is said to the density kernel of an
improper prior distribution The kernelp’ (6|A) may often be constructed by considering a
sequence of model#é\, A,,K that differ only in the specification of therior density
p(G‘A‘.) and not in the data density or in the conditional distribution of the vector of interest.

Suppose the limit of kernels of prior density functiop*s(ﬂ‘ﬁﬁ), has the property

lim, ., J’OJ'Q h(w) p(w|9, Y, A) p (Q‘YT, A )d V(c)dv(6) / J’e p (O‘YT A )dv(e)
(2.2.2) = [ f.h() p(cl6, Y+, A) p' (6, A)dv(cw)dv(6) / [P (Y. A)dv(8).
In the lastexpression, ithe denominator and numerator are absolutelyvergentthen
IiijE[h(w)‘YT,A‘.] = E[h(w)|YT,A] may be interpreted as thmosterior expectation of
h(w) in a complete modekith datadensity p(YT|A6) and improper prior density with
kernel p’(6A). Verifying the absolute convergence conditions can be substantially more

difficult for improper priorsthan for proper priors: in particular, a bounddkelihood
function no longer suffices for absolute convergencthefintegrals in the denominator of
(2.2.2).

As an example in the context of thndardinear model, considethe sequence of
prior distributionsB‘Aﬁ ~ N(ﬁ jﬂ‘l) (j =12K) conditional on nown value of the

disturbance precision h. A corresponding sequence of kernels is
. 0 "o 0 . . .

plaa)=ewssp-p) it(p-p)g  tim p(AA)=p(aA) =108  The
corresponding sequence of posterior distributions B‘SYT,A%N[BJ.,(E)_l], with

H, =hX'X+7H, B, =H["X'Xb + ] Hp|. Hence

9This follows from theNeyman factorization criterioBernardo andmith, 1994, Section 4.5.2).Less
formally, from (2.2.1) it is clear that we only need to knewto write the likelihood function fo3 and

h.
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p(ﬁ\y,x, h, Ai) 0 expE—.S(B - Bj)'ﬁj (8- Bi)ﬁ

-+ exper5(8 - b) hX'X(8 - b) 5 plyiX, 8. A) = plyX. .0, A)p'(BIA)
The last line shows that the limiting posterior distribution could also have been achieved by
carrying out a formal analysis using the “prior density kerlpl*e{'B|A).

It is important to note that while posterior moments (2.1.5) may continue to be defined
equivalently as mathematical formalitiead as thdimit of posterior moments under a
sequence of prior distributions, an improper prior distribution addtadensity do not
together provide a joint distribution of parameters and data. In particular, under a sequence
of proper prior distributionsp(B‘Aj) converging to the impropeprior distribution,
Iimjamp(YT‘Aﬁ) is undefined. To see this important point intuitively note tth(@fA) is a
proper density,one canwork out the implications of the modébr the datathrough
simulation: firstdraw 6 ~ p(6|A) and thenY; ~ p(Y|6,A). If p(flA) is improper this

cannot be don®&.

2.3 Model comparison and combination
Often one has under consideration several complete model,,KayA, :

p(ej‘pﬁ)(ej D@J)1 p(YT‘ew'Aﬁ)’ p(w(YTﬁj’Ai) (i=1K.J).
The numbers of parameters in the models need not be the same, and variousnaodels
may notnest one another. If we assign prinobabilities P(A)(j =1K ,J) to the

respectivemodels, with ZleP(A) =1, then there is a complete probabilggructure for
{A‘.,Gj}jzl, Y, andw. There is no essential conceptual distinction between model and

prior, since one could just as well regatide entire collection as thmodel, with
J

{P(A‘) pj(ej‘ﬁ)} as the characterization of the prior distribution. At an operatlevell
j=1

the distinction is usuallyclear and useful inthat one may undertake the essential
computations one model at a time.

Supposethat the posterior moment(2.1.5) is ultimately of interest. The formal
solution is
(2.3.1) E[h(w)Y,] = Z]_J:lE[h(w)‘YT,A‘.] P(AlY;),
known asmodel averaging Clearly E[h(w)‘YT,A] is given by(2.1.6) with A=A.

There is nothing new in this part of (2.3.1). From Bayes’ rule,

10we return to this use of a proper prior distribution in Section 5.2.
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oAl =HA)o(¥:|A)/ 3 FA)p(v:[A)
(2.3.2) - P(Aﬁ)J’@J p(YT‘QJ'Aﬁ)in‘Aﬁ dV (6 /Zflp(pﬁ pYT‘Aﬁ)
OR(A)f, p(¥:8,.A )e(8]A)av(a) = F(a)p{¥:[A),

where p(YT‘A):IO p(YT‘QJ.A)p(GJ‘A)dv(BJ) is the marginal likelihood of modej,

consistent withthe definition in(2.1.3) inSection2.1. Notice it is important that the
properly normalizegbrior and properlynormalized datalensity,and not arbitrary kernels
of these densities, be used in forming the marginal likelihood.

Model averagingthus involvesthree steps. First,obtain the posterior moments
(2.1.6) corresponding to each model. Secaohin the relativeralues ofP(MYT) from
(2.3.2). Finally, obtain theposteriormomentusing (2.3.1)which now only involves
simple arithmetic, recognizing thanJ:lP(A‘.|YT):1. Variation of the prior model

probabilitiesP(A) is a trivial step, as is the revision of the postemamentfollowing the
introduction of a new model or deletion of an old one ftbe conditioning set amodels.

On the other hand, the questions of whether to introdaee modelsand the formulation

of new models, are more difficult. We shall return to these points in Section 5.
From (2.3.2), for any pair of model§ and A,

(2.3.3) AAY;)/P(AlY:) [P(A» /P(A) ][ /A T|A*]

This ratio of probabilities is thposterioroddsratio in favor of model j versusmodel k.

It is invariant with respect to the addition and deletion of models from th{e&rc}ej'gl under

consideration, so long ake prior probabilities{P(A)}_J , are changed in a logically
j=

consistent fashion —that is, ratios P(A)/P(A() remain unchangedor all included

models!! The posterior odds ratio is expressed in (2.3.3hagproduct of therior odds
ratio in favor of modelj versusmodel k, P(A) / P(AQ and theBayesfactor in favor of

model j versus modek, D(YTH)/IO(YTH)-
In the case of thetandardinear model it isstraightforward to worlout themarginal

likelihood and Bayes factorstifis fixed. The product of the properly normalized prior and
data densities is

11This property is analogous to thiedependence ofrrelevant alternatives in the qualitativehoice
literature; see Poirier (1997).
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p(B) p(yIX. B.h) = (2m) "1
(2349 exprr Sﬁ(y—XB)'(y—XB)+(ﬁ—ﬁ)'H(ﬁ—B)m
il 2 EVTEIE

The term in brackets may be expressed as

(235  (B-B)H(B-B)+Q,
with B, H andQ as defined in(2.1.14)-(2.1.16). Substituting(2.3.5) in (2.3.4), the
marginal likelihood is

 P(B)p(yX, B h)dB
- —(T+k)/2hT/2 2 0 _ q __D’_D _po
(2m) R [ expr SP-BiHPE ﬁa+Q;ﬁiB

= (2m) "h" 2|H|MH_M2 exp(-Q/2)
— (2 7_[_)—T/2 hT/2 (|ﬂl/‘ﬁ‘)m
(2.3.6) 0 N\ _ —\' —\ [
E@xpg—.sﬁwsz +(b—ﬁ) hX'X(b—ﬁ)+(/_}—ﬁ) ﬂ(@—[})%
From the lastexpression it isapparent that the marginal likelihood of a linear model
depends on morthat the leassquaredit of y to X, which is measured bthe sum of
squared residualgs®. It also depends othe squaredEuclidean distance of the least

squaredit b from the posteriormean 8, usingthe data-basedorm hX'X; the squared
distance of theprior mean 8 from the posteriormean 3, usingthe prior-based nornH;

and the fraction oposterior precision accountddr by prior precision, as measured by
HI/H].

Expression2.3.2) showsthat the marginal likelihood of modg| p(YT‘A), is the
measure ohow well model A predicted theobserveddata Y; that is relevanfor the
comparison of modglwith any other models. Ifact there is a more formal link between

the marginal likelihood of anodel, andthe adequacy of the model{medictions,that
underscoreshe predictive interpretation op(YT‘A).H To establish thidink, first

consider the distribution of ,,,K ,y, conditional onY, and modej,
(2.3.7) p(wa Y, YUA) :Ie,. p(G,» YUA)H;uﬂp(ys Ys_lﬂjA)dV(G,-)-

As a function ofy,, Ky, after observing Y, and before observingy,,.K,y,,
expression (2.3.7) is theedictive densitpf y,,,,K ,y, conditional onY, and modelA,.

Following the observation ofy,, K ,y, it is a realnumberknown asthe predictive

12The formal demonstration that follows dates at least from Geisel (1977), but the more recent literature has
largely ignored Geisel's result. (Thanks to Jacek Osiewalski for bringing Geisel's thesis to my attention.)
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likelihood of y,.,,K ,y, conditional onY, and modelA. Note that p(yl,K ,yt‘YO,A)
= p(Yt‘Ai), sinceY, ={0}. Substituting for the posterior density in (2.3.7),
pyonK Yo )

ID Bl pbYs8h)
o %[G p(@ ‘A)I_ls 1p(y Y. 1,9],A dV Ql)é_ls u+l

LA AJlo)_sn)

‘;ejp(em)n;( Moo A)s) ” dvn)

Hence forany0su=g <s <K <s, =t, we have

ofvin) o) - ofv.la)

(2.3.8) p(wa’ytYuA)_P(Ysg\Aﬁ) Y ‘Aﬁ) Y. [A)
= Hj:lp(ysr—l"'l’K ’ySr‘YSr—l’A‘)'

This decompositioshowsthat the marginal likelihoodu=0,t =T) summarizes the out-

of-sample prediction record of the model espressed inthe predictive likelihoods
( ‘A) |_|T . (ysr K yS[‘Y ) In the sense made precise (By3.8) and the use

of p( T‘A‘.) in posteriormodel probability and modedveraging,there is no distinction

p(y|Y...6,.A Jav(s))

=

between a model's adequacy and its out-of-sample prediction #écord.

Hypothesis testing is the problem of choosing one model from severtie tontext
of model combination this problem is somewhat artificial, but nonetheless it may be cast as
a formal Bayesian decision problem. With no leak ofgeneralityassumehere are only
two models inthe choiceset. Treating model choice asBayes action, suppogsiat the
lossincurred in choosingnodel i depends only on whicimodel istrue, and so may be
denotedL i[j). Further, supposthat L(ifi)=0 and L(i|j)>0(j #i). Giventhe data
Y ; the expected posterior loss from choosing modsl P(A|YT)L(i|j) (j Z i) and so the

Bayes action, based dhe criterion of minimizing expectegosteriorloss, is tochoose
model 1 if

13The decomposition (2.3.8) may beerpreted as formal expression olMilton Friedman'swell known
identification of a model's evaluatiowith its predictive performance: “Theory is to hedged by its
predictive power.. the onlyrelevanttest of thevalidity of a hypothesis is comparison of jigedictions
with experience” (Friedman, 1953, pp. 8-9; emphasis in originBljere arestriking similaritiesbetween
Friedman (1953pnd Jeffreys (1939, 1961). Thehird edition (Jeffreys1961) contains, in Chapter 1,
essentially the results presented here for the very special case of deterministic dichotomous outcomes.
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239 DAY PAJRYIA) L2
PAlY:)  P(a)p(Y:|A) " L(21)
The valueL (112)/L(2[1) is known as th8ayescritical value OnechoosesModel 1 if the
posterior odds ratio in favor of it exceeds the Bayes critical value. For reasecenomy
an investigator may therefore report only the marginal likelihood, leaving it to her clients --
i.e, the users of the investigator’s research -- to provide their ownrpodel probabilities
and loss functions.The steps of simply reportingrarginal likelihoods an@ayes factors
are sometimesalled hypothesis testing asell. The Bayes factor itseltan beseen to
serve as a test statistic, by rearranging (2.3.9) as
p(Y:/A) | L{12)M(A)
p(YrlA)  L(2I)P(A)
That is, the Bayeaction can be viewed ahoosingmodel 1 if the sample evidence in its
favor (as measured liie Bayes factor) is greater th#me prior expectedoss associated
with its choice.
It is instructive to consider briefly the choice between two magleén a sequence of
prior distributionsp(@lw) in Model 1 in which Iimjmp(elw) =006,00, but
p(YT|61,Aj) is the same for gl It was seen in Section 2.2 that limiting posterior moments

in Model 1 can bevell-defined in thiscase,and may befound convenientlyusing a
corresponding sequence of convergent prior detgtyels. Ifthe likelihood function
satisfies amild regularity condition, like {61 ; p(YT|91,A{) >c} is a compacset of finite

dv(f) measure for al c>0, then Iimjmp(YT|Aj):O. This  ensures
Iimjmp(AﬂYT) =0. Therefore, ifthe prior distribution inModel 1 isimproper whereas

that in Model 2 igproper,the hypothesigest cannot conclude in favor bfodel 1. This
result is widely known akindley's paradox after Lindley(1957) andBartlett (1957). It
can beobservedexplicitly in the linear modelvith h fixed, for which the marginal
likelihood is (2.3.3) If B is fixed but H - 0, then p(BA) - 00p and

[ P(BA)p(yX. ., A)dB - 0 as well

2.4 Hierarchical priors and latent variables
A hierarchical prior distribution expresseshe prior in two ormore steps. The two-
step case specifies a model

(2.4.1) p?(Y.[6.,A)
with a prior density foilf [1© conditional on a vector diyperparameterg 10,
(2.4.2) p?(6lp. A).

and a prior density fop and A OA
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(2.4.3) P9 (@ AlA),
it being understood in (2.4.1) that”(Y,16,A, A) = p(Y;|6.1, @, A).
The full prior density for all parameters and hyperparmeters is
(2.4.4) p(6.9.AA) = pP? (@ A|A) p(z)(6|(p, A).
There is no fundamental difference between piisr density andhe one described in
Section 2.1, since
p(6.2) = [, P (60 A) p (@A A) V().

Howeverthe hierarchical formulation is often so convenient as to render fairly simple the
analysis of posterior densities that would otherwisgut difficult. Given ahierarchical
prior, one may express the full posterior density
(2.4.5) p(6.1. ¢+, A) O p?(Y;16.4,A) p®(6lp. A) p¥ (@ A|A).

A latent variable modedxpresses the likelihood functiontiwo or moresteps. In the
two-step case the likelihood function may be written

(2.4.6) p?(Y+[z;.1,A)

whereZ’, DZT is @ matrix of latent variables adJA. The model foiZ’ is
(2.4.7) p?(Z:]e.A)

and the prior density fop[J® and A is

(2.4.8) P9 (@ AA).

The full prior density for all parameters and unobservable variables is
(2.4.9) p(Z5.A.@A) = pO(@A1A) p?(Z7 ] A)

and the full posterior density is
(2.4.10) p(Z7. 2. @Y. A) 0pO(Y4]Z5.4,A)p? (270 A) p2 (@ A[A).

Comparing (2.4.1)-(2.4.5) with (2.4.6)-(2.4.10), it is apparentttietatent variable
model is formally identical to a modelith a two-stagehierarchical prior, the latent
variables corresponding tihe intermediate level of thaierarchy. With appropriate
marginalization 0f(2.4.10) one may obtainp(Z*T|YT,A), which fully reflectsuncertainty
about the parameters. If one is interested only amd ¢, these distributionsay also be
obtained by marginalization ¢.4.10). Marginalization requires integration oveZ:,
which is possible analytically only in special cases. If the problem is approasimgdthe
simulation methods described beginning in the msedtion,then this integration simply
amounts to discarding simulated valueZof

A simple example of a latent variable model is provided by the textbook probit model,
(2.4.11) y =XB+e, eX~N(O1,), rank(X)=k, d =x,.(¥%)
in which the Txk matrix of covariates X :[x’l,K x'T]' and  decision vector
d' =(d,K ,d;) are observed, byt" = (y;,K ,y}) is latent. To complete the model take
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(2.4.12) B~N(B.H).

In the equivalent formulation of this model using a hierarchical prior the parameter vector is
(y*, ,B). Thefirst level of the hierarchicabrior is 8~ N(/_3 ﬂ‘l), corresponding tg®®

with = B. The second level ig'|(3,X) ~N(XB3, 1), with 6=y’ in the hierarchicaprior
interpretation and; =y  in the latent variable interpretation. (There is no analogy of
this example.) The data distribution is

p(d|y*) = |_|tT=1[X 0 (%) + X (¥ )(L- dr)] -

Either formulation leads to the same joint distributionfoy” andd,

2413)  p{By dX)=(2m) "V H eprr (B~ B) H(p- B
[F_LT:leXp['-fs(y: - ﬁ'xt)Z][X 0 (%) + X (% (L dr)] :

The main conceptual point is that siri8ayesian inference conditions on tblkservables
(d,X), parameters anidtentvariables have the samséanding as unknowentitieswhose

joint distribution withthe observables is given kihe model. As weshall see in Section
3.3, this formulation provides a basis for computations as well.
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3. Posterior Simulation Methods

The objective of inference in a single model,
Hh(w)|Y;,A] = L], hi) p(cd6. Y-, A) p(6]Y, A)dv(w)dv(6),
can be evaluated analyticalinly in a fewspecific simplecases. This section describes

simulation methoddor obtaining a sequence of strongly consistent approximations to
E[h(w)|YT,A], andthe following section willtake up theprocess ofnodelaveraging. In

most applications, it is generally straightforward to find a funclg'g@ﬁT,G), possibly
random, with the property
(3.0.1)E[g(Y+.6) Y+.6.A = E[n(w) Y6, A| = [ h(ew)p(eY.6, A)dw =g
Finding this function is trivial ifh(w)|(Y;,6, A) is deterministi¢. This wasthe case in the
production function examples discussed in Section 2.1h(dl) is random then it is often
straightforward tdake w ~ p(w|YT,6, A) and theng(Y;,6) = h(w). This wasthe case in
the tax revenue forecasting example in Section 2.1.

More generally one may be able to find a function satisfying (3.0.1), but for which
(3.0.2)var[g(Y;.6) .6, A] <varh(w)Y;,6,A].
The turning pointexample of Sectior2.1 provides arillustration. Recall that inthis
example the objectivevas to evaluate P(yT+2 <yT+l<yT|YT) and to this end we took

=(Yri¥rez)-  One could draw [(Y;,6) and use the random function
o(Y7.0) =h(w) = x,(w). Alternatively, one couldiraw only w)(Y,,6) and use the
random functiong(Y,6) = P(w, < w|Y;,6), which requires only the ability tevaluate the
univariate standard normald.f. Yet athird alternative is to employ the deterministic
function g(Y;,6) = lw, <w, <y,|Y;,6) using bivariate quadrature.  Ineach case
E[g(YT,9)|YT,9] = P(Yr., < Yoo <¥s[Y7.6) but var[g(YT,6)|YT,6] is greatest in thdirst
alternative, less in the second, and zero in the %hird.

Throughout we shalinakeuse ofthe notationg(YT,Q), it always beingmplicit that
(3.0.1) is satisfied.

If one could alsamake asequence of independeditaws {H(m)} from the posterior
distribution, then by choosing ™ ~ p(w{YT,H(’“),A) one could guarantee
M‘lz:ﬂh(w(m)) O E[h(w)|YT,A]. But direct simulationfrom the posterior

distribution is rarelypossible. Thissection describes methoftsr obtaining a sequence

ITheevaluationof g(YT,G) may not be trivial at all. For examplBajari (1997) has functions of interest

whose evaluation requires the solution of a system of nonlinear differential equations.
2In some cases the left side of (3.0.2) can be made quite small indeed, and asymptotically it may be made to
approach zero (Geweke, 1988).
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{6(’“)}00 , and an associated weighting functiom(6), with the property that if

m=1

E[h(w(m))‘a(m)] = E[h(w)‘YT,e(m), A] for a corresponding sequen{ae(m)} ::1’ then
Z:ﬂw(e““)) h(w(m)) / Z:zlw(e(m)) Oef - E[h(w)|YT, A] .

The ability to generate such sequenicas improvedyreatly in thepasttenyears, due
in large part to the development of Markov chain Mdbéelo (MCMC) methods and the
dramatic decrease in the cost of computing. We begin by reviewgiore established
methods, acceptance and importance sampling, and then move oGibliksampler and
the Hastings-Metropolis algorithm as examples of MCMC. This is followed byose
abstract development of MCMC theory, a description of some of the hybrid proctddires
make MCMC a powerful tool for posterior simulation, and a discussion of the evaluation of
approximationerror. The section concludesith a description of some public domain
software for posteriosimulation andtwo simple examples. The emphasis here is on
concepts and practicalityWith one exception we provide only referencegptoofs of
theorems. A more general and extensive introduction is provided by Gelmiaf1&95).

A concise presentation of the relevaaintinuousstate space Markov chain thedtat
underlies MCMC procedures is Tierney (1994).

A word of caution. Section2.1 and2.2 emphasized the importance of verifying the
absolute convergence of integrals in the denominator and numerator in the generic
expression (2.1.6) for the posterior expectation of a function of interesithéf condition
is violated, then the simulation methods discussed below in this section have absolutely no
justification, because the posterior expectation allegedly being approxidusdoiexist.

In this circumstance there is often no indication of difficultghi@ output of thgosterior
simulator, whichmay appeareasonable. Absolute convergence ofntegrals must be
verified analytically before using a posterior simulatdrhis is often quite simples.g., if
the likelihood functionp(YT|6, A) is bounded anthe prior distribution isproper,then the

denominator 0{2.1.6) isabsolutely convergent; and if in addition thgor expectation
E[h(a))|A] exists therthe numerator 0{2.1.6) isabsolutely convergent. the prior is
improper, or the likelihood function isnbounded, othe prior expectatiordoes notexist,
then the extra effort to verify existence of thesteriorexpectation at hand must be
expended before proceeding with posterior simulations.

3.1 Acceptance sampling

Acceptance sampling is the algorithm that underlies the generation of random variables
from mostfamiliar univariatedistributionslike the normaland thegamma(Presset al,
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1992). The ideabehind acceptancesampling is to generate a random vectoom a
distribution that is similar, in an appropriate sense, to the posterior distributiothesmtb
accept that drawing with a probability that depends on the drawn value of the vector. If this
acceptance probabilitiunction is chosemorrectly then the accepte@lues will have the
desired distribution.

Theorem3.1.1. Supposethat p*(9|YT,A) is any kernel of theposterior density
p(9|YT,A). Let s'(6) be a source density kernel with respect to the same medwg{fie as
p(61A), with supportSand the property

(3.1.1) 0<p'(8Y;.A)/s(6)<sa<wDnno .
Suppose that the sequer{c@m)} is generated as follows:
(&) Setm=1,;

(b) Generatei~U(0,1);
(c) Generated from the source density;
@) Ifu>p (é|YT,A)/[as* (é)] go to (b); otherwise,
e) 6™ =g;
() Incrementmand go to (b).
Then o™ ~ p(e)Y. A).

Proof. Given® from (c), the probability of proceeding directiyom step (d) to step
(e)isp (6|YT,A) / as*(e). To obtain the unconditional probability of proceeding directly
from step (d) to step (e), integrdtee product othis expression anthe source density of
b,

(3.1.2) J’e[p* (@Y+.A)/as (6)]s (6)dv(6)/ [s ©)dv(e)

=[P (61, A)dv(6)/ a[s (6)dv(6).
The unconditional probability of proceeding from step (d) to step (e)&\it®, [1 O is
(3.1.3) Iel[p* (61Y+.4)/as (6)] s (6)dv(6) /[s ©)av(e)

=[P (81Y+. A)dv(6) / a[s (6)dv(6).
The probability thaté 1O, [1 ©, conditional on arriving at stef@), isthe ratio of(3.1.3)
to (3.1.2), which is

[P (8Y;)dv(6) / [P (8Y;)dv(6) = Ple DO, ). 1

SWe ignore the distinctiobetweenthe mathematical properties ofsaquence of randowariablesand the
properties of (what is properkalled) a pseudo-randowariablesequence creatadsing a computer. For a
discussion of these issues see Geweke (1996) and references therein.
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A successfubpplication of acceptansampling hashreerequirements. Firstthere
must be a source density corresponding to a distribution from whichefficggent and
convenient to make i.i.d. draws. Second, there must be a known upper bahed atio
of the posterior density tihe source density. Finallyhe frequency of rejection (moving
to step (b) from step (d)) must not be so gteat thewhole algorithm is impractical. The
upper bound must be established analytically, whesffmsency can be evaluatddrough
experimentation. Notice thdtaws fromthe source densitynay (and usually dojnvolve
acceptance sampling: for example, if #oairce density is a normal gammadensity, the
software used to draw from this density vékgly employsacceptancesampling, afact
typically transparent to the software user.

Acceptancesampling produces aiii.d. sequence{e‘m)}. Given (3.0.1) it follows
from the strong law oflarge numbersthat g,, = M™ LQ(YT,BW) OFf~g. If in
addition o = var[g(YT,6)|YT,A] exists then fronthe Lindberg-Levy centrdimit theorem
M“[g(YT,Q(”‘)) —g] - N(O, 02), and a secondpplication of thestrong law oflarge

numbers vyields g? = M‘lz:ﬂ[g(YT,B(m)) - ng Off ~ o®  Thus, if the posterior

variance of the function of intereskists, acentral limittheorem may besed inthe usual
way to assesghe numerical accuracy of the approximation th(a))|YT,A] by

MY oY 6).

3.2 Importance sampling

Rather than accept only a fraction of thaws fromthe source density, it is possible
to retain all ofthem, and consistentlgpproximate thgosteriormoment by appropriately
weighting thedraws. The probability density function of theource distribution ishen
called thamportance sampling densjtg term due to Hammersly and Handscqi®64),
who were among the first to propose the method. It appears to have been introduced to the
econometrics literature bifloek and vanDijk (1978). To help distinguish between

acceptance and importance sampling we shall indicate the imposemg@éing distribution
by its densityj(8) with respect to the same measdig6) as the prior densitp(6/A). Let

j'(8) be any kernel of(8), and letp’ (6|YT, A) be any kernel op(9|YT, A).

Theorem3.2.1. SupposeE[g(YT,6)|YT,A] exists,and thesupport of j(6) includes

©. Then
G = 3 9 Yr 07 )w(6™)/ 3 (o) OEF - Elg(v: 0¥, A = g,
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where w(6) = ( )/j Is the correspondingveighting function If in addition
both E[W (6) |YT,A] _Ie (6|Y A)dv(6) and var[g(YT,6)|YT,A] exist, then
(3.2.1) M*2(g,, - g) (I - N(0,0?),

and

@22 &h=MY" [ov..6")-g,] w(e) [3 w(em)] 0rr-on

Proof reference Geweke (1989b, Theorems 1 and 2). ##

This result provides practicalway to assesapproximation error and alsadicates

conditions in which the method of importance sampling wdlk well. Small variance in
w(6), perhaps reflecting close upper and lower bounds/(@), will lead to small values

of ¢® relative to var[g(YT,9)|YT,A]. Of course,the existence ofE[w(6)|YT,A] and
var[g(YT,6)|YT,A] must be verified analytically.The following implication of Theorem

3.2.1 is often useful in the latter undertaking.

Corollary 3.2.2. |If var[g(YT,0)|YT,A] exists and the weighting function
w(6) = p*(6|YT,A)/j*(9) is bounded, then (3.2.1) and (3.2.2) are true. H#

The hypothetical special cag@) [ p(9|YT,A) corresponds to i.i.d. sampling from the
posterior distribution, sincéhe weighting function is themonstant. In thiscase,
o’ :var[g(YT,6)|YT,A], which can serve as a benchmark @valuating the adequacy of
j(6) in all other cases. The ratio var[g(G,YT)|YT,A]/02 has been termed theelative
numerical efficiency of the importance sampling approximation 1E[g(YT,6)|YT,A]
(Geweke, 1989b): it indicates the ratio of iterations u;;(r&jj{T,A) itself as the importance
samplingdensity, tothe numberusing j(6), required to achieve the same accuracy of
approximation of g.  Since boththe numerator and denominator of thatio
var[g(B,YT)|YT,A]/a2 can be approximated consistently as the numbedrafvs M
increases, this is practical indication of the computational efficiency of importance
sampling. Relative numerical efficiency mudhssthan1.0 (lessthan 0.1, certainly less
than 0.01) indicates poor imitation p(9|YT,A) by j(6), possiblythe existence of a better
importance sampling distribution or the failure of the underlying convergence conditions
for (3.2.2).

Acceptanceand importance sampling are closedjated. If(3.1.1) is satisfiedthen

the source density used acceptancsampling can be an importance sampling density in
importance sampling and the weighting functim@) will be bounded as assumed in
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Corollary 3.2.2. Which procedureshould be used depends armputationtime and the
acceptance probability in acceptance sampling. If drawdifiy and evaluating the relevant
densities is expensivelative to evaluation of th&unctions g(YT,B), and if acceptance
probability is low, then importance sampling is more attractive; and conversely.

Importance sampling is an importanseful tool in modifying priordistributions.
Supposethat models A and A, are distinguished only by theirprior densities
p(@‘A,), ] =1,2. Suppose that one has available an i.i.d. sample thieosterior density
p(6|YT,A) O p(6|Ai) p(YT|6,AE). If p(9|A2)/ p(9|A) is bounded above the|v(9|YT,Al) is
an importance sampling densityr p(0|YT,A2) that satisfiesthe conditions of Corollary
3.2.2. The weighting function i&(6) = p(9|AZ)/p(6|AL). Thus, one maghange therior
distribution without reworking the entire problem. The ability to do so makes conditionally
conjugate priodistributions, ofthe kind discussed irSection 2 in conjunction with the
standardlinear model, attractive asreporting devices because an investigatogsults,
produced with suclpriors, may be modified by a clienwith different priors. This idea
will be developed more fully in Section 6.

3.3 The Gibbs sampler

The Gibbssampler is an algorithm thétas beenused withnoted success imany
econometrianodels. It isoneexample of avider class of procedures known Markov
chain Monte CarldMCMC). In these procedurdie idea is ta@onstruct a Markoxhain
with state space®, and unique invariant distributiom(6]Y;,A). ~Following aninitial
transient orburn-in phase,simulated values fronthe chain areused toapproximate
Eo(Y+.0)Yr. Al

Markov chain methods have kastory in mathematicalphysics dating back to the
algorithm of Metropolist al.(1953). This method, which is described in Hammersly and
Handscomb (1964Section9.3) and Ripley (1987, Section4.7), wasgeneralized by
Hastings (1970), who focused on statistical problems, and was further explored by Peskun
(1973). A versionparticularly suited tomage reconstruction and problems spatial
statistics was introduced by Geman and Ge(i&84). This was subsequentshown to
have great potential for Bayesian computation by Gelfand and $8i€®). Their work,
combined withdata augmentatiomethods (Tanner and/ong, 1987), has provevery
successful irthe treatment of latemariables in econometrics. Sindé®90 application of
MCMC methods has grown rapidly (Chib and Greenberg, 1996).

This section andhe next concentrate on a heuristic developmemtvofwidely used
variants of these methods, the Gibbs samplertiamtiastings-Metropolis algorithm. The
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general theory of convergence is taken up in Se®ibn Section3.6 details someaiseful
specific variants and combinations of thesethods. Section3.7 turns tahe assessment
of numerical accuracy.

The Gibbs sampler begins with a partition, biocking ofé, 6’ :(6('1),K ,9('8)). In
applications,the blocking ischosen sathat it is possible to draw fromeach of the
conditional p.d.f.s, ( ‘YT,G (a<b) 6, (a>h), ) This blocking can arise
naturally, ifthe prior distributions forthe 6(b) are independent anebch is conditionally

conjugate. To motivate the key ideaderlying theGibbs samplersuppose —eontrary to
fact — that there existed single drawing8®, 8'® = (0'(0) K.6§ ) from p(0|YT,A).

@
Successively make drawings from the conditional distributions as follows:
6((11))~p( 69K 6 A)
M - @ Ao (0)
62 p( 805K . 0(g), A)
M
® - @) (1) (0) (0)
Ob) p( 78y K 181y By K ’9<B>’A)
M
6 ~ p{ v 0K 6., A).
This defines a transitionprocess from 6 to 1)—(6('1),
6 ~p(6)Y;. A),
(6% .62,.60.6, K .69)~ p(elY-.A)

’(B

(3.3.1)

K G(S)) Since

at eachstep in (3.3.1) by deflnltlon of the conditionaldensity. In particular,
6% ~ p(gY,.A).

lteration of this algorithmproduces a sequencé®, Y K ,6(™ K which is a
realization of a Markov chaiwith probability density function kerndbr the transition
from point 8™ to point 8™ given by

(3:32)Ko(67,6™) = [ e{6fy V.8

Any single iterated™ retains thepropertythat it isdrawn fromthe posterior distribution.
For the Gibbssampler to be practical, it is essential thathilueking be chosen in such a
way that one can make tideawings in arefficient manner. Ineconometrics the blocking
is often natural and the conditiordiktributions familiar. In makinghe drawings(3.3.1)
acceptance sampling is often useful.

The appeal of th&ibbssampler is easy to illustrate withe standardlinear model
(2.1.7)-(2.1.9): The results (2.1.17) and (2.1.18) indicate that the blocking

)(a> D), 6 Y(a<b),A
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) = B, 6, = h meets the criterion that drawings can be made in an effitianher. The

probit model introduced in Sectidh4 is afurther example, as noted Wbert and Chib
(1993). From(2.4.11)-(2.4.12) it isevident that conditional on the vector Gftent
variablesy’ the distribution of3 is given by(2.1.17) if we usey’ in place ofy and set
h=1. Examination othe kernel 0f(2.4.13) iny" showsthat given3 andX the y, are
conditionallyindependent, withy, ~ N(B'xt,l) truncated td0,) if d, =1 and truncated
to (-»,0) if d =0. An efficient algorithmfor drawing from truncated normal
distributions is given in Geweke (1991). In both cases, givawings forthe parameters
it is straightforward to produceumerical approximations tE[h(a))|YT,A], as indicated at
the start ofthis section. And asdiscussed irbection2.1 the evaluation ofE[h(a))|YT,A]

subsumes most of the uses to which these models are put.

Of course, if itreally were possible tanake an initialdraw from the posterior
distribution, then independence Montarlo would also be possible. Ammportant
remaining task is telucidateconditions forthe distribution of 8™ to converge to the
posterior for any6® 0O. This is not trivial, because even &® were drawn from
p(9|YT,A), the argument just given establishes only that any s#f§les also drawn from

the posterior distribution. It does not establifiat a single sequence{e(m)} 5

m=1
representative of thposterior distribution. For example, ® consists of twadisjoint
subsets®©, and ©, with 6,>6, 0 6, O,, then aGibbssampler thabegins in©, will
never visit®, and vice versa (see Figure 3.3.1.) This situation clearly does not arise in the

Gibbs samplers fothe standardinear and probit modelgist described, bugvidently a
careful development of conditions under whii:ﬁ‘m)} converges in distribution to the

posterior distribution is needed. We outline these developments in Section 3.5.

3.4 The Hastings-Metropolis algorithm

The Hastings-Metropolis algorithm begins with an arbitrary transition probability
density functionq(x,y) indexed byx [J® and with density argumentJ®, and with an
arbitrary startingvalued® 0O. The random vecto8" generated frorrq(e(m),e*) is a

m+1)

. The algorithm actually se™? = 8" with probability

0 o) = i PO Yo A .67) B Ep(e]Y:.A)/o6™.6) 5
(3.4.1) a(e( ) 9 )_mm%o(e(m)m,A)q(G(m),G*)’ 15— mm%)(e(mﬂYT,A)/q(G*,G(m’)’ 1%,

otherwise, the algorithm se®™? = 6™ This defines a Markov chain with a generally
mixed continuous-discrete transition probability fré@¥’ to 6™ given by

candidate value fo6'
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Bq(g(m)'g(m‘fl))a(g(m)’ 9(m+l)) if M £ gm
KH(Q(m)'Q(mﬂ)) - E__I q(g(m)'g)a(g(m)’ g)dv(g) ¢ gim 6(”‘)-
[C]
This form ofthe algorithm is due tblastings (1970). The Metropolis eal. (1953)
form takes q(G(m),H*) = q(e*,9<m>). A simple variant that is ofteuseful is the
independence chaifTierney, 1994), Wherebg(e('“),e*) =k(6'). Then

a(e(m)ﬂ*) = min%(e* |YT’A) k(e(m)) ,1%= minaw(e*) ,1%

POV AKE) T Ee")
where w(0) = p(6|YT,A)/k(6). The independence chain is closely relatecdeeptance

sampling and importance sampling. In acceptance sampling,pb#terior density is low
(high) relative to thesource densitythe probability of acceptance isw (high). In
importancesampling, if the posterior density is low (highjelative to the importance
sampling the weight assigned to the draw is low (high)thénindependencehain, to the
extent theposterior density is lower (highemlative to theproposalthanwasthe case in
the previously accepteddraw, the probability of accepting thgroposedvector is lower
(one).

There is a simpléwo-stepargument that motivates the convergence of the sequence
{9("“)} generated by the Hastings-Metropolis algorithm toptbsterior. (Thisapproach is
due to Chib and Greenberg, 1995.) First, observe tlia ifransition probability function
p(9<m>, 6(’“”)) satisfies theeversibility condition
(3.4.2) p(g(m))p(g(m), 9(m+l)) — p(g(mﬂ))p(g(mﬂ), g(m)),
for stated p(0, then ithas p(0) as an invariantistribution. To seehis, note that if
(3.4.1) holds then

J‘e p(g(m)) p(g(m) ’ Q(m+1))d V(H(m)) - Ie p(e(mﬂ)) p(g(mﬂ) ’ Q(m))dv(g(m))

- fom ) o oo o)
For 8™ =™ (3.4.2) issatisfied trivially. For 8™ # 8™  suppose without loss of
generality thalp(e(m”)) / q(Q(m) , 9(““*1)) > p(Q(m)) / q(G(m”) , 9(”‘)) . Then
p(g(m) ’ 0(m+1)) — q(g(m) ’ 9(m+1))

and

p(e‘m+1>,9(m)) - q(g(mﬂ)’g(m)) O p(e(m))/q(e(mﬂ)’e(m))

CRIECIERN o(6™) (6™, 6) /p(e™)

whence (3.4.2) is satisfied.
In implementing theHastings-Metropolis algorithnthe transition probability density
function must share twimportantproperties. First, imust be possible tgenerate§
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efficiently from q(9<m>, 9*). A second key characteristic of a satisfactory transfrocess

is that the unconditional acceptance rad¢ be so lowthat the timerequired to generate a
sufficient number of distincé™ is too great.
In the case of the independence chain Hastings-Metropolis algorithm will be

efficient under essentially the same condititiveg thecorrespondingmportance sampling
algorithm with the samej(6) will be efficient. If there are values of for which

p*(6|YT,A)/j(6) is very much greater than at othexrlues,then the importance sampling
algorithm will placevery high weights on thesealues, whichare drawn infrequently
relative to p*(6|YT,A). The Hastings-Metropolis independence chain will tend to remain at
such values for many successive iterations. In either case relative numerical effiiency
as a consequence, be low.

Another variant of thédastings-Metropolis algorithm ithe randomwalk chain, in
which q(@““’,@*) = f(B(’“) —6*) = f(e* —6‘"‘)). For example f could beultivariatenormal,

with mean0 and a constant variance matrix. tHe variance matrix ishosen taeflect the
shape ofp’ (9|YT,A) at least roughly, then this algorithm can be quite efficient .

3.5 Some MCMC theory

Much of the treatment hedrawsheavily on thework of Tierney (1994), whofirst
usedthe theory of general state space Markov chains to demonstmatergence, and
Roberts and Smitfl1994), whoelucidated sufficienconditions forconvergence thatrn
out to be applicable in a wide variety of problems in econometrics.

Let {B(m)}m be a Markov chain defined o® 0O with transition density

K:@x® - O such that, for allv-measurable®, 0 O,
P6™ 00,6") = [ K(6,6)dv(e) + 1(6™)xo,(6),
where r(e““—l)) =1-[ K(G(m‘l) , B)dv(G).

The transition density K is substochastic: it defioady the distribution ofaccepted
candidates. Assumthat K has no absorbing states, #uat r(6)<10600. The

corresponding substochastic kernel avesteps is then defined iteratively,
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K(m)(g(o) ’ g(m)) — J’@ K(m—l)(g(o) ’ 9) K(Q, Q(m))dV(Q)

+ K(m—l)(g(o)’ Q(m)) r(g(m)) + [r(e(O)) m K(Q(o)’ e(m))_
This describes athtstep transitions that involve at least @weeptednove. As dunction

of 8™ it is the p.d.f. with respect to v of 6™, excluding realizations with
6™ =6 0n=1K ,m. Forany v-measurable®, let P(’“)(G(O),@O) denote themith

iterate of P,
PO(6,0,) = [, K™(6,6)av(8) + r(6°)]" X, (6)-
An invariant distribution of the transition density K is a functjf{i@)) that satisfies
P(©,)= [, plE)av(e) = [, P(6™ Do, = 6)p(6)dv(6)

= I@{ L. K(6.6)dv(6) +r(8) xo, (9)} p(6)dv(6)
for all v-measurabled,. Let © ={600:p(6)>0}. The densityK is p-irreducible if
for all 6 0O, P(©,) > 0 implies thatP(’“)(B("),Go) >0 for somem=1. Return to Figure

3.3.1, where the support is disconnected and the Markov chain is the Gibbs sampler. Note
that if 6 0O, it is impossiblethat 8™ 0O, (j #i, anym>0). Thusthe transition
density is not irreducible in thisase. There aretwo invariant distributions, one for(:)1
(reached if6"® 0®,) and one fo®, (reached 6 0G,).

The transition densityK is aperiodic if there exists no v-measurable partition
=06, (r=2) such that

ﬂ@mmé

mmod(r)

6 Déo) =1 Om.
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It is Harris recurrent if P[Q(m) DOOi.o.‘H‘O)]:l for all v-measurable ©, with

[, p(6)dv(6) >0 and all 6°) 0o.4 It follows directly that if a kernel iarris recurrent,

then it is p-irreducible. A kernelvhoseinvariant distribution igproper,and that is both
aperiodic and Harris recurrent,aggodicby definition (Tierney, 1994, pp. 1712-1713).

A useful metric inwhat follows isthe total variatiommorm for signed and bounded
measures ¢ defined over the field of all v-measurable sets § on O:

”H” = SUPo, s, ,U(G)O) - infeoms, H(Oo)'

Theorem 3.5.1. Convergence of continuoustate Markov chains Suppose
p(6|YT,A) is an invariant distribution of the transition dendﬁ(/H, 6*).

(A) IfKis p(9|YT,A)-irreducibIe, therp(0|YT,A) is the unique invariant distribution.
(B) IfKis p(9|YT,A)-irreducibIe and aperiodic, then excguissibly for68© in a set
of posterior probability OHP"“) (6(0),[) - P( 1y, A)H - 0.
If K is ergodic (that is, it is also Harris recurrent) then this occurs f@& @l
(C) If K is ergodic with invariant distributionp(6|YT,A), then for all g(Y,,6)
absolutely integrable with respectp(B|YT, A) and for all6®® 0O,
My oY 6") O~ [ o(Y,.6)p(6lY:.6)dv(6).
Proof. (A) and(B) follow immediatelyfrom Theorem 1 an¢C) from Theorem 3 in
Tierney (1994). HH#

For the Gibbs sampling algorithm we argued informally in Se@&i8rthat p(9|YT,A)
is an invariantdistribution. More formally, from (3.3.2) we have for the blocking
&= (‘9('1)’ 9('2))’

[,Xc(6.6")p{6lY, A)av(e) = [, p(er(*l)\\(T B, A) p(egz)\YT 6, A) p(61Y;, A)dv(6)
= p{0|Yr- 6y Al P61 1Y 6 A) (Y, A)v(6)
= p{6,| Y6y, A)p(6] Y+, A) = p(6'Y, A).
The general resulfor more thantwo blocks follows by induction. Thus, it is the

uniqueness ofhe invariant state that is ssue in establishingonvergence of th&ibbs
sampler. The following result is immediate and is often easy to apply.

4The expression “i.0.” in P[e(’“) Déi.o.|9(°)]:1 means “infinitely often.” The condition is that

lim,,_ P[5 (6) s L] =00,
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Corallary 3.5.2. Afirst sufficientcondition for convergence of th&ibbs sampler.
Suppose that for every point 8 0© and every ©,0© with the property

A6 00,|Y;.A)>0, it is the case tha‘PG(B(m”) 00,Y,,6™ =6, A) >0, whereP;(0) is

the probability measure induced by the Gibbs sampler. Tee@ibbstransition kernel is

ergodic.
Proof. The conditionsensurethat P, is aperiodic and absolutely continuous with
respect top(6|YT,A). The result follows from Corollary 1 of Tierney (1994). #t

A complement to Corollary 3.5.2 is provided by Roberts and Smith (1994).

Theorem 3.5.3. A second sufficieonditionfor convergence of th&ibbs sampler.
Supposehat p(9|YT,A) is lower semicontinuo@sat 0 and J’e(b) p(9|YT)dv(9(b)) is locally
bounded(b=1K ,B). Suppose alsthat © is connected. Thethe Gibbs transition
kernel is ergodic. #H

Theorem3.5.3 rules out situationsike the one shown in Figure3.5.1, where the
posterior density is uniform on a closed set. &wy point & on theboundarythere is no
open neighborhoodN, suchthat for all 8" ON,, p(6*|YT,A) is bounded away from 0.
The pointA is absorbing. Tierney (1994) discussesaker conditions foconvergence of
the Gibbs sampler. Howevethe conditions of CorollarB.5.2 orTheorem3.5.3 are
satisfied for a very wide range of problems in econometrics and are easier to verify.

Tierney (1994) and Roberts and Smith (1994) show that the convergence properties of
the Hastings-Metropolis algorithm are inherited from those(éfe*): if q is aperiodic and

p(6|YT,A)-irreducibIe, then so ithe Hastings-Metropolis algorithm. This feature leads to

a sufficient condition for convergence analogous to Corollary 3.5.2.

Theorem3.5.4.  Afirst sufficient condition for convergence of theHastings-
Metropolis algorithm. Supposehatfor every point & 0O and every®, 0 © with the

property P(6 0O, |Y,,A) >0, it is the case thaf, q(6.6")a(6.6")dv(6") + 1(6) ., (6) > 0.
Then the Hastings-Metropolis denst(B, 6*) = q(9, 6*)0(9, 9*) is ergodic.
Proof. The conditionensurethat the transition kernel is aperiociaid p(6*|YT,A)-

irreducible. Thus, byCorollary 2 of Tierney(1994), the Hastings-Metropolis density is
Harris recurrent. Since the kernel is both aperiodic and Harris recurrent, it is ergodic.  ##

5A function h(x) is lower semicontinuous at O, for all x with h(x)>0, there exists anopen
neighborhoodN, O x and & >0 such that for ally ON,, h(y) = £ > 0.
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A complementary sufficient conditidior convergence of Hastings-Metropolis chains
is provided bythe following result, which is analogous ftheorem3.5.3 for the Gibbs
sampler.

Theorem3.5.5. Asecond sufficientondition for convergence of thédastings-
Metropolis algorithm. Supposehat for every 600, p(6|YT,A)>O, and forall pairs

(6(’“),9(’“”)) 0O x0, p( Y, ) and q( 9””1)) are positive andontinuous. Then
the Hastings-Metropolis kerné!,, is ergodic.
Proof. See Chib and Greenberg (1995) or Mengersen and Tweedie (1993). #

Onceagain,the conditions are sufficient but naecessaryput weaker conditions are
typically more difficult to verify. On weaker conditions, see Tierney (1994).

3.6 Variants

There are many variations on thesethods,and alone or in combination witkach
other they provide a powerful sourcefleibility that can bedrawn upon in construction
posterior simulators. Here waiefly review two. Further discussionan befound in
Tierney (1994) and Gelman et al. (1995).

Mixtures and combinations
SupposeK(j)(Q(m),G(m*l)( =1K,J) are Markov chairkernels, eachwith unique

invariant distribution p(9|YT,A). In a mixture, positive probabilitiey,,K ,y, with
Zleyj =1 are specified, and aachstep one othe kernels is selecteatcordingly. The
candidated” is drawn fromthe transition probability densiselected, andhe acceptance
probability (3.4.1) is based upahe q( D[) of the kernekelected. Obsenhat if one of
the kernels in a mixture is Harris recurrent, then so is the mixture, and if dne keérnels
in the mixture isaperiodic, so ishe mixture. Hence if one ahe kernels in a mixture is
ergodic, so is the mixture kernel.

A combination is a variant on this strategy: construct a single transition density
q(6.6°) = Zleyj q”(6,6°) whereeachq?”(6,6") is a probability density function ",
y,>0(j =1K ,J) and z;zlyj =1 If a single transition densitq"(6,6") is ergodic,

then so is the combination.
The use of mixtures ocombinations is often key in successyplications of the
Hastings-Metropolis algorithm. For example, if the log likelihood function and its first two
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derivatives can be evaluated in closiedm, then genericversions ofthe Hastings-
Metropolis algorithm can be constructib@t work well in a wide variety of applications
(Geweke, 1998). The idea is that a candidate can teosen from one of several
distributions: for example, the mixture could include a normal or Studkstribution fit to
the global posterior mode; a similar random walk component, legttion vector equal to
the current value and scale matrix determifmech the Hessian otthe logposterior at the
current value; and thprior distribution. “Local” components of thenixture, like the
randomwalk, adjusted to thdocal shape ofthe posterior,tend to concentrate candidate
draws in regions wheracceptance ikely. “Global” components othe transition, like
the prior, have loweracceptance probabilithut cause the algorithm to explore distant
regions ofthe parameter spas®onerthan would otherwise behe case. As apecific
example, in the case of the probit model it is straightforward to integralatehe variables
explicitly and write the posterior density kernel in standard form,

(3.6.1) (27" H[" expEpS(ﬁ-é)'uﬁ(ﬂ-ﬁ)ﬁ‘lll{dm(ﬁ'xt) +(L-d)a- o(ex,)]}

The gradient anéiessian ofthe log posterior density kernedre easily derived (see
Greene (1997, Section 19.4) for the relevant portions freniikelihood) and ddastings-
Metropolis algorithm for this model sraightforward to implement. We shall return to a
comparison of thesibbs sampler and Hastings-Metropolis algorithfor this model in
Section 3.9.

Metropolis within Gibbs

Another variant in MCMC is taiseconditioning and then apply a more basic strategy
to the conditionatlistribution. For example, draws fronnaultivariate transitiordensity
entail both conditioning an@cceptancesampling, although this process is transparent in
most software (Gewekd996, Section2). Anothersuch strategythat is quiteuseful in
Bayesian econometrics, ihe Metropolis within Gibbs algorithm (Zeger and Karim
(1991), Chib and Greenber(l1996)). In atwo-block Gibbs sampler, supposigt it is
straightforward to sample fronp(e(l)‘YT,G(z),A), but the distributioncorresponding to

p(e(z)‘YT,e(l),A) is intractable. TheHastings-Metropolis algorithncan beused inthese

circumstances, and it often provides efficient solution tothe problem. In what has
becomeknown asthe Metropolis-within-Gibbs procedure, #te (+1)'th iteration first
draw 6, from a proposal densitq(e(‘g),9(*2)‘6(‘1”)“”)). Accept this draw with probability
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If is 6, accepted therg;™ = 9(*2, and if not theng;™ = 6(;). The extension of this

min3

procedure to multi-blockGibbs samplers, with a Hastlngs-Metropcﬁlgorithm used at
some (oreven all) of theblocks is clear. For further discussisee Chib and Greenberg
(1994), and for a proothat theposterior distribution is an invariant state of this Markov
chain see Chib and Greenberg (1996).

3.7 Assessing numerical accuracy in Markov chain Monte Carlo

In any practical application one is concerned i discrepancyg,, —g. A leading
analytical toolfor assessing thigliscrepancy is a centrdimit theorem, if onecan be
obtained. This wasiccomplished in SectioB.1 fori.i.d. sampling fromthe posterior
distribution, and in Section3.2 for importance sampling. The assumption of
independence, key to thosesults, doesot apply in Markov chaiMonte Carlo. The
weaker assumption of uniform ergodicity yieldsentral limittheorem, however. Let
P(”‘)(H(O),@O) denote P(G(’“) D@O‘G(O)) for any 6 0O and for any®, 0 © for which
P(Q DOO|YT,A) is defined. The Markov chain is uniformly ergodic if
supmHP(m)(e,E) - P(EI}(TA)H < Mr™ for someM >0 and some positive <1.

Tierney (1994, p. 1714) demonstrates two reshls are quitauseful in establishing
uniform ergodicity. First, anindependence Metropolis kernel with bounded weighting
function w(0) = p(6|YT)/j(6) is uniformly ergodic. (Recalling the similarity between the
independence Metropolis kernel and importance sampling and Cor®l&af/this result is
not surprising.) Second, dne kernel in a mixture of kernels is uniformdygodic, then
the mixture kernel itself is uniformly ergodic.

The interest in uniform ergodicitgtems fromthe following central limit theorem.
Note how close this result is to Corollary 3.2.2.

Theorem3.7.1. Acentral limit theoremfor Markov chain Monte Carlo. Suppose
{6(”‘)} is uniformly ergodic with equilibrium distributiop(6|YT,A). Suppose furthethat

E[g(YT,9)|YT,A] =g and var[g(YT,9)|YT,A] exist and are finite, and let
g, =M™ :zlg(YT,G(”‘)). Then there exists finite such that
(3.7.1) M**(g,, - g) I - N(0, 0?).
Proof. Tierney (1994, Theorem 5), attributed to Cogburn (1972, Corollary 4.2(ii)).
#i
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Thus for anyMarkov chain{e(m)} with invariant distribution p(6|YT,A), one can

guarantegq3.7.1) bymixing the chainwith an independence Metropolis kernel with a
bounded weighting function, so long # posteriormeanand variance ar&nown to
exist. Ifthe likelihood function ioundedthen theprior distribution itself will provide
such an independence transition kernel.

Nevertheless, some practical concerns rem@ne difficulty is that useful conditions
sufficient for approximation of theinknown constantg® have not yet beedeveloped.
Thatis, there is nog?, for which 67 — o”as there idor independence and importance
sampling. A secondifficulty is assessinghe sensitivity of 8™ to the initial condition
6. For example, conside¢he Gibbs sampler in the case of a multimodabsterior
density. In the limiting case of Figure 3.3.1 the Markov chain is reducibleghafgase is
approached sensitivity to the initial condition increases, as s#&d correlation, since the
probability that 8™ will be in one region conditional 08™™* being in the othegoes to
zero. Assessing convergence given the possibility of such problems is clearly nontrivial.

There is an extensive literature thms problem. A goodhtroduction is provided by
the papers of Gelman and Rubin (1992) and Geyer (1992hamdliscussants. Geweke
(1992) developed a consistent estimatoraf in (3.7.1), underthe strong condition that

conventionaltime series mixing conditiongfor exampleHannan, 1970, pp. 207-210)
apply to{G("‘)}. There is nanalyticalfoundation for this assumption, biltese methods

are now widely used anchave provenreliable in thesensethat they predict well the
behavior of the Markov chainvhen it is restarted with anew initial condition, in
econometric models.

In practice, some robustness itetial conditions is achieved by discardimgtial
iterations:10% to 20% is common. By drawing® from the prior distribution, using a
random number generator withfresh seecdeachtime, severakuns may provide some
indication of whether theesultsare sensitive tonitial conditions as they mighte, for
example, given near-reducibility dfie kind that may arisérom severe multimodality. A
formal test for sensitivity to initial conditionsas developed by Gelman and Rul{itR92)
and is described n Sectiédh8. Forother testdor sensitivity toinitial conditions see
Geweke (1992) and Zellner and Min (1995).

3.8 Software

Posteriorsimulation software for someconometric models is publiclgvailable at
www.econ.umn.edu/~bacc . This site alsoprovides softwarethat facilitates the
approximation of the investigator’'s posterior moments (deschiee),the approximation
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of marginal likelihoods (described in Sectidnb), the approximation of moments not
recorded by the investigator (Sectidh2), modification of the investigator'sprior
distribution (Sectior6.2), and other computations based on posterior simulaidput.
Posterior simulation software is available as Fortran source code@Gfadxecutabléles.
All other software isvailable insix languagesFortran, ¢, Gaussylatlab, Mathematica,
and Splus.

All the software is organized arouride creation andgubsequent use of posterior
simulatorfiles. A posteriorsimulator file is initially theoutput of a posterior simulator
designed for garticular econometrimodel. Foreach iteration itecords, at aninimum,
the full parametewvector. Ingeneral everysth iteration of aposterior simulator is
recorded.

The initial record of a posterior simulatife consists of twantegers: thdirst is the
number of iterations, anithe second ighe number of entries in the vector writtenegch
iteration.

For each iteration, two records are writtefhe first record is annteger followed by
three real constants. The integer is the iteration number; it reflects the nurskigrso§-

1), if any, between iterations. (Thisiteger is onlyfor convenience in examining the
posterior simulator file and is not used in any way by anghe@software.) The first real
constant is the logarithm of the weighting function, that is, the log ratio of posterior density
kernel to importance sampling kernir many MCMC methods, thisvalue iszero. The
secondreal constant is the logarithm of thgrior density (notmerely the kernel),

log p(9|A), at the parameter vector for the iteration. The third real constant is the logarithm
of the datadensity (notmerely thekernel), log p(YT|0, A), at the parameter vectéor the
iteration.

The second record for each iteration is a vector of parametefpen@ps) functions
of these parameters, written five entries lpg and in general occupyingultiple lines.

The organization of this vector is specific to the particular application, and it is necessary to
know how the vector has been set up in order to make sense of the posterior simulator file.

The progranmoment calculates posterianeans and posterior standard deviations,
assessethe numerical accuracy of thmosterior meansand optionally writes amachine
readable filefor subsequent use lige programapm describedoelow? Each column of

6Complete documentation for all software is provided at the website. ®iiscgoftwarewill continue to

be developed and improved, some details provided in this article will become outdated. Users should rely on
the website documentation for actual uatherthan the descriptions ithis article, whichare intended to
provide concrete examples of how Bayesian inference, development and communication can proceed.

The structure of inputs to this and all other programs is specific to the language in which the program is
written. Technical details are provided at the website.
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the posterior simulatomatrix corresponds to a function afterest g(G, YT). For each
column indicatedmoment computes a numerical approximation to the posteniean of
this function, ignoringhefirst r iterations of theM posterior simulations and using only
the lastM —r.
The numerical approximation of the posterior mean of the function of interest is
§= 3 . 0")ol¥r.67)/ 3 w(6")
where g(YT,G(’“)) is the evaluation of(Y,,8) in themth iteration.

The numerical approximation of thmosterior standard deviation die function of

interest is v
(52, wlofolv..o7) - /57 .w(o")

Four variants of a numericatandard error fothe accuracy of the approximation of
the true posterior moment E[g(YT,6)|YT,A] by the numerical approximatior§ are

provided.  To describe these, let n,, =(M —r)‘lz::mw(@m)g(G(m),YT) denote the
numerator ofg andlet d,, =(M - r)'lz::rﬂw(e”‘) denote the denominator @f. Using
the conventional asymptotic expansion (“delta method”),
1

var(n, /d,) =[dyt - —n,d éovv?:fnr?) Covvif(“gMd) )%énd d_zg
The four variants of the numerical standard ersoe,(n,, /d,,) = [var " /dM)] " arebased
on different approximations ofar(n,, ), cov(n,,,d,,) and var(d,, ).

The first methodassumes ncerial correlation in{e(m)}, and is appropriate for

independence or importance sampling Following Geweke (1989b) this leads to

va(n/a,)= 3" wlo”) ol v.) -] /[, o)

(The square root of the value on the rlght hand side is reportedingnt.)
In the other three methodsar(n,, ), cov(n,,,d,,) and var(d,,) are approximatedising

conventionaltime series methods for a wide serstationaryprocesssimilar to those
described in Geweke (1992). In the casea(d,,),

(3.8.1) var(dy,)=(M-1)"Y 7 [(L-9)/L]c(s
where for s>0, ¢s)=c(-5)=(M- r)_lzm r+S+l[W - dM][W(G(m'S)) - dM]. For
var(n, ), the approximation is the right hand side of (3.8.1) but with

o(9) =c(-9)=(M - r)‘lZ:Zr+s+l[g(9(m))w(9(m)) - nM][g(e(m‘s))w(B(m‘s)) - nM],
wheres>0. For cov(nM,d ) the approximation is the right hand side of (3.8.1) but with

o9 =(M-r)* 3 o6 w(e™) -, Jw(e™) -]
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The three variants differ in the value bfchosen. Irthe first, L =.04M -r); in the
secondL =.08(M -r); and in the thirdL =.15M —r).8

The programapm combines posterior moments framo or more machine-readable
moment output files. It providesnumerical standard errors andonventional test
statisticsfor the equality of thesamoments, undetthe assumptionthat the posterior
simulations from whictthe moment output files were createdye independent of one
another. The user specifieshe number of machine-readable output files created by
moment, the number of moments machfile, and the names of the machine-readable
moment output files. The number of moments must be the same in each file.

The programapm produces these resulfisur different times, corresponding to the
four variants of the numerical standard error for a posterior moment just discusthexle If
are J moment output files, the combined posterior moment approximation is
g= Zlevj Q]./Z]_levj , where{; is the moment in thgth file and v, is the inversesquare
of its numericalstandarderror. The programapm providesthe conventional chi-square
test of § =K =g, (in four variants), andhe marginal significance level dhis test
statistic. If theJ moment outputfiles werecreatedusingJ independeninitial conditions
for the same posterior simulator, then this test is esserttiglgonvergence teptoposed
by Gelman and Rubin (1992).

Evidence of different values of the momefntsm different files is an indicatiothat
there may be sensitivity to startinglues, or --almost equivalently -- that an insufficient
number of burn-in iterations were taken in approximating the moments.

3.9 Examples

Two examples illustrate thase ofthesemethods,and will beused in subsequent
portions of this paper asell.® The first example isbased onthe hedonic model of
residential real estate prices discussed by Anglin and Gencay (1996). Their basd&he
is a linear regression dfie logarithm ofsales prices on antercept and eleveattributes.
The attributes are indicated in the leftmost column of T8dle All variables beginning
with “#” are positive integers,log(Lot size) iscontinuous, andll other variables are
dichotomous (1 if present and O if notJhe dataconsist of 546 transactions duridgly,

8Small values of. assume a monmapid rate ofdecay inthe autocovariancéunction of {g(YT,G(m))}. In

practice results are usually about the same fotthrez=values. Substantialifferencesindicatethat serial
correlation may persist acrosssabstantial fraction of théerations,and alonger simulation may be
warranted.

9Data forboth examplesireavailable athttp://www.econ.umn.edu/~geweke/papers.html.

Data forthe first exampleare also available ahttp://ged.econ.queens.ca:80/jae/1996-
v11.6/anglin-gencay.
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August and September 1987 in metropolitan Windsor, Ontario. The least segtareges
match those reported in Anglin and Gencay (1996).

The form of the prior distribution isthe onediscussed irBection2.1 for the normal
linear model. The normal distributidar the coefficient vectohasmeanO, the precision
matrix isdiagonal, and standard deviatios® chosen to allow reasonable values of the
coefficients. The prior distribution of the precision parametetdb ~ x*(3) so thath has
prior mean 25and standard deviation abo2®. The posterior simulator ighe Gibbs
sampling algorithm described in Secti3, based onthe conditional distributions
(2.1.17) and (2.1.18). The posterior simulator file wasmatedusingthe programuvrl |,
available at the indicateslebsite both as aaxecutable DOS filand as portable Fortran
code. Creation 0f10,000 records irthe posterior simulatofile required 69secondg?
The lastfour columns ofTable 3.1 report results frommoment using this posterior
simulatorfile, discardingthe first 1,000 iterations. Initial valueshere,and inall other
examples discussed in this paper, were drawn from the prior distribution, and ircasesry
the first 1,000 drawswere discarded. The moment computations took 2&econds.
Posterior means and standard deviations are close to thedaasts valueseflecting the
lack of information in the prior relative to the data set. The numestaatiard errof(NSE)
of each posteriomean is giverfor L =.08(M —r) as described in therevious sectiof!
The NSEs imply accuracy of more than two figures past the decimal in the pasiteaios,
and the relative numerical efficiency (RNE) indicates that numerical accuracy is comparable
to what would have been achieved withi.d. drawings directly from the posterior
distribution.

The second example is a probit modelaimen’slabor force participation, based on
the one presented in Geweke and Keane (1998). The data cordstfi®fobservations of
women inthe 1987 PanelSurvey oflIncome Dynamics. The choice variable is 1 if a
woman reports positiveours of work for 1987.The covariates are indicated in tledt
column of Table 3.2. Black, Married and Kids are dichotomous. Age is measured in years
and interacteavith Married and itsnegation. Education is years afompletedschooling.
Spouse$ is husbandiscome and Family$ is unearnbdusehold income, in dollars for
the year 1987. Work experience is measured in cumulative hours singerttabecame
a householchead orspouse. Foeach unmarriedvoman with children, AFDC is the
monthly cash support she wouleceive ifshe did notwork. Food$ ishe monthlyfood
stamp allotment to which a woman’s household would be entitled if she diconiot The

10All execution times are given for a Sun Ultra 200 Sparcstation 20. rithidine is about twice dast
as the fastest pentium processors.

11This value ofL is used toreportNSE andRNE in all other examples in the article, as weResults
using other values df are similar.
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last two variables differ according te state ofesidence. The prior distributions of the
coefficients are independent normal, each with mean zero and standard detiasien to
permit large but reasonable values to be within two stardkandtions ofzero. Details of
samplescreening,variable descriptions angrior constructionare given inGeweke and
Keane (1998).

Conventional maximum likelihoo@stimates,the posterior modeand approximate
posterior standard deviations based in the usual wdlieddessian otthe log-posterior at
the modé? are presented ifable 3.2. Computation of these valuassing analytical
gradient andHessian required $econds. It isclear from Table 3.2 that the prior
distribution is informativeyelative to the dataprior standard deviations dfix of the
thirteen coefficients are smaller than tberrespondingmaximum likelihood asymptotic
standard errors. Posterior standdediations are smaller than asymptaiandard errors
in everycase,and forseveral coefficients thposterior mode is closer tihe prior mode
than to the likelihood mode.

Two alternative posterior simulation algorithms wenesed to construct posterior
simulator files. The first is the Gibbs sampler for the probit model develop&itbert and
Chib (1993) and described Bection3.7, available agprogrampbtl at the website.
Creation of a posterior simulator file with 10,000 records requiredsé806nds. Posterior
means, standardeviations and measures wfimericalaccuracy, based oime last9000
records, are presented in the left halfTable 3.3. The posterior momentare quite close
to the approximation at thposterior mode, verjikely reflecting aposterior distribution
that is close to multivariateormal. The average relative numerical efficienfyr the
coefficients indicates that the same accuracy could have been achieved witB=8lodhe
number of iterations, had ani.d. sample beendrawn directly from the posterior
distribution.

The second posterior simulator is a Hastings-Metropolis algorithm, constructing a
transition density as the combination of two densities as described in Sectidorha first
density is theprior, with a weight of.2. The second density is multivariate Studentt
distribution centered at the posterior mode with 10 degrees of freedom and scale matrix set
to the Hessian ofthe log posterior atthe mode, and a weight of.8. Out of 10,000
iterations 1,977 candidates were drawn from the prior, of which 1 was accept&Q28d
were drawn from the multivariate Studeéntf which 5,767 were accepted. As indicated in
Table 3.3, numerical accuracy is comparable to the Gibbs sampler with the same number of
draws. Execution time was 572 seconds, about 15% faster than the Gibbs sampler.

12For details and the asymptotic justification for this approximation see Bernard@naitid (1994,Section
5.3) and references given there.
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The two sets of results ifable 3.3 provide an opportunity to check dime adequacy
of the assumptions underlyinthe implicit use of acentral limit theorem in evaluating
numerical accuracy. The last column of that table provides the conventibsttistic for
equality ofposterior meanssingthe reportedNSEs. The values obtained are consistent
with the jointassumptionghat the invariantistribution of the Markov chaiwas reached
by the 1,000'th iteration, and that the central limit approximation described in Section 3.7 is
valid.
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4. Model Comparison

Section 2.3 demonstrated that giveprior probabilities overmodels, and prior
probability distributions for parameter vectors withiodels,there is a complettheory of
model combination and modebmparison. The central technicdask inimplementing the
theory iscalculation of the marginal likelihoog(Y+|A) = [ p(Y+ 16, A)p(61A)dv(6).  The

marginal likelihoodcannot, in general, beast in thdform of a posteriomoment(2.1.5),

and therefore thposterior simulation methods of Section 3, which have proven useful in
obtaining posterior moments in a single mode& not directly applicable tiis problem.

A decade ago, there were essentially no methods develoged the numerical
approximation of marginal likelihoods ddayes factors and results welmnited to a
handful of cases for whicthere wereanalytical results or asymptotic approximations.
Now, it is possible toattaingood andgeneric approximations to marginal likelihoods in
most caseshowever, somemodels with largenumbers oflatent variables remain
troublesome.

This section provides several approaches to the approximation of mékghiabods,
with an emphasis on generic methdbat areconsistent as the number of simulations
increases. Generic methods excluddose that areingenious but specific tgarticular
situations as well as methods that rely on asymptotic approximations rather than simulation.
Many of thesemethods arediscussed in a comprehensive reviaviicle by Kass and
Rafftery (1995). We discuss here a method that works wellimiportance sampling and
the Hastings-Metropolis algorithm; a method specifidtie Gibbs sampler; and a generic
method thatworks well with most posterior simulators regardless tbé algorithm
employed. Fothe lastmethod, we describpublicly availablesoftware designed twork
with the most commonlyused computing platforms in econometrics. Some examples
illustrate the numerical accuracy that canaltained, and provide comparisons of some of
the different methods of approximating marginal likelihoods.

4.1 Importance sampling and the Hastings-Metropolis algorithm
Supposethat j(6), with support®, is the probability density functiofnot just a

kernel) with respect tthe measuradv(6) of an importance sampling distributidor the
posterior densityp(6|YT,A) O p(6lA) p(Y,[6,A), where p(6|A) is the properly normalized
prior density ancb(YT|6, A) is the properly normalizedatadensity. Define theweighting
function w(6) = p(6|A) p(Y+16, A)/i(6).
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Corollary 4.1.1. Let j(6) be the importance sampling density in an importance
sampling algorithm. Suppose the supporf(6) includes®. Then

W, =M?5" wle™)oer- [,w(6)i(6)dv(6) = [ p(6IA) p(Y+I6. A)dv(6) = p(Y|A).
If w(6) is bounded above then
M2[w,, — p(Y,|A)] I - N(0, %), M'lzn“le[w(@m)) - WM]2 Ot - o2,

Proof. Immediate from Theorem 3.2.1 and Corollary 3.2.2. ##

The first application of this idea is Geweke (1989a); see also GelfanDeyn(d994)
and Raftery(1995). Since W(G(m)) must be computedach iteration of the importance

sampling algorithm in any event and the normalizing con&tani(6) is usuallyknown,
this simulation-consistent approximation p(YT|A) may be obtained at essentially no

additional cost.

In the case of the Hastings-Metropolis algorithm there is a sineitadt. Tomotivate
this resultlet q(B(m),B*) be the transition probability densifynction, anddenote the

candidatedraw onthe m'th iteration by 8™ whether it isaccepted omot. Define
W(B(m),e*(’“)) = p(e*(m’|A) p(YT‘Q*(m’,A) / q(9<m>,9*<m>). If the support ofq(Q(m’,G*) is © for
all 6, then E[w(6™,6 )6 = [ p(6'|A)p(Y+|6", A)dv(6) = p(Y+|4). This mativates

the following result.

Theorem4.1.2. Let q(B(’“),B*) be the transition probability density functifor 6"

given 8™ in a Hastings-Metropolis algorithm, afet 8™ denote theroposal drawn on
the m'th iteration. Suppos¢he support of q(B(m),G*) is © for all 6™, andthat the

Hastings-Metropolis Markov chah{e(’“)} is ergodic. Define the weighting function
w(e™,6'™) =p(g'™|a) p(YT\e“"’),A) /o(6™,6™). Then
W, =M™y w(o".6 )O3~ [ p(6A)p(Y-[6, A)dv(6) = p(Y|A).
If {9('“)} Is uniformly ergodic andrv(e,e*) is uniformly bounded above, then
M*2[,, — p(Y4|A)] 17 - N(0, 0?).
Proof. See Geweke (1998). ##

The conditions of Theorem 4.1.2 are not as strong asntiiggyt appear. Recallfrom
Section 3.6 that if one kernel in a mixture of kernels is uniformly ergttko, the mixture
kernel itself is uniformly ergodic. the likelihood function ivoounded aboveand one of
the kernels in the mixture (or a combination) is the prior distribution,dleine conditions
of Theorem4.1.2 will be met, and moreoveahere will be a centrdimit theorem. This
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result is remarkably similar to the centliatit theorem in Corollaryt.1.1 for importance
sampling. Ineach casb®oundedness dhe ratio of theposterior tocandidate generating
density leads to a strong result on approximation of the marginal likelihood.

4.2 The Gibbs sampler

In the case of the Gibbs sampler there is a different procedure due t(l@3t)that
provides accurate evaluations of the marginddelihood, at the cost of additional
simulations. Suppose that the output fritve blocking 6’ = (%,K ,6('8)) is available, and

that the conditionap.d.f.’s p(G(j)‘H(i)(i # j),YT,A) can be evaluated in closéorm for all
j- (This latter requirement is generally satisfied.)
From (2.1.1)-(2.1.2),
(4.2.1) o(Y;|A) = p(é|A) p(YT‘é, A) / p(é|YT,A)
for anyéD@. Typically p(YT‘é, A) and p(§|A) can be evaluated in closédrm, but
p(éYT,A) cannot. A marginal/conditional decompositionpéﬁ
(4.2.2) p(é‘YT, A) = p(é(l)‘YT, A) p(é(z)‘YT By, A) K H)(é(B)‘YT By K By, A) .
The first term in theproduct of B terms can be approximatdcbm the output of the

posterior simulator because
S W (m) (m) : 5
Mrs p(B(l)‘YT,H(z) K60 ,A) OFF - p(e(l)‘YT, A)_

~

YT,A) is

To approximate p(é(b) YT,é(l),K ,é(b_l),A), first execute theGibbs sampler with the

parameters in the firgt-1 blocks fixed athe indicatedsalues, thus producing sequence
{G{S?(bﬂ),K ,9((;‘)‘?(5)} from the conditional posterior. Then

M (g 5 0 (m) (m) : 5
M m=1 p(eb YTIB(]_)!K 19(b_1)16(b)’( 1K ;6( A) D ﬁ nd p(e(b)

b),(B)’

V8K By A)

b+1)

These approximations are then used in (4.2.1) and (4.2dbtdm the approximation
to the marginallikelihood. In general this method is morefficient the greater is
p(é|YT,A), so in many applications it is natural to chodseear theposterior mode. It is
straightforward to applyhe methods of SectioB.7 toevaluate the numerical accuracy of
the final approximation to the marginal likelihood, using standard oedthods. See Chib
(1995) on these and other important practical details.

4.3 Modified harmonic mean

Gelfand and Dey (1994) observe that for any.f. f(6) whose support isontained
in ©,
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f(0) 0 16)
SP(QM) p(YTIB, A)%YT, AE_ Ie p(9| A) p(YT|6, A) p(HIYT, A)d v(6)

_ £(6) c (elA) oY-8.A) 40
© (EIA)P(Y:16.A) [ p(61A) (Y16, A)dv(6)

Ief(e)dv(e) i B
f p(61A) p(Y+/6, A)dv(6) pv+1A)"

(4.3.1)

Thus the posterior mean of the function of intefég)/p(6|A) p(Y,16, A) is p(Y,|A) ™. Itis
therefore a candidate for approximation by a posterior simulatof(@)f p(6|A) p(YT|6, A)

is bounded abovethen the approximation is simulation consistent and rdite of
convergence is likely to be practical.

It is not difficult to guarantee the boundedness conditiqd i@.1). Consider first the
case in which® = Dk From the output of the posterior simulator défine

6, =y . w(e™)e™ /3 w(e™)
2,= 3" wem)em -6, )6 -4,) /5 (o™

(It is not essentiathat the posteriormeanand variance off exist.) Then for some

. O . O
p0(0,1), define®,, = (:(6-8,) %:1(6-6,) < x ,(k\Dand take
0 0

and

(4.3.2) £(6) = p(2m) ™z,

Peordo-6,) 2io-0.)x., 0

If the posterior density is uniformly bounded away from O on ewemypactsubset ofO,
then the functiorf(@)/ p(9|A) p(6|YT,A) possesses posterioroments ofall orders. For a
wide range of regulaproblems, thisfunction will be approximately constant o@M,

which is nearly ideal. In most situations smaller valugswail result in better behavior of
£(6)/p(61A) p(Y,[6, A) overthe domain®,,, but greater simulation error due tosmaller

number of6™ DC:)M; there is almost no incrementaist in carrying outhe computations

for several values gf rather than a single value ff
So long as®,, 0O, J’é f(0)dv(6) =1. If not, the domain of integratiomust be

redefined to bd:)M n ©. In this case mew normalizing constanfor f(6) can be well

1The weighting functionw(6) is defined inTheorem3.2.1 in thecase ofimportancesampling. For
MCMC algorithmsw(6) =1.
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approximated by taking a sequencei.ofl. draws{e(')} from the original distribution
(4.3.2) with domain®,,, and then averaging@(e(')).

Frequently the behavior off(@)/ p(6|A) p(YT|0, A) can be improved by
reparameterization d to { = h(6), where h is a one-to-one function. Of coutke,prior

density must then be adjusted the Jacobian ofransformation. Ifthe support Z of
p(¢A) is O, thean(Z)dv(Z) =1 for f constructed as indicated in (4.3.2). For example,

if this method isused toapproximate the marginal likelihood in teeandardinear model
(2.1.7)-(2.1.9), transformation ofh to log(h) guarantees theupport condition, and
generally results in more accurate approximatiop(mr|A).

The numerical accuracy of the approximation can be evalusied the methods of
Section 3.8, as detailed below in Section 4.5.

4.4 Improving numerical approximations
In many instances a portion of the marginal likelihood
P(Y:]A) :J’O p(61A) p('Y- |6, A)dv(6) may be evaluated analytically. Suppose

[ p(8A) (Y16, A)dv(6) = LI, p(6,.6,1A) p(Y-[6,.6,, A)dv(6,)dv(6,) = N r(6,)dv(6))
where r(6,) = L 0(6,.6,1A) p(Y-6,.6,,A)dv(6,) can be evaluated analytically. Then the

modified harmonic mean method can be applied directly to the simulated ﬁérhessing
r(el(m>) in lieu of p(e(m)|A) p(YT‘B(’“),A) and tailoring f(6) to r(8) rather than to
p(6|A) p(YT|0, A). Similar adjustments can be made for importasaepling. Because the

dimension of integration isower, the resulting approximation will typically be more
accurate. In the case of the method employindSitiss sampler described in Section 4.2
this preliminary evaluation wikkliminate at leasbne of theblocks for whichthe auxiliary
simulations must be undertaken.

An example ofthis procedure is provided bgarlier results forthe standardlinear
model. The entireposterior kernel in standard form (@8.1.13). But in Section2.3 we
found the marginal likelihood conditional n(2.3.6). Thdatter expression is a function
of a singleunknown parameter, wheredise former is a function ok +1 unknown
parameters.

The probit model described in Sectidrl provides a seconekample. In thisase
there areT + k unknownparametersT latentvariables and coefficients). The modified
harmonic mean method in this case is completely unwieldy, since it would require storing a
very large amount of posterior simulatoutput, and generation of the requisifé + k
truncated normal random variablesuld require the factorization of a matrix of the same
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order. In this case, integration of thdatentvariables isstraightforward, andeads to the
product of theprior density forthe coefficients and the likelihood function ggically
written,

(2 *H,[” expﬁ-s(ﬁ ~B) Hy(B- @)ﬁ‘l;{ do(Bx,) +(1-d)1- o(Bx )]}

More generally, in models witHatent variables accurate evaluation of the marginal
likelihood requireghat it bepossible to perfornthe integrationover the space ofatent
variables analytically.

4.5 Software

The programmlike , available insix languages atww.econ.umn.edu/~bacc
provides approximations of the log marginal likelihamingthe modified harmonicnean
posterior simulatiomethod,given a posterior simulatdile. The program renormalizes
the densityf(0) if the condition ®,, 0 © is violated, as described in Sectiér8. The

program uses the valugs=0.9,0.8, K , 0.1in (4.3.2). For each of these, it computes

|5 lo)] T2 w(e)i () /oleiA) (v [o. )
and then it reports minuke logarithm ofthis value. However,there aréwo features of
mlike that are specific to the modéikst, the position of model parameters within the
posterior simulator file must b@mmunicated tonlike ; secondany reparameterization
of the modelfrom 6 to ¢ =h(6) must also becommunicated tomlike . This is
accomplished through three auxiliary procedures.

The procedureepar0 sets anyparameters required bgpar , needed to organize
the parametevector. For example, in enultivariate regressionmodel the number of
equations and number of covariates is not evident fftmnnumber of columns in the
posterior simulator matrix. In this case procedaparO sets uphe requisitgpointers to
indicatewhich columnsare the coefficients anghich are the elements of the disturbance
variance matrix.

The procedureepar accomplishes the reparameterization. It nthpsparameters of
the posterior simulatofile into thetransformed parametefsr mlike , and modifies the
prior density bythe appropriate Jacobian wansformation. For example, the standard
linear model the disturbance precision is replaced byogarithm. The Jacobian of
transformation is evaluated, and then the prior density is modified by this value.

The procedur&ange indicates whether or not a given parameter vector is within the
support ofthe prior distribution. If ©, =0 this is alwaysthe case,and Irange
communicates thishrough alogical variablelall ~ with valuetrue andmlike then
does notundertake the simulations to appropriately adjust the normalization constant of
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f(0). Iflall is settdfalse , then this procedure mudetermine whether thgarameter

vector is within the support of the prior, and tltemmunicatdrange=true if it is and
Irange=false if it is not.

The mlike output file provides nodirect information on the accuracy of the
numerical approximation of the log marginkkelihood. (There is somendirect
information provided, by looking d@he differences in the nine alternative computations of
the log marginal likelihoodorovided.) To findthe numericalstandard error of the
approximation it is necessary toeate airmlike posterior simulatofile. The posterior
simulator file created bgnlike contains a pair of records feach simulatiorused in the
approximation of the log marginbkelihood. The first record ineach pairspecifies the
iterationnumber,the log of the weightindunction, and twadummy entries each zero (to
make thestructurematch that of alposterior simulatofiles). The second record iach
pair has nine entries, corresponding to the vaIuds(&S‘I“)) / p(Q(m)|A) p(YT‘B(m), A) for each

of the nine values @f in (4.3.2). These valuegill have been normalized by the constant
given in themlike output file, to prevent exponent overflow or underflohhe mlike
posterior simulatofile, used asnput tomoment, will then provide theposterior means
and numericabtandard errors ahe normalizedf(6)/p(6|/A)p(Y-|6,A). The numerical
standard error of the corresponding log marginal likelihood isntimsericalstandard error
divided by theposterior mean, in thigpplication ofmoment to the mlike posterior
simulator file.

4.6 Examples

For the regressionmodel described in Sectio.9, the marginal likelihood was
approximatedusingmlike , which isavailablewith uvrl at thewebsite. The software
incorporates a reparameterization of the precisimm h to logh.  After this
reparameterization®, = 0%, and for thiscase mlike executiontime is roughly
proportional to the number of records in the posterior simulator file, absetdhds in the
examplediscussed hereComputation of numericadtandard error wittmoment takes
another 4 seconds.

The top panel offable 4.1 provides results using=.9, .5 and .1 in expression
(4.3.2). Computation wittp =.9 providesthe mostaccurateassessment. In view of the
good approximation of theposterior by amultivariate normaldistribution, it is not
surprising that a more inclusivef(6) yields moreaccurateresults. Differences in
approximations fodifferent values op are consistentith the numericalstandard errors
(NSEs).



To illustrate theuse ofthe approximated marginal likelihood in the construction of
Bayes factors two variants dhe model seforth in Section3.9 were constructed by
makingtwo changes irthe prior distribution. Inthe first changethe mean of therior
distributions of all slope coefficients is shifted to the value ofsthadard deviation which
in turn is unchangedhatis, the prior distribution is changed fromI(O, .12) to N(.l .12)

for all covariates except log(Latize), for whichthe prior distribution is shifted from
N(O, .32) to N(.S, .32). Log marginal likelihood approximations for this model are given in

the middle panel of Table 4.1. Finallhe standard deviations in thepeors are reduced
by half: now all priors are N(.l .052) exceptfor log(Lot size) which isN(.3, .152). Log
marginal likelihoods for this model are shown in the lower panel of Table 4.1.

Using the approximatiorbased onp =.9, the logBayes factor in favor othe last
model, versus the first, is approximately 10.285 and the associated NBB.isThus the
Bayes factor is almost certainly (based on MSEbetween 28,853 and 29,733.

In the probit model example, for bathe Gibbs sampler and the Hastings-Metropolis
algorithm the marginal likelihood can be approximaiethgthe modified harmonicnean
method implemented imlike . In the case of th&ibbs sampler the evaluation of the
likelihood function for the probit model discussed at the end of Se¢tibiis used. These
resultsare shown inthe toptwo panels ofTable4.2. Forthe samereasons as in the
regressiormodel the approximation is quite accuratel is bettefor larger values op.
For the probit modeHastings-Metropolis algorithnthe marginal likelihood caalso be
approximatedusing Theorem4.1.2. This approximation, given ithe last line ofTable
4.2, isconsistent withithe otherassessments (as measured\IBE) and is asaccurate as
the most accurate of the harmonic mean approximations.
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5. Model development

In the precedingsections it hadeen assumethat a collection of complete models
A K A is available, each model specifying a paramekatadensity p(YT‘Hj,A‘.), a prior

distribution for parametersp(@l.‘Aﬁ), and a conditional distribution of a vector of
substantive variables of interess(,w{YT,HjA). In addition there is a probabilit?(Aﬁ)
associated witreachmodel, andeJ:lP(A‘.):l. The specification ofp(YT‘Gj,Aj) and
p(w(YT,GjA) are familiartasks to economists. Thgection takes up someays that

simulation methods caassist in whamay beless familiar, ancare oftenless formal,

aspects of model developmergxpression of prior distributions for parameters, and
specification of a set of model§,K , A, adequate to the task at hand.

5.1 Prior elicitation and specification
Any complete modeA implies a prior, or predictive, distribution
plwiA) = [ [, PledYs. 6. A)p(Y; 18 Aldv(Y; ) p(1A)dv(6).
Generally it will not bepossible to access(w|A) analytically. On the othenand,i.i.d
sampling from p(6A), p(Y[6,A) and p(w|YT,9,A) will generally bestraightforward.

These tasks may be trivial. For example, in the probit model taken up initially at the end of

Section 2.4, suppose that one is interested in the effect of a change in some covariate on the
probability of the outcomel, =1. Given the complete probit model specification in Section

2.4, sampling fromthe prior density p(B|A) entailsdrawing from amultivariate normal
distribution; sampling frorrp(YT|B, A) amounts to drawinthe latentvariablesy” defined
in (2.4.11) from univariate normatlistributions, followed bymappingy, =0 into d, =1
andy, <0 into d =0; and the vectorw = P(dt =1x,,5, A) can be computedirectly. On
the otherhand, thesetasksneed not be trivialFor example,simulating Y-|(6,A) may
require solution of a modehat cannot be carriedut in closed forrh and simulating
«{(Y;.6,A) may demand ingenious forecasting algorithms Bajari (1997), Y, includes
bids submitted under conditions of asymmetric information, draws p@rme, A) involve
solution of a system of nonlinear differential equations, thedvectorw includes revenue

realized by amauctioneer. But thessorts of exercises are routinely carried out by

economists. In general, model simulation is much simpler than posterior simulation.
While a complete model demanpéB|A), it is often difficult toelicit (“think about”) a

prior distribution of a parameter vect@rdirectly. But unless this task igkenseriously,

IFor methods and extensive references see Amman, Kendrick and Rust (1996).
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the claim to an exaatvaluation of E[h(a))|YT,A] IS notsecure. Inthe comparison or
averaging ofmodels,careless development qd’(6|A) will more often than notead to

posterior odds ratiothat reflect the relative plausibility afvo arbitrary prior distributions
in differentmodels. The outcome may simply convey the informattbat some models
haveabsurd prior distributions and others dot, and not therelative plausibility of the
models with more carefully considered prior distributions of parameters.

It is typically easier to elicit prior distributions abautthan aboud. For example, in
an earnings model involving higtrder polynomials irage and education it is natural to
consider reasonable rangies earnings ratios alifferent age and educatidavels, and
nearly impossible to think about individual coefficients of the polynolf@Gaweke and
Keane, 1997). Moreovefprmulation of prior distributions ovethe substantive model
invariant elements ofv provides considerabldiscipline in developing prior distributions
p(Gj‘Aﬁ) that are at least reasonably consistent across models.

In some cases ihay bepossible toobtain p(6/A) analytically from p(wjA). In

general, howeverthe relationship betweefi and w will be sufficiently complicatedhat
this is precluded. But gimulation fromp(w|A) is cheapthen p(f|A) that approximates

prior beliefs aboutv may be obtained through trial and error. This processrevaal that
for some functions(ew), p[h(w)/A] cannot be well approximated by any choicep(d|A).
This indicates that the dathstribution p(YT|6, A) is incapable ofxpressingp(w), and in
this casethe modelA should be discarded a priori from consideration. Ifrmadel A

conveysp(w(ﬁﬁ) approximating prior beliefs then it is necessary to develop atbeels.
Of course no formal procedure witidicate what such amodel will entail, butresults
obtained forp(w(Aﬁ) over the model#\ ,K , A, may provide nutritious food for thought.
Comparison oh(w) A with h(w)(Y,A) can reveal importarways in whichthe data
Y, change prior beliefs about(w). At one extreme the functioh(ew) may not be
identified by the data, in which case the prior and posterior density functioeglavalent:
ie., p[h(w)|YT,A] = p[h(w)|A] for some Y, OW,.2 For these Y, OW,, the data do not
change prior beliefs aboti{w) at all because of weakness in the data with regatfcds).
A classic example is the standard linear m@@el.7)-(2.1.9)with Xc=0 for somevector
¢, and h(w) =c¢'B. An overplot ofp[h(w)|YT,A] and gfh(w)A], or of P[h(a))|YT,A] and
P[h(w)|A], will exhibit curves that differ only by simulation noise, and a plot of
P‘l{P[h(a))|YT, A]|A} will differ from a 45-degree line only by simulation noise.

2This definitioncoincideswith the classical treatment afentification (e.g. Poirier, 1995, p. 256). An
alternative weaker definition of identification is that the posterior distribution bfw) exist (Richard,

1970, pp. 3-9). In a complete modgko) is always identified under the weaker definition.
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At another extreme, no set déta can changerior beliefs abouth(w) because prior
beliefs about h(w) are dogmatic. A classicexample is the populatiofiirst order
autocorrelation of the disturbancesin the standardinear model. Since thedisturbances
are dogmatically i.i.d., E(etet_l|ﬁ, h,X,A)/var(et|B, h,X,A) =0. Overplotting  of
p[h(a))|YT,A] andp[h(w)/A], or of P[h(a))|YT,A] and P{h(w)|A], will show vertical lines
at 0. In this situationthe sample counterpart will be even more revealing: let
b=(X'X)"X'y, u=y,-bx, and h(w)= ZLZUM-l/Z;UtZ- Then the prior
distribution of h(cw) will be concentrated near Q{informally, the lattersituationsuggests
that another model might bereferred to thestandardlinear model, and Box (1980)
suggests this approach. We return to further consideration of this possibility below.)

Intermediate cases include those in which the data contsbotegly to knowledge of
h(w) in a manner consistent witthe model: p[h(w)|YT,A] is more concentrated than
p[h(w)/A] and is well within thesupport of pfh(w)|A]. For example, a priatistribution
for the standardiinear model(2.1.7) might specify p(ﬁj) = X[O,l]([))j)’ and theposterior
distribution of 3, is concentrated almost entirely betweétd and .76. A second
intermediate case isne in whichthe data contributstrongly to knowledge oh(w), but
p[h(w)|YT,A] is not well within thesupport of pfh(w)|A]. In the context of therevious
example the posterior distribution off3; might be nearly collapsed about the lgfie of
B; =1, and in this casghe prior and posterior distributions dﬁ(a)):bj will differ

markedly.

5.2 Incomplete models and partial information inference

Model development igostly. A newcomplete model can easily requiyears to
create; millions ofdollars and careers may be devoted to effert. The process of
scientific investigation entailsvorking with a limited array of completemodels and
incompletely formed ideas abaaiternativemodels,developing thdatter only whenthere
is substantial evidence that they might be preferred to the férmer.

Examining theways in which anodelrepresents observathtapoorly is a standard
part of soundscientific practice, often goingnderthe name diagnostic checking in the
statistics literature or misspecification testing in econometrics. There are divergent but well
established approaches to thesk. Atone extreme, classical pure significance testing
identifies poor representation with a function of the data that is greater or smaller than what
might haveoccurred. Atthe other, formal Bayesian model comparison requires the

30n a grandscale, this familiaprocess is spelledut in the classic work of Kuhn (1970). This is an
intentionally Bayesian statement of part of Kuhn'’s thesis.
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formulation of all modelsthat areplausible. Inpractice itwould be too costlyeven if
conceptuallypossible tdormulate the completset of plausiblemodels,but on the other
hand there are at least vague ideas of what other models might be and this affdwizé¢he
of the data function in pure significantesting. A thorough anstill timely discussion of
theseissues is Box (198(nd the accompanyirgjscussion. Aportion of Box’s article
argues that non-Bayesian methods are requiredidgnostic checking of a set ofodels.
Some ofthe discussantsincluding Barnard, Bernardoand Dawid argudor a Bayesian
interpretation ofBox’s argument. The procedures set forth hereay be viewed as an
explicit implementation of Barnard’s ideas.

To formalize the notion of incompletely formed ideas about ati@dlels,return to the
environment described in Sectichl. Let f(Y;):O0° - 0% be a function of the

observable data, whetpis a small integer (ofte=1). An incomplete modelA is a
specification p[f(YT)

A]. It is incomplete because does notstate the predictive

distribution p(YT A) and because it takes no standtloa definition or distribution of any

vector of substantive variables. The modelA is simply a formal statement e@fhat a
certain aspect of the observable data might look like, given models not as yet articulated.

A complete modeA and an incomplete modeA can be comparethrough their
common prediction of the observalifgy;):

o[ AT(Y:)] = P(A) [, (O1A) (¥ 6. Alav(6) /r{f (Y- )],
o[ A ()] = p(A) p[f(vT)\A] Je[t(:)]-

Thepatrtial information Bayes factan favor ofA versusA is thus
df(v.)A] _ [ r@A)pf(Y,)6.Aldv(6)
A Al

In this definition “partial information” refers to the fact that conditioning isf(MT) rather

than onall of theobserveddata Y. Since A only predictsf(YT), this is as it must be:

models can be compared only on the basis of their conpmeatictions. Correspondingly,
f(Y,)A| is thepartial information marginal likelihoodPIML) of the complete model and
f(YT)A is the partial information marginal likelihood of the incomplete model.

Typically p[f(YT)

of p[f(Y;)A], if undertaken along the lines describedSactions 3 and 4, could be

A] is specified directly and its evaluation is pblem. Evaluation

arduous. With rare exception a new postesiorulatorfor the parameter vectd# would
be required, anthe marginal likelihoodvould then have to be evaluated. On the other
hand it is straightforward to make multiple, i.i.d. drawir@§® from the prior distribution
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p(6A), draw Y™ ~ p(YT‘Q(m),A), and formf(YT(m)). If q is small, and irparticular if
q=1 so thatf(Y;) is a scalar,p[f(YT)|A] can be approximated bgtandard kernel

smoothing methods fror{f(YT(’“))} M_l. Therelative ease othis procedure hasignificant

implicationsfor the conduct ofresearch. One canconstructpartial informationBayes

factors comparingcomplete and incomplete models before (a) developipgsterior

simulators of other procedures for formal Bayesian inference inattmgletemodels or (b)

further developing the incomplete models into complete models. Thushbotbnceptual
effort of fully articulatingcompletemodels,and thetechnicalwork of formal Bayesian
inference,can be concentrated ahose modeldghat will ultimately have nonnegligible
posterior probability.

Some familiar examples in the standard linear m¢zidl.7)-(2.1.9)will illustrate this
approach. In anyiven situation this model alone hardly constitutes a reasonably
representative set of model§,K ,A,. Othermodels might, for examplegeplace the
normal distributional assumptiofor the disturbancgerm with a distribution having
different third or fourth moments. Consider the functions

(O(,) =12y /[zlluf]” O =TSy / [ Z;ufr -3,
the skewnessand excess kurtosis based the ordinary leastsquares residuals. Given
B™ < N(B.HY), let

y(m™ ~ N’XB(”‘), (h(m))‘1|T ™ = (er)-lxry(m)’ U™ =y — xpm,
Then the partial information marginal Iikelihoqu[f(l)(YT)|A] may be approximated by a

i i i 2T, (m)\3 T [ (m)? ¥2
kernel densityestimate applied tcﬁT ztzl(q ) / [thl(ut ) ] , evaluated at the
=1

32
point T*? Z;(Ux)g/[z;(ut)z] , whereu =y — Xb. If the skewness coefficient &bout
.5 and there are severhundred observations thep[f(l)(YT)|A <10™. Supposing

p[f(l’(YT)‘A] ~N(0, %), then fort in the range ofsay) .2 t010°, the partial information
Bayes factor againshe standardinear model isover 1000. Similar calculations may be
made forf(Y,).

The technical steps involved in computing a partial information marginal likelihood are
superficially similar to bootstrapping a samplitigeoretic teststatistic.  First,find a

4The emphasis here is on wien bedone beforeconstructionandexecution of a posterior simulator, as
well as before the completion of other models. Given a set of complete models, one of wieistedsby
all the others, one may sagensiderabldime by constructingindexecuting a posterior simulator for the
nested modelnd using scorefunction (Lagrangemultiplier) approximations tdBayes factors; on this
approach see Poirier (1988b, 1996).



function f(YT) for which the predictive distributiorunderthe completeand incomplete
models are not the same. Then, sisaulation methods tevaluate the partial information
marginal likelihood in the complete model. Timst step is superficiallimilar to finding
a test statistic witlyood power propertieshe second to bootstrappingcatical value. It
should be clear, howevethat theprocedure described here conditions on dheerved
data,the known properties othe (as yet) incompletemodel, andthe prediction held in
common by the completend incompletenodels. Thisprocedure is consistent with the
likelihood principle and is entirely Bayesian given the assumptions about the information at
hand.

In the example given there are many functib@éT) that could be considered, and this
will generally be thecase. The usual non-Bayesian list ddlternative hypotheses and

corresponding test statistics is a righoup of candidates. Ithe incomplete models
specified the joint distribution of several such functidi(?ér), then the partial information

Bayes factor could be modified accordingly witle appropriate multivariaté(Y;). But
there are severaéasons why thisnodification is not likely to bevorth pursuing. First,
specification of joint predictivelistributions ofthe f(YT) moves one rapidly toward the
specification of a completenodel, if for no other reason than tenaintain logical

consistency. The procedures of Section®.3 and 4 thenapply. Second, ifkernel
smoothing methods are to be employed in the evaluatiQJﬁf@YT)|A] then the number of

draws Y{"|A increases exponentially in the dimensionf¥;) for reliable evaluation.
This is strictly atechnicalproblem, but it isserious. Third,evaluation of p[f(YT)|A]
separately for specific unidimensiorféh(T) is likely to provide informal as well as formal
guidance in the elaboration of incomplete into complete models.

5.3 Examples
To provide an illustration of how the comparison afoenplete modelvith incomplete
models mightwork in practice, return again to the hedonic pri@gressionexample

introduced in Sectior3.9. Several functions othe leastsquares residuals and the
explanatory variableX, f(u,X), were evaluated.Next, 1,000 draws 8™ ~p(B) and

h™ ~p(h), were made,each followed by y™ ~N(X[3(m),h(m)‘llT), computation of
u™ =y - X(X'X)"X'y™ and evaluation of(u(m),x). (This required about 28econds.)
Finally, standardkernel smoothing methods weresed toapproximate the predictive
density at the value off (u,X) computedusingthe data, which isthe partial information
marginal likelihood (PIML) of the complete model.
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The results of this exercigge displayed imable5.1. Foreach functionf(u,X) the
approximate .05 and .95 quantilestioé predictive distribution argiven, followed by the
datavalue, andinally by the approximate predictive density evaluated atdttavalue.
The function“skewness + kurtosis” ithe sum of the squared skewnessoefficient and
one-fourth ofthe squared kurtosis coefficieht.The “nonlinearregression” functions are
the simple correlation of the leastuares residuals and thesquared values of the
indicated regressors. The “conditional heteroscedasticityfunctions are the simple
correlation coefficients of the squared least squares residuals and the squanedifateel
explanatory variables.

To make sense of the PIMLs for the regression model (the complete model) reported in
the last column of Table 5.1, it is necessary to think about thbawalue might beinder
other models not yet formulated (incomplete models). In the cadeeanesspne might
proceed as follows, using agederence thehi-squared distribution which is skewed and
has a shaptamiliar to most econometricians. Suppdbat the predictivelistribution for
the absolute value of skewness conditionalh@nset of incomplete modetsrresponds to
that in the family of chi-squared distributions with a uniform prior on degrees of freedom in
the interval(2, 8). Taking the distribution ofskewness to bsymmetric aboutzero,
standard calculationshow that the implieddensity at askewness of -.184 ithen about
2.0, orroughly twice thatfor the regression model. Similarly if one contemplates a
predictive distributionfor excess kurtosigquivalent to that in th&tudentt distribution
with a uniform prior on degrees of freedomtie interval(4,10), then the implieddensity
at .517 is about .85, almost five times greater thanpredictive density afL77 under the
standard linear model. In these cases, the partial information Bayes factor agdinsarthe
model is approximately 2 and 5, respectively.

Similar methods may be used to interpret other values in bable Forexample, one
could think about other models in white precision of thelisturbances depends on the
dichotomous air conditioning variable. Let the ratigpogcisions with and withoutentral
airconditioning bec andsupposelog(c) ~ N(O, [Iog(1.5)]2). Usingthe fact thaB1.6% of

the samplénhascentral airconditioning,the correlation coefficient.075 corresponds to a
value c=1.25. Standard methodshow that the implied marginal likelihood of the

S5This function is motivated by the classical test against normality developed in Kiefer and Salmon (1983).
6The table demonstrateghe difference betweenwhat is proposed inSection 5.2and the “predictive
distribution of checking functionsddvanced byBox (1980). Boxcompareghe function of theobserved

data with the distribution of that function conditional on thedel A, andconcludesagainst themodel if

the function of the observed data lies in the tails ofpitelictivedistribution. Thiscan bedonewith the
information in Table 5.1, if by “tails” one means 5%.
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correlation coefficient -.075, undére presumed predictivdistribution, is4.66, implying
a partial information Bayes factor of almost 6 against the linear model.

Comparison ofthe probit modelwith alternative incompletenodels can proceed in
similar fashion. In thisexample a naturaset of predictive statistics isased on the
maximum likelihood estimaté of B, the predictive probabilitie, = q)([}’xt) associated

with this estimate, anthe residualsd, — ¢([§'xt). These statistics were formed from the

dataset. Toapproximate the predictive intervals of the complatebit model, 3 was
drawn fromthe prior distribution, corresponding choices were formed corresponding to
eachx,, the maximum likelihood estimate was computed, and the predictive statistics were
formed. (For 1000replications this required about #inutes.) Standardkernel
smoothing methods were again used to approximate the PIMLs.

Evaluation of PIMLs and associated quantitiese given inTable 5.2. “Fraction
choosing” isthe fraction of the sample that participates in the |&wae. Since thedata
p.d.f. of the probit model can generate asiych fraction,evaluating the PIMLfor this
function amounts to a chedtkat theprior distribution of 8 does nodogmatically declare
all women in the sample to be labor force (non)participants. The value Bf\te .279,
reflects the fact that the event that all women would (not) participate is reasonable under the
prior, but so are all rates of participation between 0 and 1.

The “fraction in”functions measurthe fraction ofwomen participating in the labor
force, for whom the predictive probability based on the MpE wasbetweenp, and p,.

Ten combinations ofp, and p, arechosen inTable5.2. While the notion that these
functionsmight be reasonable indications aftual participatiorprobability motivates the
construction of these statistics, its (in)Jadequacy as a predictor is irrelevaatewealuation

of the PIML. What matters is the predictiviensity forthe actualproportion of women
participatingfor whom p, is betweenp, and p,, evaluated at thproportion observed in

the sample; theupport of thispredictive density i§0,1] and not[p,, p,]. This isnicely
illustrated for the first casgy, =0 and p, =.1. Thepredictive distributiorfor the fraction

participating is concentrated at thosv end of this intervalreflecting the fact thaior most
women for whomp, <.1, p, is in factvery low. But in thedata theobservedraction is

.222: there were nine women for whopp<.1, and two ofthese were itfiact labor force
participants. This outcome is nearly impossibléhie completgorobit model seforth in
Section 3.2. For the other combinationspfand p, the PIML is not substantialljpwer

than what wewould expect under alternativejncomplete modelswith the possible
exception ofp, = .4, p, =.5.



The correlation of the squared residuéﬁg,— f)t)z, with the squared covariates;, is

a means of comparing tht®mpleteprobit model withalternative incompletenodels for
which the functional relation between the covariate and labor force participation probability
is different. Theresults for education, number ohildren andwork experiencesuggest

that elaboration of theprobit model allowing for nonlinearity or conditional
heteroscedasticity in those variables might be worth pursuing.



6. Bayesian communication

For a subjective Bayesian decision maker the computation giotterior moments
E[h(w)|YT,A] for suitablemodels, priorsand functions of interest igypically the final
objective ofinference. For amvestigator reporting result®r other potential decision
makers, howeverthe situation isdifferent. Inthe language of Hildrett{1963) these
decision makers aremote clientswhose priors and functions of interest are kiaiwn to
the investigator.

What shouldthe investigator report? Traditionallpublished papers report a few
posterior moments, and more rarely some indication of sensitivity to prior distributions and
alternative data densities may be given. Such information is generally much too limited. At
the otherextreme the investigator may simply repasbme likelihoodfunctions, but this
leaves most ofthe work to the client. Investigators almost never repomarginal
likelihoods, thereby leaving unrealized the promise inherent in model averaging.

6.1 Posterior reweighting

An investigator will have carriedhrough formalinferencefor a set of models
A.K ,A;. Thiscollection will reflect theprocess ofmodel development, and a public
report of the investigator'svork should afeast summarize thiprocess. Inthe ideal
situation described by Poirier (1988a), clients have agreed to disagree in termprodrthe
Since the set of modethat exist inany meaningfulsense ighe set publiclyreported,
collectively investigators will have provided the grand model in which variation gfribe
is the basis of formal discourse in normal sciénce.

Corresponding toeach model A,K ,A, included in an investigation, there is a
posterior simulator file of the form described in Sec®08. It is asimple matter tanake
these files available at an ftpweb site,and for anyclient to obtain thenfor the purpose
of the manipulations described here.

Given the posterior simulatorfile a client can immediately compute numerical
approximations to posterior moments not reported or even considetad inyestigator.
Specifically, suppose alient wishes to knowE[h(w)|YT,A] where w~p(w|YT,A) IS
specified by theclient and p(YT|6, A) and p(6|A) have been specified by thevestigator.
Corresponding tceach 8™ reported in theposterior simulatorfile the client forms
g(YT,Q(”‘)) with the property E[g(YT,9)|YT,9,A] = E[h(a))|YT,9,A], and then computes

1The term normal science is used here as in Kuhn (1970). Ifrani@workrevolutionary sciencenay be
interpreted aghe searchfor new models in thdight of limited informationBayes factors in favor of
incomplete models (see Section 5.2).
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g, = Z:zlw(e(m))g(e‘m)) / z:zlw(e(m’). If the investigator's posterior simulator is

ergodic then g, Off - g= E[h(a))|YT,A] and if it is uniformly ergodic then

M*(g,, - g) O - N(O,az). Forsimple functionsh(w) computation ofg,, amounts to
spreadsheet arithmetidvlore elaboratéunctions of interesiay involvesimulations, but

in all cases these computations are precisely those which economists undertake as a routine
matter when investigating the implications of a model.

For example, a client reading a research report might be skeptical that the investigator’s
model, prior anddataset provide much information about the effects of an interesting
change in a policy variable on the outcomeurestion. Ifthe simulator output matrix is
available electronically the client can obtain the exaptto numerical approximatioerror,
which canalso be evaluate@nswer to his query without arising from loilice chair in
considerably less time than required to read the research report.

The social contribution of the investigatorthis context isclear. Sheesnables clients
to incorporate the effects of uncertainty about parameters in a specified coosisting of
p(YT|6, A) and p(6|A), in reaching conclusions or decisionstloé client'schoosing,that
can be addressed by the model. This contribution extends in an obvious way to uncertainty
about models, so long as a posterior simulator matribbas provided by an investigator
for each model considered.

With a small amount of additionagffort the client can modify many of the
investigator'sassumptions. Suppo#ige clientwishes toevaluate E[h(w)|YT,A*], where

the model A" differs fromthe modelA only in the specification of therior distribution
p(9|A*) # p(gA); that is, p(Y, [0, A) = p(YT|9, A*). Suppose furthethat thesupport of the
investigator’s prior distribution includethe support of the client’'s prior. Then the
investigator’s posterior density may be regarded as an importance sampling fertbity
client's posteriordensity. The clientreweightsthe investigator’s{e(”‘)}:z1 using the

function
N CISE plelY:. A) _ (el )p(v-[6.A) _ p(9|A*)_
C0oplave A pea)p(vie.A)  p(eA)

The client then approximates his posterior morfEEg(B)|YT,A*] by

- " w(e™; A w(e™)g(Y,,6m g

g, = Zmlz(:lw(e(?“);,(o\*)vz(ge((m)a ) i E[g(YT,6)|YT,A] =g.
If the investigator has employed importance sampling, this result is simply Thaa2ein
For the case in which the investigat@semployed Markov chain Mont€arlo, the result

can be formalized as follows.
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Theorem 6.1.1. Let p(Y,6, A) = (Y 6, A*) Supposethat {6(””} is ergodic with
invariant dlstrlbutlonp(9|YT,A dv ), and E[g |YT,A] exists and is finiteSuppose
the support of p(6/A) includes thesupport ofp(9|A ) andlet w(g;A’)= (6|A )/p 6lA).
Then for all6 00O,

G = 3 oY 07)w(e™: A )/ S w(e; A) O [ o(Y+.6) pleY;. A')do =7

Proof. Since p(9|YT,A*) is integrable with respect tdv(6), W(G; A*) is integrable
with respect tqo(9|YT,A)dv(9). From Theorem 3.5.1(C),

MY w(e™;A) DT - Ew(eA )Y, A

=[ [p(9|A* )/ p(9|A)] p(6]Y,, A)dv(6) = [ p(6lA ) p(Y- 6, A)dv(6)
and
MY " w(e™;A) oY, 6" )DETLI o(Y-.0)p(BA )p(Y:I6. A)dv(6).  ##

Obviously this result is true ip(9|A*) and p(6/A) are kernels rather than densities; they

need not employ the same factorppbportionality. But as discussed $ection2.3, if
p(9|A*) and p(6|A) are theproperly normalizegbrior densitiesthen M‘lz:zlw(e(m);A*)
IS a consistent approximation of thHgayes factor in favor ofthe client's model in
comparison withthe investigator'smodel. This fraction,together withthe marginal
likelihood of the investigator'snodel, providesthe marginal likelihood of the client's
model.

In Theorem 3.7.1 uniform ergodicity was onetledé sufficient conditiongor a central
limit theorem. Ifthe investigator’s algorithnproduces uniformly ergodit{e(m)}, and if

ratio of the client’s prior to the investigatopsior is boundedthen there is a centrhnit
theorem under the client’s prior as well, so long as the client’s function of interefatiteas
posteriorvarianceusing his prior. This condition is strikingly similar tdhe sufficient
conditions for a centrdimit theoremfor importance sampling in Corolla.2.2. This is
not surprisingthe client isusing the investigator'sposterior as hismportance sampling
distribution.

Theorem 6.1.2 Given the notation and assumptionsTbeorem6.1.1, supposealso
that {G(m)} is uniformly ergodic andhat var[g(YT,9)|YT,A] exists and is finite, and

W(G; A*) <W <o [1600. Then there exists® >0 such that
M*(g,, - g') I - N(0,0%).
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Proof. The vectorv(@)' :[W(G(m);A*)g(YT,G(m)), W(B(”‘);A*)] is uniformly ergodic,
with v/, = M‘lzﬁzlv(e(m))’ 0 ﬁ'e[CE[g(YT,9)|YT,A*], c] =V'. From Cogburn(1972,

Corollary 4.2(ii)), there exists a positive definite matrix X such that
M”Z(VM —V) I - N(O, Z). A standard application of the delta method yields the result. ##

Efficiency of the reweighting scheme requires some similarity)(efA*) and p(9|A),

as illustrated subsequently in Section 6.3. In particular, both reasonable convergence rates
and theuse of acentral limittheorem toassesswumerical accuracy essentially requinat

p(9|A* ) / p(61A) be bounded. Across a set of diverse clients this condition is likelseto

be satisfied the more diffuse |i1€6|A), and istrivially satisfiedfor the (possibly improper)

prior p(6|A) 0 xo(6) if the client'sprior is bounded. Irthe latter case theeweighting

scheme will be efficient stong asthe client’s prior is uninformativerelative to the
likelihood function. Thiscondition is stated precisely in Theorem 2Gd#weke(1989b).
Relative numerical efficiency will indicateituations in whichthe reweighting scheme is
inefficient. If the investigator chooses to use an improper prior for reporting, it is of course
incumbent on her to verify the existence of paesterior distribution and convergence of

her posterior simulator.
Including p(B(m)|A) in thestandard posterior simulatble avoidsthe needfor every

client who wishes tampose hisown priors tore-evaluate the investigatorfwior. Of
course, p(6|A*) need not be the client's subjective prior: it may simply be a device by

which the client, functioning as anotharvestigator, explores robustness of results with
respect to alternative reasonable priors.

The reweighting scheme permitsome updating ofthe investigator'sresults at
relatively low cost. If observationd +1K ,T + f beyondthe T originally used have

become available then
p(e‘YTH ! A) D p(9|A) p(YT+ f |6’ A) = p(6|A) p(YT|6’ A) I_l Z:Tfﬂ_ p(ys|Ys—l1 91 A)

T+

A=A I VA AR
The client therefore forms the approximation to the updatedosterior moment
Elo(Yr. 1, 6) Yz A,
Sl e, (oo, .0)

> e WO Yy J(67)

T+f

with W(G;Ym) = |_|S=T+lp(ys|Ys_l,9, A). If f is small relative toT', and there is nanajor

i E[g(e)‘Ynf ’ A] = 5 .
change in the data generating process betweand T + f, the new approximation will be
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efficient. But agf grows, efficiency diminishes and at some pothe approximationff
becomes too inaccurate to be useful. This process also requires evalutitehkelinood
function, which usually involvesnore technical difficulties than evaluation jfiors or
functions of interest.

6.2 Software

The progranreweight transformsthe parameter vectors in @osterior simulator
file, and/or modifiesthe weights associated witeachiteration, and then writes another
posterior simulatoffile incorporating thesechanges. By transforminghe parameter
vectors, the program can beised to examine posterior moments other than those
corresponding to the posterior expectations of the parameters or functions of interest in the
original posterior simulatofile, through subsequent use wioment. By changing the
weights the program can be used to change the original prior distribution, arekah@ne
the effect of the change on posterior moments through subsequentmmaert.

The actualtransformation and changing of the weighting function is accomplished
through an auxiliary procedure callelent . (The exact form of this procedure depends
on the programming language.) This procedure takes as input a parameter vector read from
the old posterior simulator file, and the corresponding log prior density arvdeigit. It
returns as output the new parameter vector, new log prior density, and new log weight.

6.3 Examples

Return to the regression model of hedonic pricing introduced in S&:8on Suppose
that an investigator wishes to provide a posterior simulator file with the intention that clients
will impose their own priors by reweighting the output. To this end the investigfadoitd

use a prior distributiothat is uninformative relative to tréata. lllustrating whatsuch an
investigator might do, prior distributiorN(O, 12) for all slope coefficients, exce;N(O, 32)

for log(Lot size), and .04h ~ x?*(1) for precision, were chosen aride corresponding

posterior simulator file with 10,000 replications was created. To mimic a client, the tightest
of the three prior distributions described in Section 4.6 was cth(dn:OSz) for all slope

coefficients exceptN(.3,.152) for lot size, and .12h~ x*(3) for precision. Using

reweight a posterior simulatofile with the corresponding weights wasreated;this
required less than two seconds. Thesment was used t@btain posterior moments for
the coefficients; this required 28 seconds.

The results of this exercisare displayed imTable 6.1. The left panelprovides the
resultsthat would have been obtained had tlient directly executed theosterior
simulator corresponding to hgior. The accuracy of the numerical approximation of the
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posterior moments is similar that exhibitedfor the less informative prior inTable 3.1.
The right paneldisplaysthe resultsthe client obtains by reweighting the investigator’s
simulator output. The ‘t” statistics (last column) comparing theosterior means
approximated in thes®vo different ways indicate no difficultieswith the assessment of
numerical accuracthroughthe numericaktandarderrors. Relative numerical efficiency
for the coefficientposterior means ranges frad8 to .60: overallthe clientobtains the
same numerical accuracy keuld have achieved executing the simulator directly with
about3000 iterations. This wouldave required 2keconds andhe uvrl software,
whereas the reweightingtook 2 seconds andhe simpler reweight software.
Reweighting of the simulator outplgucceeds, in this exampléecause both the
investigator’'s and the client'prior are uninformative relative to the sammed their
posterior distributions are therefore similar.

A similar exercise was conducted for the probit example introduced in Section 3.9.
mimic what an investigator might do, a posterior simulator file forptbe&terior distribution
with a prior distribution in whiclall standard deviations were libnes larger than those
indicated in Table3.2, wascreated. This simulator outpwiasthen reweighted toeflect
the prior distribution in Table 3.2. This attempt faitmnpletely -- a singlélraw received
more than99.99% ofthe totalweight. Toappreciate theeason for thidailure recallthat
the prior distribution used in Section 3.9 is highly informatdative to thesample. This
is evident from inspection of Table 3.2.

To complete this example, the investigat@s recast in the role of a client — that is,
the clientnow hasthe priorsindicated in Table3.2 except that thaetandard deviations are
ten times larger thashown there.Imagine an investigatowho uses a priodistribution
with standard deviationten times larger yet — thas, the standard deviationare 100
times those shown for the prior distributionTiable 3.2. This client’s reweighting of this
investigator’s simulator output yields thesults displayed ithe right half ofTable 6.2.
The ‘" statistic for comparison othe posterior means again indicates no problem with
numericalstandard erroréNSEs). The relative numerical efficiencigRNES) showthat
the investigator's simulator outpuwith 10,000 records providesbout the same
information theclient would have obtained witllOO0 recordsdirectly from simulator
output for hisposterior. This wouldhave required thebtl software and about 70
seconds of execution time, whereghs reweighting required econds andhuch simpler
software. (Notice that the posterior meansTale 6.2, are much closer to thmaximum
likelihood statistics inTable 3.2, than are theposterior means ithe same tablevhich
correspond to the previous more informative prior.)
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These examples underscore bttt potential efficiency of Bayesian communication
through posterior reweighting, and its limitationghe efficiency comes about because
reweighting software issimple andgeneric, whereas posterior simulat@se model
specific and impose greater computatiordgmands. (Thisadvantage increases
dramatically in more complemodels.) The limitations arisdrom the needfor some
similarity of the investigator’s and client’s posterior distributions. As argued and illustrated
here,the investigatoshould use a prior distributiothat is uninformative relative to the
sample. In thissituation a client's reweighting will beuccessful for priorghat are
moderately, but not greatly, informative relative to the sample.
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Posterior (Gibbs)
Stan. dev.

Coefficient Mean
Intercept 1.2114
Black .01387
Age-Single -.010323
Age-Married -.028064
Education  .0023627
Married 18227
Kids -.36985
#Kids -.15142
Spouse$  -7.269810°°
Family$  -1.0994x10°°
AFDC -5.6986x10™
Food$ -.0012122
WorkExp  1.1747x10™

174
.0767
.00373
.00648
.00410

119

133

.0444

2.28x10°
2.90x10°
3.11x10™
4.40x10™
8.19x10°

Table 3.3

Probit model: Posterior moments

NSE
.0025
.00135
5.94x107°
1.27x10™
3.75x10°°
.00123
.00285
7.2410™
5.06x10°°
4.99x107°
5.93x10°
5.08x10°
3.12x10”

RNE Mean
533  1.2194
.358 .01445
440 -.010365
.289 -.028037
1.330 .0021866
1.030 17997
242 -.37198
418 -.15165
224  -7.2936x10°
376  -1.1187x10°
306 -5.6895x10™
.831 -.0012110
077 1.1720x10™

PostetimygHidetropolis)

176
.0792
.00382
.00643

.00416

115

.130
.0438

2.27x10°
2.98x10°
3.09x10™
4.34x10™
8.28x10°

Stan. dev.

.0035
.00165
5.41x107
1.11x10™
4.99x107°

.00171

.00218
8.01x10™
3.05x107°
4.99x10°®
6.55x107°
7.66x107°
1.26x107

NSERNE
.285
254
.554
372
74
.504
.398
.333
.614
.395
247
.356
478

agr
-1.86
-.27
.52
-.16
2.82
1.09
.59
21
41
27
-.10
-.13
.80



Table 6.1
Regression model: Comparison of direct MCMC with client’s reweighting

Posterior (Tightest prior, direct Gibbs) Posterior (Reweighting of MCMC frodiffionseeorior)
Coefficient  Mean Stan. dev. NSE RNE Mean Stan. dev. NSERNE “t
Intercept  7.7280 .2100 .0018 1.526 7.7170 .2079 .0038  .327 2.61
Driveway 10774 .02484 .00030 775 10747 .02442 .00046 312 49
Recroom  .068375 .02265 .00045  .949 .068712 .023079 .00039 379 -.57
Fin basement.10335 .01962 .00021 .952 .10338 .01951 .00042 .239 -.06
Gas hot water.14335 .03329 .00046 571 14319 .03266 .00066 .270 .20
Central air  .15407 .01943 .00014 2.177 .15407 .01933 .00039 .280 .00
#Garage stalls052000 01117 .00011 1.234 .052095 .011402 .00026 .217 -.34
Good nbhd .12585 .02064 .00022 1.003 12561 .020970 .00052 .180 43
log(Lot size) .30468 .02574 .00024 1.292 .30609 .025485 .00051 .286 -2.50
#Bedrooms .040620 .013536 .00017  .698 .040376 .013362 .00025 313 .81
#Full baths .15545 .018749 .00019 1.064 15523 .018589 .00041 .227 49

#Stories .093635 .012025 .00010 1.530 .093804 .012037 .00016 .595 -.90



Table 6.2
Probit model: Comparison of direct MCMC with client’s reweighting

Posterior (Gibbs, direct MCMC) Posterior (Reweighting of MCMC from fneeeptibr)
Coefficient  Mean Stan. dev. NSE RNE Mean Stan. dev. NSENE “t
Intercept  1.548 4640 .0068 517 1.606 4712 .0138 129 -3.77
Black 1077 1051 .0028 .160 .1043 .1056 .0037 .088 73
Age-Single -.05702 .01227 .00022 .356 -.05752 .01217 .00035 .131 1.21
Age-Married -.08360 .01212 .00021 .361 -.08375 .01201 .00037 .119 .35
Education  .07898 .02240 .00042 .316 .07581 .02277 .00074 .106 3.73
Married .6570 4694 .0068 .528 .6439 .4832 .0164 .096 74
Kids -.5093 1652 .0052 112 -.5249 .1667 .0054 107 2.08
#Kids -.05441 .05453 .00129 .231 -.05433 .05353 .00180 .098 -.04
Spouse$ -1.687x10° 3.455x10° 7.52x10° .235 -1.662x10° 3.407x10° 1.09x107 .108 -2.18
Family$ 8.975x107 6.246x10° 9.93x10° .440 9.05X%107 6.240x10° 2.12x107 .096 -.02
AFDC -5.397x10™ 3.836x10™" 6.81x10° .352 -5.252x10™ 3.731x10™" 1.07x10° .135 -1.14
Food$ -.002196 6.845x10™* 1.14x10° .400 -.002190 6.71%10" 2.13x10° .110 .25

WorkExp  1.367x10™ 9.543x10° 4.37x10”" .053 1.376¢10" 9.072x10° 3.89x107" .060 1.54



Table 3.1
Regression model: Posterior moments

Ordinary least squares  Prior Posterior
Coefficient Estimate s.e. Mean s.d. Mean s.d. NSE RNE
Intercept 7.745 .216 0 11 7.726 217 .0015 2.09
Driveway 110 .028 0 i .104 027 .0002 1.59
Recreation room .058 .026 0 A .058 .025 .0003 1.05
Finished basement .104 .021 0 A .103 .021 .0002 0.96
Gas hot water 179 .043 0 i .149 .040 .0004 0.97
Central air .166 .021 0 i .159 .020 .0001 2.16
#Garage stalls .048 .011 0 i .049 011 .0001 1.49
Good nbhd 132 .023 0 i 127 .022 .0002 1.04
log(Lot size) .303 .027 0 .3 .307 027 .0002 1.98
#Bedrooms .034 .014 0 i .036 .014 .0001 1.14
#Full bathrooms .166 .020 0 i 161 .020 .0002 1.34
#Stories .092 .013 0 i .093 .013 .0001 2.07

Table 3.2
Probit model: Likelihood mode, prior and posterior mode
Maximum likelihood Prior Posterior

Coefficient Mode Asymptotic s.e. Mean Stan. dev. Mode  Approx. s.d.
Intercept 1.22 .520 0 4 1.21 A77
Black .109 .105 0 125 .0151 0773
Age-Single -.0611 .0132 0 .00417 -.0102 .00381
Age-Married -.0874 .0128 0 .03333 -.0279 .00652
Education  .113 .0274 0 .00417 .00228 .00411
Married .682 522 0 125 .180 118
Kids -.488 171 0 .250 -.365 131
#Kids -.0505 .0552 0 125 -.151 .0441
Spouse$ -1.78x10° 3.46x10°° 0 3.57x107° -7.18x10° 2.28x10°°
Family$ 1.86x10° 7.25x10° 0 3.57x107° -9.51x107" 2.92x10°°
AFDC -5.02x10™* 3.85x10™* 0 6.25x10™ -5.68x10™* 3.05x10™
Food$ -.00211 6.94x10™ 0 6.25x10™ -.00121  4.35x10™
WorkExp  1.36x10™* 9.50x10° 0 6.25x107° 1.16x10™ 8.28x10°



Table 4.1
Regression model: Marginal likelihoods

Log marginal likelihood NSE
First prior (Zero center)

p=.9 46.077 .003

p=.5 46.069 011

p=.1 46.063 047
Second prior (Nonzero center)

p=.9 52.145 .004

p=.5 52.132 012

p=.1 52.122 .029
Third prior (Nonzero center, higher precision)

p=.9 56.362 .004

p=.5 56.372 011

p=.1 56.383 .036

Table 4.2

Probit Model: Marginal likelihoods

Log marginal likelihood NSE
Gibbs algorithm based on Gelfand-Dey

p=.9 -564.72 .0053

p=.5 -564.72 .0151

p=.1 -564.69 .0393
Hastings-Metropolis based on Gelfand-Dey

p=.9 -564.72 .0070

p=.5 -564.71 .0185

p=.1 -564.68 .0544

Hastings-Metropolis based on weights -564.69 .0054



Table 5.1
Regression model: Limited information marginal likelihood

Predictive c.d.f. Limited information
Data function .05 .95 Data marginal likelihood
Skewness -.160 175 -.184 1.17
Excess kurtosis -.319 .340 517 A77
Skewness + excess kurtosi©009 .074 101 *
Kolmogorov-Smirnov .024 .238 .044 7.24
Nonlinear regression
#Garage stalls -.0235 .0235 -.0349 2.534
log(Lot size) -.00216 .00221 -.00141 1854
#Bedrooms -.0123 .0125 -.0074 29.103
#Full bathrooms -.0135 .0131 -.0023 36.8
#Stories -.0143 .0144 .0020 47.8
Conditional heteroscedasticity
Driveway -.070 .067 -.009 8.33
Recreation room -.071 .066 -.011 8.49
Finished basement -.072 .070 .015 8.86
Gas hot water -.070 .069 .059 2.27
Central air -.075 .069 -.075 .81
#Garage stalls -.067 .072 .082 1.15
Good nbhd -.071 .066 -.113 *
log(lot size) -.065 .073 -.017 8.82
#Bedrooms -.074 .065 .067 1.89
#Full bathrooms -.071 .070 -.027 9.48
#Stories -.070 .073 -.044 5.76

*Value too small to be approximated reliably by kernel smoothing methods.



Table 5.2

Probit model: Limited information marginal likelihood

Data function .05 .95
Fraction choosing .000 1.000
Fraction in:
.00 -.10 .000 .037
10 - .25 .000 222
25 - .40 .000 .400
40 - .50 273 571
.50 - .60 454 .667
.60 - .75 571 1.000
.75 -.90 T72 941
90 - .95 .900 1.000
95 - .99 .960 1.000
.99 -1.00 .995 1.000
Correlation of squared residual with squared covariate:
Black -.958 116
Age-Single -.206 .226
Age-Married -.254 242
Education -.095 .070
Married -.269 .236
Kids -.131 .105
#Kids -.102 .169
Spouse$ -.078 .061
Family$ -.030 .006
AFDC -.108 A77
FoodStamps -.104 .190
WorkExp -.202 .238

Predictive c.d.f.

Data
.803

222
.208
.338
.362
.557
.663
.830
.953
.983
.990

.022
-.252
.038
-.154
.028
213
.163
.024
-.012
.079
.092
-.264

Limited information
marginal likelihood
279

*

1.088
3.942
321
1.74
4.675
11.43
1.564
4.204
5.657

6.57
6.52
2.15
244
5.66
.098
701
3.22
16.9
2.19
1.07
.318

*Value too small to be approximated reliably by kernel smoothing methods.



