
Bayes Lecture Notes based on Koop (2003)

A.Colin Cameron
University of California - Davis

November 1, 2005

1. CH.1: Introduction

The concepts below are the essential concepts used throughout the book.

1.1. Theory: Posterior density

The key is the posterior density - the probability density of parameters given
data.
Apply Bayes Rule that Pr[B|A] = {Pr[A|B]× Pr[B]}/Pr[A] to the probability

of parameter vector θ (event B) given data vector y (event A):

1. Likelihood function (for data given parameters) p(y|θ)
2. Prior density (for parameters) p(θ)
3. Posterior density (for parameters given data) p(θ|y) = p(θ) × p(y|θ)/p(y).

The user inputs 1. (as in ML) and 2. (special to Bayesian) and gets out the
posterior density

p(θ|y) =
p(θ) × p(y|θ)

p(y)
. (1.1)

The term p(y) in (1.1) is a constant that does not depend on θ. For some
aspects of Bayesian analysis we can ignore the constant p(y) and simply say

p(θ|y) ∝ p(θ) × p(y|θ). (1.2)

[Aside: In general if density f(x) = kg(x) where k is a constant that does not
depend on x then g(x) is called the kernel of the density. Much Bayesian analysis
works with just the density kernel].



The posterior density p(θ|y) is the starting point for further analysis. Many
studies report

• Posterior mean: E[θ] =
R
θp(θ|y)dθ.

• Posterior standard deviation: σθ where σ2θ = E[(θ−E[θ])
2] =

R
(θ−E[θ])2p(θ|y)dθ.

• 95% highest posterior density interval (HPDI): The Bayesian equivalent of
a 95% confidence interval (see p.44) which is usually asymmetric.

1.2. Theory: Posterior Odds

See presentation in chapter 4 below.

1.3. Theory: Predictive Density

Consider prediction of new observation(s) y∗ given data y. We want the density
p(y∗|y). This can be done by conditioning on θ and then integrating out over the
posterior distribution for θ, giving the predictive density

p(y∗|y) =
Z
p(y∗|y,θ)p(θ|y)dθ. (1.3)

Often y and y∗ are independent of each other, in which case p(y∗|y,θ) = p(y∗|θ).

1.4. Computation: Monte Carlo Integration

Computation is used extensively in Bayesian analysis.
Suppose we know the posterior density p(θ|y) but not how to calculate a

posterior moment E[g(θ)] such as the posterior mean. To estimate E[g(θ)] =R
f(θ)p(θ|y)dθ make many draws from p(θ|y) and for each draw of θ calculate

g(θ) and average. With S drawsMonte Carlo integration yields the estimate

bgS = bE[g(θ)] = 1

S

SX
s=1

g(θ(s)). (1.4)

The precision of this estimate is measured using the numerical standard error
σg/

√
S where

bσ2g = 1

S − 1

SX
s=1

(g(θ(s) − bgS)2. (1.5)
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Koop begins with this example: calculations using the posterior usually involve
an integral. A second reason for computational methods is when there is no closed
from the posterior but analysis is still possible using modern MCMC methods.
This is not introduced until chapter 4 but is the basis for the Bayesian revival.
There are four ways in which we use Monte Carlo methods.
(1) Monte Carlo integration - when can draw from f()
(2) Importance sampling integration - when have decent approximation for f()
(3) Gibbs sampler - draws when full conditional known
(4) Metropolis-Hastings when full conditional not known.
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2. CH.2: Single Regressor, Natural Conjugate Prior

Here yi ∼ N [βxi,σ2], so scalar regressor and no need for matrix algebra.
This is rewritten as yi ∼ N [βxi, 1/h] where h = 1/σ2 is called the precision

parameter.
The chapter assumes a “normal-gamma conjugate prior” for β and h.

2.1. Priors

A conjugate prior is one for which combining prior and likelihood leads to a
posterior in the same class of distributions.
A natural conjugate prior is one where the prior density has the same

functional form as the likelihood. This has two advantages

1. Tractability - we have a closed from solution for the posterior.

2. Interpretability - the prior can be interpreted as data (see e.g. pp.21-22.)

A relatively noninformative prior is a prior with large variances.
A noninformative prior is the limit as variances go to infinity and is often

a uniform prior which is often improper as it does not integrate to one.

2.2. Posterior

This just gives results that are repeated in chapter 3 using matrix algebra.
Underscores are used for prior means and variances e.g. β.
Overscores are used for posterior means and variances e.g. β.
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3. CH.3: Many Regressors, Natural Conjugate Prior

Here yi ∼ N [xiβ,σ2] or equivalently y ∼ N [Xβ, h−1Ik] and use matrix algebra.
The chapter assumes a “normal-gamma conjugate prior” for β and h.

3.1. Priors

It is assumed that p(β, h) = p(β|h) × p(h) where

β|h ∼ N [β, h−1V]

h ∼ G[s−2, v].

This is strange in that it is more natural to specify a prior for β than for β|h.
But it gives a joint prior for β and h that is called the normal-gamma prior

β, h ∼ NG[β,V, s−2, v].

This is the natural-conjugate prior to the normal regression model (which can
be written as a normal-gamma). It leads to a tractable normal-gamma joint
posterior:

β, h|y ∼ NG[β,V, s−2, v].

Denote the OLS (or MLE) estimatesbβ = (X0X)−1X0y

s2 = (y −Xbβ)(y−Xbβ)/v
v = (N − k).

Then the posterior means and variances are

V = [V−1 +X0X]−1 = [V−1 + ([X0X]−1)−1]−1

β = V[V−1β + ([X0X]−1)−1bβ]
v = v +N

vs2 = vs2 + vs2 + (bβ − β)0[V + [X0X]−1]−1(bβ − β).
Note that

1. The matrix V is a weighted average of the inverses of prior precision h−1V
and data (OLS) precision h−1[X0X]−1.
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2. The posterior mean β is a matrix-weighted average of prior mean and data
(OLS) mean.

3. The posterior degrees of freedom are sum of prior and data degrees of free-
dom.

4. vs2 is posterior sum of squares which equals sum of prior and data sum of
squares plus an extra term.

In addition to the joint posterior of β and h we can obtain the separate mar-
ginal posteriors of each. These are

β|y ∼ t[β, s2V, v] with mean β, variance
µ
vs−2

v − 2

¶
V

h|y ∼ G[s−2, v] with mean s−2 , variance 2s−2/v.

3.2. Model Comparison: Restrictions, HPDIs

Inequality restrictions M1 : Rβ > r versus M1 : Rβ ≯ r easily compared us-
ing posterior odds ratio. Inequality restrictions easily imposed using importance
sampling (see later chapter 4.3).

3.3. Data Example

This is very insightful for first look at applied methods.
Data are N = 546 houses sold in Windsor Canada in 1987. Model is

yi = β1 + β2x2i + β3x3i + β4x4i + β5x5i + εi.

How are the priors determined?
First consider h. Say σ = 5, 000 is best guess (as OLS yields s between $3,000

and $10,000 in typical application). So s2 = 50002 and s−2 = 4 × 10−8. And set
v = 5 as the v = v +N = 5+ 546 so giving roughly 1% prior weight compared to
data weight.
Second consider β. For slope β if β∗ is best guess than let SD[β] = β∗/2 as

then β lies between 0 and 2β∗ with probability 0.95. For intercept more of a guess.
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For slope more of a guess. For covariances assume zero. Then

β V[β] =
³
vs2

v−2
´
V V

intercept 0 10, 0002 2.40
lot size 10 52 6.0 × 10−7

bedrooms 5, 000 2, 5002 0.15
bathrooms 10, 000 5, 0002 0.60
storeys 10, 000 5, 0002 0.60

Note that the conditional prior variance V[β|h] = h−1V but we need the uncon-

ditional prior variance V[β|h] =
³
vs2

v−2
´
V.

For this example:

• Posterior means of β are much closer to OLS (noninformative prior) than
to prior.

• Posterior standard deviations of β are smaller with informative prior than
with noninformative prior.

• 95% HPDI for e.g. β5 = (5686, 9596) = 7641± 2.58× 997.02 so multivariate
t critical value of 2.58 is much larger than usual 1.96.

• Posterior odds = Bayes factor = 0.39 for β3 means that M1 : β3 = 0 is 28%
likely and M2 : β3 6= 0 is 72% likely (0.28/0/72 = 0.39).
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4. CH.4: Many Regressors, Other Priors

This chapter considers two separate complications and solution methods.

1. Independent normal/gamma prior. This is no longer conjugate. Solve by
using the Gibbs sampler.

2. Normal/gamma prior (so conjugate) but inequality restrictions. Solve by
using importance sampling.

It also presents ways to compute posterior odds.

4.1. Gibbs Sampler for Independent Normal-Gamma Priors

It is assumed that p(β, h) = p(β) × p(h), so priors independent, with

β ∼ N [β,V]

h ∼ G[s−2, v].

Note that h no longer appears in the prior for β.
Then the conditional posteriors are easy:

β|y, h ∼ N [β,V]

h|y,β ∼ G[s−2, v],

where

V = [V−1 + (h−1[X0X]−1)−1]−1

β = V[V−1β + (h−1[X0X]−1)−1bβ]
s−2 = [(y−Xβ)0(y−Xβ) + vs2]/v
v = N + v.

But we don’t know the joint posterior p(β, h|y) or themarginal posteriors
p(β|y) and p(h|y). So can’t take usual closed-form solution approach.
Instead use Gibbs sampler (see separate notes). At sth of S rounds:

• Given h(s−1) and y,X compute β
(s−1)

andV
(s−1)

and drawβ(s) fromN [β
(s−1)

,V
(s−1)

].

• Given β(s−1) and y,X compute s−2,(s) and v(s) and draw h(s) from G[s−2,(s), v(s)].

8



If this MCMC method has converged it gives correlated draws of β(s) and h(s)

from the analytically unknown posterior p(β, h|y). Some details:

• Throw away first S0 draws (burn-in) and keep next S1 draws.

• Numerical standard error bσg/√S1 needs to compute bσg allowing for
correlation of g(θ(s)) over draws (4.13) which has typo).

• To ensure chain has converged useMCMC diagnostics. Koop emphasizes

— CD statistic (compare bg for subsamples of draws): should be < 1.96 in
absolute value

— bR statistic (compare bg for different Gibbs starting values): should be
· 1.2.

The empirical illustration is same data as chapter 3. Set S0 = 1, 000 and
S1 = 10, 000. Results are closer to prior than in chapter 3.9. CD is computed
separately for each βj and is always · 1.22 in absolute value. Numerical standard
error is small. Posterior odds change more than do posterior means of parameters.

4.2. Linear Model with Inequality Constraints

The inequality constrains are 1(β ∈ A).
The marginal posterior is p(β|y)× 1(β ∈ A), the same as without restrictions

except multiplied by 1(β ∈ A).
For simplicity consider a tractable model with natural conjugate prior or non-

informative prior.
Then without constraints can just draw from the joint posterior p(β, h|y).
With constraints we use importance sampling where we draw from p(β, h|y),

keep only those draws with β ∈ A, so that 1(β ∈ A) = 1, and keep track of the
number of draws for which 1(β ∈ A) = 1.
More generally importance sampling estimates E[g(θ)|y] =

R
g(θ)p(θ|y)dθ

by instead drawing θ(s) from the importance function q(θ) and forming the
weighted average

bgS = bE[g(θ)] = PS
s=1w(θ

(s))g(θ(s))PS
s=1w(θ

(s))
(4.1)

w(θ(s)) =
p(θ = θ(s)|y)

q(θ = θ(s))
are weights.
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Here w(θ(s)) = 1(β(s) ∈ A).
The empirical illustration is same data as chapter 3.9 and 4.2. Here 1(β ∈ A)

imposes β2 > 5, β3 > 2500, β4 > 5, 000 and β5 > 5, 000. There are 10, 000 reps
with importance sampling. Numerical standard error about 50% larger than in
Gibbs sampler. β3 and β5 change quite a bit. Posterior odds change quite a bit.

4.3. Posterior Odds Computation

Posterior odds are the Bayesian analog of a likelihood ratio. Here we combine
discussion in sections 1.1, 4.2.5, 4.3.4 and 5.7. We give definitions and various
ways to compute.
First, a frequentist analysis. For two models M1 and M2 let p(y,θ|M1)

and p(y,θ|M2) denote their fitted likelihoods. Then the likelihood ratio L12 =
p(y,θ|M1)/p(y,θ|M2) is the basis for a likelihood ratio test. If M2 is nested in
M1 and imposes one restriction on θ then an asymptotic likelihood ratio test will
reject M2 in favor of M1 if 2 lnL12 exceeds χ2.05(1) = 3.84, or equivalently if L12
exceeds exp(1.92) = 6.82.

4.3.1. Posterior Odds and Bayes Factor (section 1.1)

Now the Bayesian analysis. The starting point is the unconditional probability of
observing our data y, i.e. after integrating out that parameters θ. This is called
the marginal likelihood, and for model Mj is given by

p(y|Mj) =

Z
p(y|θj,Mj) × p(θ

j |Mj)dθ
j. (4.2)

This is the normalizing constant in the posterior density (1.1) and can be difficult
to compute.
Bayes factor is simply the ratio of the marginal likelihoods

BF12 =
p(y|M1)

p(y|M2)
. (4.3)

For example BF12 = 2 then model one is twice as likely as model 2 or the prob-
ability of model 1 being appropriate is 0.67 while for model 2 this probability is
0.33.
More generally we can weight by prior model probabilities p(Mj) giving the

posterior odds ratio

PO12 =
p(y|M1) × p(M1)

p(y|M2) × p(M2)
=
p(M1|y)

p(M2|y)
, (4.4)
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where the posterior model probability

p(Mj |y) =
p(y|Mj) × p(Mj)

p(y)

This reduces to BF12 if the prior model probabilities are equal, and what is re-
ported as the posterior odds ratio in studies is usually the Bayes factor.
Several methods.

4.3.2. Savage-Dickey Density Ratio (section 4.2.5)

Suppose M1 restricted is nested within M2 and has equality restrictions, that
a subcomponent of θ takes a particular value. Thus M1 has (θ

0
1,θ2) and M2

has (θ1,θ2). And suppose imposing M1 on θ1 does not effect prior on θ2, so
p(θ2|θ1 = θ

0
1,M1) = p(θ2|M2). Then can show

BF12 =
p(y|M1)

p(y|M2)
=
p(θ1 = θ

0
1|y,M2)

p(θ1 = θ
0
1|M2)

.

So the Bayes factor can be computed as the marginal posterior for θ1 in the
unrestricted model divided by the marginal prior for θ1 in the unrestricted model,
where both are evaluated at θ1 = θ01. This ratio is called the Savage-Dickey
density ratio.
This is convenient. Only need work with the unrestricted model. And there is

no need to find the marginal density. Just need the marginal posterior (e.g. via
Gibbs) and the marginal prior.

4.4. Inequality Constraints (section 4.3.4)

Suppose M1 is β ∈ A and M2 is β /∈ A. Use importance sampling to impose M1.
Then p(M1|y) is simply the number of draws kept in importance sampling (i.e.
with β ∈ A) and p(M2|y) = 1 − p(M1|y). So can easily compute Bayes factor
BF12 and posterior odds PO12.
Suppose additionally one model has an extra constraint. Say M1 is β ∈ A

plus β = β0 and M2 is β /∈ A. Then can show

BF12 =
p(y|M1)

p(y|M2)
=
c × (posterior kernel with β = β0)
c × (posterior kernel with β = β0)

,

where c−1 is the number of posterior draws with β ∈ A and c−1 is the number of
prior draws with β ∈ A. Only need posterior kernels!
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4.4.1. Gelfand-Day Method (section 5.7)

Previous methods are special cases where can computeBF and sometimes PO without
computing marginal likelihood p(y|Mj). For any density f(θ) with support con-
tained in Θ

E
�

f(θ)

p(θ|Mj)p(y|θ,Mj)
|y,Mj

¸
=

1

p(y|Mj)
.

The left-hand side can be computed by simulated draws from f(θ), provided we
know the complete functional form for the prior p(θ|Mj) and likelihood p(y|θ,Mj),
and not just the kernels. Taking the reciprocal gives an estimate of p(y|Mj).
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5. CH.5: Nonlinear Regression Model

Now y = f(X,γ) + ε rather than y = Xβ + ε.
With prior density p(γ, h) the posterior

p(γ, h|y) ∝ p(γ, h) × hN/2

(2π)N/2
× exp

µ
−
h

2
(y− f(X,γ))0(y − f(X,γ))

¶
.

This is handled using Metropolis-Hastings algorithm. This draws γ from a can-
didate generating density but accepts only some of the draws and otherwise stays
with the preceding value of γ. One example is to draw γ from t(bγML, bV[bγML], 10).
For general θ the algorithm to draw from p(θ|y) is:
(0) start with θ(0)

(1) draw candidate value θ∗ from candidate density q(θ(s−1);θ∗)
(2) calculate acceptance probability α(θ(s−1);θ∗) - see below
(3) let θ(s) = θ∗ with probability α(θ(s−1);θ∗) and otherwise equal θ(s−1)

(4) repeat (1)-(3) S times.
This MCMC method gives S correlated draws from p(θ|y).
The acceptance probability varies with q(θ(s−1);θ∗). If q(θ(s−1);θ∗) = q∗(θ∗) so

it does not depend on θ(s−1) and furthermore is symmetric then we haveMetropolis
with

α(θ(s−1);θ∗) = min
µ
p(θ = θ∗|y)|y)

p(θ = θ(s−1)|y)
, 1

¶
.

Metropolis-Hastings allows more complicated q(θ(s−1);θ∗) with more complicated
q(θ(s−1);θ∗). See Koop.
The empirical illustration has CES example with N = 123 and one regressor.

For noninformative prior it has S = 25, 000 and acceptance rates of 7% for in-
dependence chain with candidate density t(bγML, bV[bγML], 10) and 21% for draws
from random walk chain N (bγML, bV[bγML]).
For informative independent normal-gamma prior the Metropolis-Hastings is

embedded within Gibbs.
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