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1 Introduction

The purpose of this paper is to establish strict stationarity and mixing properties for the

dynamic Tobit process of the form

(1) yit = max (0; z
0
it�0 + � 0yit�1 + 
i0 + "it)

where zit is an exogenous regressor, "it is an independent disturbance term and 
i0; � 0 and �0
are �xed parameters. Tobin (1958) proposed a static version of Model (1) to analyze durable

good expenditures. The model has subsequently found wide application in economics. However,

most of the literature worked with a static version of the model and cross-sectional data or with

panel data when the number of time series observations is assumed �xed. More recently some

authors have considered time series versions of the models. Examples include de Jong and

Herrera (2005) and Hahn and Kuersteiner (2004).

Stationarity and Mixing properties for linear processes are well understood and documented

in an extensive literature. The same is true only to a much lesser extent for non-linear models.

De Jong andWoutersen (2005) establish strict stationarity and mixing for certain discrete choice

models but to the best of our knowledge mixing has not been established for (1). Because a

mixing sequence retains the mixing property under any measurable transformation establishing

mixing for a particular stochastic process is of independent interest. As our application of

our results to the maximum likelihood estimator of (1) shows the main application of mixing

properties in statistics are moment bounds to control the temporal dependence of expressions

entering the likelihood.

The main purpose of this paper is to establish that the regularity conditions of Hahn and

Kuersteiner (2004) are satis�ed. In that paper we develop bias correction methods for non-

linear dynamic panel models with �xed e¤ects under a mixing condition. DeJong and Herrera

(2005) analyze a time series version of the dynamic Tobit model and use the concept of near

epoch dependence to derive asymptotic properties. While near epoch dependence is easier to

establish than mixing, it does not satisfy the regularity conditions in Hahn and Kuersteiner

(2004).

2 Stationarity and Mixing

The �rst result that we establish is that for innovation sequences "it that are independent both

in the cross-section i and time series t and for inputs zit which are independent of "js for all
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i 6= j and t 6= s it follows that there exists a stationary solution yit to equation (1). Our result

applies both to the pure time series case where there is only one single cross-sectional unity

such that the index i can be omitted or for the more general panel case where the time series

is observed for multiple units in the cross-section. The result is formally stated as follows:

Proposition 1 Let i 2 N+ be an index of a countable, not necessarily �nite number of cross-
sectional units. Let "it be iid across i and t with E j"itjr <1 for some r � 2 and zit is strictly
stationary and supiE jzitj

r <1: Then yit = max(0; � 0yit�1+ z0it�0+ 
i0+ "it) with j� 0j < 1 has
a strictly stationary solution yit and supiE jyitj

r <1:

We now turn to the main result of our paper which is concerned with the mixing prop-

erties of stationary solutions to equation (1). We �rst de�ne the mixing property in the

context of our model. Let xit = (yit; zit) where yit is the stationary solution to (1). Let

Ait = � (xit; xit�1; xit�2; :::) and Bit = � (xit; xit+1; xit+2; :::) be the sigma algebras generated by

(xit; xit�1; xit�2; :::) and (xit; xit+1; xit+2; :::) respectively. De�ne

�i (m) = sup
t

sup
A2Ait;B2Bit+m

jP (A \B)� P (A)P (B)j

The process xit is said to be strong mixing if supi �i (m) tends to 0 as m!1:We establish not

only that xit is strong mixing but also that the mixing coe¢ cient �i (m) decays exponentially

fast as m!1: Our mixing result can now be stated as follows:

Proposition 2 Let "it be iid across i and t with density p"(") such that "it has unbounded

support with 0 < P ("it < x) < 1 for all x 2 R and
R
jp" ("� x)� p"(")j d" � C" jxj and

E [j"itjr] < 1 for some r � 2. Assume that zit = �zit�1 + �it where �it is independent of "js
for all i; j; t; s and that �it has density p�(�) such that

R
jp� (� � x)� p�(�)j d� � C� kxk and

E k�itk
r < 1 for some r > 2: Let �j be the eigenvalues of � with maxj j�jj < 1: Then yit =

max(0; � 0yit�1 + z0it�0 + 
i0 + "it) with j� 0j < 1 has a stationary solution yit, supiE jyitj
r <1;

xit = (yit; zit) is mixing with supi j�i (m)j � Cam for some a such that jaj < 1:

Remark 1 The smoothness conditions for p" (") and p� (�) can not be easily relaxed. To show

this consider a simple counter example. Let et be iid with distribution P (et = 0) = P (et =

1) = 1=2 and de�ne the process Y �
t = 2�1Y �

t�1 + et with initial condition Y �
0 = 0: It follows

immediately that Y �
t � 0 with probability one for all t: Then consider Yt = max(0; 2�1Yt�1+ et)

with Y0 = 0: Obviously, Yt = Y �
t for all t and all realizations of et: But from Athreya and

Pantula (1986) it is known that Y �
t is not strong mixing and thus Yt is not strong mixing. This

is despite the fact that j� 0j = 1=2 < 1 in this example such that the mapping max(0; :) is a

contraction.

3



3 Maximum Likelihood Estimation

If we are prepared to impose parametric assumptions on the distribution of "it then the para-

meters of (1) can be estimated by the method of maximum likelihood for an observed sample

fxitgN;Ti=1;t=1 generated from (1). For expositional purposes we assume that "it is iid Gaussian.

In this case the log of the likelihood is given by

 (xit; �; 
i) = 1 (yit = 0) log �
�
(�yit�1 + z0it� + 
i) =�

2
"

�
+1 (yit > 0)�

�
(yit � �yit�1 � z0it� � 
i) =�

2
"

�
;

where � is the cumulative distribution function of the standard normal distribution and � is

the corresponding density. It is well known that the maximum likelihood estimator obtained

from maximizing
PN

i=1

PT
t=1  (xit; �; 
i) over f�; 
1; :::; 
Ng is inconsistent if T is held �xed

as N ! 1: This problem is known as the incidental parameter problem and discovered by

Neyman and Scott (1948). In Hahn and Kuersteiner (2004) we show under high level regularity

conditions imposed on  (:) and xit that by adopting a joint limiting argument where N; T !1
jointly such that T=N ! � where � is a constant such that 0 < � < 1 one can establish

the consistency of the maximum likelihood estimator �̂. Moreover, we show that �̂ is
p
TN

convergent and asymptotically normal but with a limiting distribution that is not centered at

zero. We interpret the location shift of the limiting distribution as an approximation to the

�nite sample bias and show that successful bias correction is possible even in samples where T

is substantially smaller than N:

Our bias approximation and correction results depend on high level assumptions, in partic-

ular, the existence of higher order moments and mixing and stationarity properties of xit: The

following result establishes that these conditions are satis�ed for data generated by (1) under

certain additional regularity conditions which are stated as part of the proposition.

Proposition 3 Let "it be iid across i and t with "it � N(0; �2"): Assume that zit = �zit�1 +

�it where �it is independent of "js for all i; j; t; s and that �it has density p�(�) such thatR
jp� (� � x)� p�(�)j d� � C� kxk and E k�itk

r < 1 for some r > 7 + 10q + 12 + � with

q � p=2 + 2 and for some � > 0: Let �j be the eigenvalues of � with maxj j�jj < 1: Let

yit = max(0; � 0yit�1 + z0it�0 + 
i0 + "it) and de�ne xit = (yit; yit�1; zit) and

 (xit; �; 
i) = 1 fyit = 0g log �
�
(�yit�1 + z0it� + 
i) =�

2
"

�
+1 fyit > 0g log �

�
(yit � �yit�1 � z0it� � 
i) =�

2
"

�
:

Then there exists a function M (xit) such that

jDv (xit; �1)�Dv (xit; �2)j �M (xit) k�1 � �2k
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for all �1; �2 2 � and jvj � 5, sup�2� kDv (xit; �)k �M(xit) and

sup
i
E
h
jM(xit)j10q+12+�

i
<1

for some integer q � p=2 + 2 and for some � > 0.

Let�b�; b
1; : : : ; b
n� = argmax
�;
1;:::;
n

NX
i=1

TX
t=1

 (xit; �; 
i)

be the maximum likelihood estimator. It is easy to verify that the regularity conditions of Hahn

and Kuersteiner (2004) are satis�ed when the conclusions of Proposition 3 hold. The results

of that paper then show that when T;N ! 1 and N=T ! � the parameters are uniformly

consistent. In other words, �̂� �0 = op (1) and maxi (
̂i � 
i0) = op (1) : In addition, it is shown

in Hahn and Kuersteiner (2004) that a bias correction for the ML estimator can be based on

an asymptotic approximation where N and T tend to in�nity at the same rate.

4 Conclusions

We establish that the dynamic Tobit model satis�es stationarity and mixing properties un-

der some regularity conditions. As an application of our results we show that the high level

regularity assumptions of Hahn and Kuersteiner (2004) are satis�ed.
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Appendix

Proof of Proposition 1:. We note that z�it = z0it�0 + 
i0 + "it is strictly stationary.

To show stationarity of yit we adapt the argument of de Jong and Woutersen (2003). Let ykit
be a process that satis�es ykis = max(0; � 0y

k
is�1 + z�is) for s = t; t � 1; :::; t � k and ykis = 0

for s < t � k: Note that ykit = f(z�it; :::; z
�
it�k) for some measurable map f such that ykit is

strictly stationary for all k by construction. By Theorem 6.10 of Pötscher and Prucha (1991)

it follows that supi supt�0E
���ykit��r� < 1 uniformly in k: It follows that E

h��ykit � yk+mit

��2i �
j� 0j2k E

h��ymit�k��2i ! 0 as k;m ! 1: This implies that ykit is a Cauchy sequence with a mean

square limit denoted by yit: By Fatou�s Lemma, E
��yit � limk!1 y

k
it

��2 � lim infk!1E ��yit � ykit
��2 !

0 such that yit and limk y
k
it are equal almost surely. This implies that yit is stationary.

Assume that y�it is a solution to yit = max(0; � 0yit�1 + z�it). Then, jy�itj �
P1

j=0 j� 0j
j
��z�it�j��

which implies that supi supt�0E [jy�itj
r] <1: Consider��y�it � ykit

�� =
��max(0; � 0y�it�1 + z�it)�max(0; � 0ykit�1 + z�it)

��(2)

� j� 0j
��y�it�1 � ykit�1

�� � :::: � j� 0jk
��y�it�k��

and

jy�it � yitj �
��y�it � ykit

��+ ��yit � ykit
�� � j� 0jk ��y�it�k��+ ��yit � ykit

��
such that E jy�it � yitj2 ! 0 and yit = y�it almost surely such that supi supt�0E [jyitj

r] <1:

Proof of Proposition 2. From Proposition 1 we know that yit is stationary and that

supiE [jyitj
r] <1:De�ne the �-�eldsAit � � (xit; xit�1; xit�2; :::) and Bit � � (xit; xit+1; xit+2; :::) :

Let d = dim(xit): Then for any Borel set D � Rd it follows that

P
�
xit+1 2 DjAit

�
= P (xit+1 2 Djxit)

such that xit is a Markov process. Since yit is strictly stationary, xit is also strictly stationary.

By Theorem 7.11 of Kallenberg (1997) there exists an invariant measure

(3) # (D) = P (xit 2 D):

Let

vit =

"
1 � 00

0 Id�1

#"
"it

�it

#
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where vit =
�
vit;1; v

0
it;2

�0
is partitioned conformingly with ("it; �0it)

0 and has density pvi(v) with

pvi(v) = p"(v1 � � 00v2)p� (v2) :

Then, for x = (xy; x0z)
0 2 Rd and partitioned conformingly with yit and zit;Z

jpv (v � x)� pv(v)j dv =

Z
v

jp"(v1 � xy � � 00 (v2 � xz))p� (v2 � xz)� p"(v1 � � 00v2)p� (v2)j dv

�
Z
v

jp"(v1 � xy � � 00 (v2 � xz))� p"(v1 � � 00v2)j p� (v2 � xz) dv

+

Z
v

jp� (v2 � xz)� p� (v2)j p"(v1 � � 00v2)dv

� C" (jxyj+ j� 00xzj)
Z
p�(v2)dv2 + C� kxzk :(4)

De�ne � = (� 0; �
0
0�)

0 such that

xit =

"
max f0; �0xit�1 + vit;1 + 
i0g

�zit�1 + vit;2

#
:

For any Borel set D � Rd de�ne

D0 = f(y; z) 2 Djy = 0g ; Dy = f(y; z) 2 Djy > 0g

where D0 \Dy = ; and D = D0 [Dy. De�ne D0
z =

�
z 2 Rd�1j (0; z) 2 D0

	
�v
�
D0; x

�
=

Z
v2+�xz2D0

z

Z
v1���0x�
i0

pv(v)dv1dv2

=

Z
v22D0

z

Z
v1�0

p" (v1 � � 00v2 � � 00xy � 
i0) p� (v2 � �xz) dv1dv2

and

�Dv (x) =

Z
(y;z)2Dy

p" (y � � 00z � � 00xy � 
i0) p� (z � �xz) dydz:

For any Borel set D � Rd and conditional on xit�1; it follows that

(5) P (xit 2 Djxit�1) = P
�
xit 2 D0jxit�1

�
+ P (xit 2 Dyjxit�1) = �v

�
D0; xit�1

�
+�Dv (xit�1) :

From Athreya and Pantula (1986, p. 883) and exploiting the fact that xit is a Markov process

it follows that for any set A 2 Ait and B 2 Bit+m; there exist Borel functions g (xit+m) and
h (xit) : Rd ! [0; 1] such that ,

P (A \B) = E (g (xit+m)h (xit))
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and

P (A)P (B) = E (g (xit+m))E (h (xit)) :

De�ne G = � (xit+m) ; H = � (xit) : By Hall and Heyde (1980, Theorem A.5) and the fact that

g (xit+m) is G measurable and h (xit) is H measurable it follows that

(6) jP (A \B)� P (A)P (B)j = jE (g (xit+m)h (xit))� E (g (xit+m))E (h (xit))j � 4� (G,H)

where � (G,H) = supG2G;H2H jP (G \H)� P (G)P (H)j does not depend on the functions g()
and h(): The remainder of the proof establishes a uniform bound for

(7) jP (xit+m 2 D; xit 2 E)� P (xit+m 2 D)P (xit 2 E)j

for all D 2 Rd and E 2 Rd where Rd is the Borel �eld on Rd: By Billingsley (1980, Theorem
20.1) the class of sets fxit 2 Eg for E 2 Rd coincides with � (xit) such that a uniform bound

for (7) is also a bound for � (G,H) and thus for jP (A \B)� P (A)P (B)j :
The argument now follows a construction used in Gorodetskii (1977). Note that for some

measurable function f one can write xit+m = f("mt ; �
m
t ; xit) where "

m
t = ("it+1; :::; "it+m)

0 and

�mt =
�
�it+1; :::; �it+m

�0
: Note that f("mt ; �

m
t ; x) is independent of xit for any �xed value x 2 Rd:

Use the notation xmx;it+m = f("mt ; �
m
t ; x) where x

m
x;it+m =

�
ymx;it+m; z

m0
x;it+m

�0
to denote the process

xit+m with initial condition xit = x: Let umit+m = ymx;it+m � ym0;it+m: Let x = (xy; x
0
z)
0 denote the

partition of the initial values of xit: Then it follows that��umx;it+m�� � j� 0jm jxyj+ k�0kPm�1
j=0 j� 0j

j


�m�j

 kxzk

and 

xmx;it+m � xm0;it+m


 �

��ymx;it+m � ym0;it+m
��+ k�0k

zmx;it+m � zm0;it+m




� j� 0jm jxyj+ 2 k�0k

Pm�1
j=0 j� 0j

j


�m�j

 kxzk :

Here k�k = (tr��0)1=2 and � = TJT�1 is the Jordan decomposition (see Magnus and

Neudecker, 1988, p. 17) where J is an upper diagonal matrix with the diagonal elements

containing the eigenvalues of � and T a nonsingular matrix. Then k�mk = kTk kT�1k kJmk
where

kJmk =
�Pd�1

j=1 �
2m
j

�1=2
�
p
(d� 1) j��jm

and �� = maxj j�jj : For some constant C1 <1 where C1 does not depend on m; it follows that

k�k � C1 j��jm : Let 1 > a0 > max (j� 0j ; ��) such thatPm�1
j=0 j� 0j

j


�m�j

 � C1

Pm�1
j=0 j� 0j

j ��m�j = C1a
m
0

Pm�1
j=0 j� 0=a0j

j j��=a0jm�j = O(am0 ):
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It follows that


xmx;it+m � xm0;it+m



 � Cam0 (jxyj+ kxzk) for some constant C. De�ne B =�
x 2 Rdj kxk < �a�m0

	
with complement Bc: Then,

P (xit+m 2 D; xit 2 E) = P (xit+m 2 D; xit 2 E \B) + P (xit+m 2 D; xit 2 E \Bc)

as well as

P (xit 2 E)P (xit+m 2 D) = P (xit 2 E)P (xit+m 2 D; xit 2 B)+P (xit 2 E)P (xit+m 2 D; xit 2 Bc)

such that

jP (xit+m 2 D; xit 2 E)� P (xit+m 2 D)P (xit 2 E)j(8)

� jP (xit+m 2 D; xit 2 E \B)� P (xit+m 2 D; xit 2 B)P (xit 2 E)j

+2P (xit 2 Bc)

Using (3) and denoting the joint distribution of ("mt ; �
m
t ) by P";� (:) we �rst write

P (xit+m 2 D; xit 2 E \B) =

Z
B\E

�Z
f("m;�m;x)2D

P";� (d ("
m; �m))

�
# (dx)

=

Z
B\E

P (f("mt ; �
m
t ; x) 2 D)# (dx)

where P (f("mt ; �
m
t ; x) 2 D) =

R
f("m;�m;x)2D P";� (d ("

m; �m)) : Next note thatZ
B\E

P (f("mt ; �
m
t ; 0) 2 D)# (dx) = P (f("mt ; �

m
t ; 0) 2 D)

Z
B\E

# (dx)

and

P (xit+m 2 D; xit 2 B) =
Z
B

P (f("mt ; �
m
t ; x) 2 D)# (dx) :

It then follows that

P (xit+m 2 D; xit 2 E \B)� P (xit+m 2 D; xit 2 B)P (xit 2 E)(9)

= P (xit+m 2 D; xit 2 E \B)� P (f("mt ; �
m
t ; 0) 2 D)P (xit 2 E)

+P (f("mt ; �
m
t ; 0) 2 D)P (xit 2 E)� P (xit+m 2 D; xit 2 B)P (xit 2 E)

� P (xit+m 2 D; xit 2 E \B)� P (f("mt ; �
m
t ; 0) 2 D)P (xit 2 E \B)

+ (P (f("mt ; �
m
t ; 0) 2 D; xit 2 B)� P (xit+m 2 D; xit 2 B))P (xit 2 E)

+P (f("mt ; �
m
t ; 0) 2 D; xit 2 Bc)P (xit 2 E)

�
Z
B\E

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx)

+

Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx) + P (xit 2 Bc)

� 2

Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx) + P (xit 2 Bc)
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as well as

P (xit+m 2 D; xit 2 B)P (xit 2 E)� P (xit+m 2 D; xit 2 E \B)(10)

� (P (xit+m 2 D; xit 2 B)� P (f("mt ; �
m
t ; 0) 2 D)P (xit 2 B))P (xit 2 E)

+P (f("mt ; �
m
t ; 0) 2 D)P (xit 2 E)� P (xit+m 2 D; xit 2 E \B)

�
Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx)

+P (f("mt ; �
m
t ; 0) 2 D) (P (xit 2 E \B) + P (xit 2 E \Bc))

�P (xit+m 2 D; xit 2 E \B)

�
Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx)

+

Z
B\E

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx) + P (xit 2 Bc)

� 2

Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx) + P (xit 2 Bc)

Now combine (8), (9) and (10) to conclude that

jP (xit+m 2 D; xit 2 E)� P (xit 2 E)P (xit+m 2 D)j(11)

� 2

Z
B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx) + 3P

�
kxitk � �a�m0

�
where P

�
kxitk � �a�m0

�
� arm0 ��rE [kxitkr]. ThenZ

B

jP (f("mt ; �mt ; x) 2 D)� P (f("mt ; �
m
t ; 0) 2 D)j# (dx)

� sup
x2B

��P �xmx;it+m 2 D�� P
�
xm0;it+m 2 D

���
� sup

x2B
E
��P �xmx;it+m 2 Dj"m�1t ; �m�1t

�
� P

�
xm0;it+m�1 2 Dj"m�1t ; �m�1t

���
where the last expectation operator runs over "m�1t ; �m�1t :Note that zx;it+m�1 =

Pm�1
j=0 �

j�it+m�j�1+

�mxz: From (5) it follows that��P �xmx;it+m 2 Dj"m�1t ; �m�1t

�
� P

�
xmx0;it+m�1 2 Dj"

m�1
t ; �m�1t

���
�

���v(D0; xm�1x;it+m�1) + �v(D
0; xm�10;it+m�1)

��
+
���Dv (xm�1x;it+m�1)� �Dv (xm�10;it+m�1)

��
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where���Dv (xm�1x;it+m�1)� �Dv (xm�10;it+m�1)
��(12)

�
Z
(y;z)2Rd

��p" �y � � 00z � � 0y
m�1
x;it+m�1 � 
i0

�
p�
�
z � �xm�1x;it+m�1

�
�p"

�
y � � 00z � � 0y

m�1
0;it+m�1 � 
i0

�
p�
�
z � �xm�10;it+m�1

��� dydz
�

Z
(y;z)2Rd

��p" �y � � 00z � � 0
�
ym�1x;it+m�1 � ym�10;it+m�1

�
� 
i0

�
p�
�
z � �

�
zm�1x;it+m�1 � zm�10;it+m�1

��
�pv(y; z)j dydz

� C"
�
� 0
��ym�1x;it+m�1 � ym�10;it+m�1

��+ k�0k

zm�1x;it+m�1 � zm�10;it+m�1


�+ C�



zm�1x;it+m�1 � zm�10;it+m�1


 :

where the last inequality follows from (4). Then,��ym�1x;it+m�1 � ym�1x0;it+m�1
�� � �m�10 jxyj+ k�0k

Pm�2
j=0 j� 0j

j


�m�j

 kxzk

and 

zm�1x;it+m�1 � zm�10;it+m�1


 � 

�m�1

 kxzk

such that uniformly over all Borel sets D � Rd���Dv (xm�1x;it+m�1)� �Dv (xm�10;it+m�1)
�� � Cam0 (jxyj+ kxzk)

for some constant C: The same inequality holds for
���v(D0; xm�1x;it+m�1) + �v(D

0; xm�1x0;it+m�1)
��

which follows directly from the de�nition of �v (D0; :) and the �rst inequality in (12). Because

the bounds do not depend on the errors "m�1t and �m�1t it follows that

(13) sup
x2B

E
��P �ymx;it+m 2 Dj"m�1t ; �m�1t

�
� P

�
ymx0;it+m�1 2 Dj"

m�1
t ; �m�1t

��� � 4C�
where we use the fact that supx2B (jxyj+ kxzk) � 2a�m0 �: Now choose "a > 0 such that a0+"a <

1. Choose � = (a0 + "a)
m=r : Then,

(14) P
�
jxitj > �a�m0

�
� arm0 ��rE kxitkr = ar0 (a0= (a0 + "a))

mE kxitkr ! 0

and � =
�
(a0 + "a)

1=r
�m

! 0 as m ! 1. The result then follows from substituting upper

bounds (13) and (14) in (11).

Proof of Proposition 3. By Propositions 1 and 2 it follows that xit is strictly stationary

and mixing with exponentially decaying coe¢ cients and supiE kxitk
r <1 for r > 7+10q+12+�

with q � p=2+2 and for some � > 0: Consider �(x) = log
�R x

�1 (2�)
�1=2 exp (�1=2u2) du

�
, with

the �rst �ve derivatives

d�(x)

dx
=

1

2
p
�

p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

;
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d2�(x)

(dx)2
= � 1

2�

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 � 1

2
p
�
x
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

d3�(x)

(dx)3
=

1

�
x

e�x
2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 + 1

2�
x

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 � 1

2
p
�

p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

+
1

2
p
�
x2
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

+
1

2�
3
2

p
2e�x

2 e�
1
2
x2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�3
d4�(x)

(dx)4
=

3

2�

e�x
2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 � 3

�
x2

e�x
2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 + 1

2�

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2
� 1

2�
x2

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 � 3

2�2
e�x

2 e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�4
+

3

2
p
�
x
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

� 1

2
p
�
x3
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

� 3

�
3
2

x
p
2e�x

2 e�
1
2
x2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�3
d5�(x)

(dx)5
= �11

�
x

e�x
2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 + 7

�
x3

e�x
2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2
+
6

�2
x

e2(�x
2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�4 � 3

2�
x

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2
+
1

2�
x3

e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�2 + 9

�2
xe�x

2 e2(�
1
2
x2)�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�4
+

3

2
p
�

p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

� 3p
�
x2
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

+
1

2
p
�
x4
p
2

e�
1
2
x2

1
2
erf
�
1
2
x
p
2
�
+ 1

2

� 5

�
3
2

p
2e�x

2 e�
1
2
x2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�3
+
3

�
5
2

p
2e2(�x

2) e�
1
2
x2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�5 + 25

2�
3
2

x2
p
2e�x

2 e�
1
2
x2�

1
2
erf
�
1
2
x
p
2
�
+ 1

2

�3
where

1

2
erf

�
1

2
x
p
2

�
+
1

2
= �(x):
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Therefore, d
jvj�(x)

(dx)jvj
is bounded except for x ! �1: We note that e�x

2=2

�(x)
= O(�x) as x ! �1

which implies that

djvj�(x)

(dx)jvj
= O(jxjjvj) as x! �1

and bounded elsewhere. We thus have the bound
���djvj�(x)
(dx)jvj

��� � C jxjjvj for some constant C: This
now implies that

sup
�2�

kDv (xit; �)k � C sup
�2�

���x0it~����jvj � C kxitkjvj sup
�2�

���~����jvj
where ~� = (1; �0)0 : The assertion then follows from supiE kxitk

jvj+10q+12+� <1 since sup�2�
���~����jvj

is bounded when � is compact. By the chain rule of di¤erentiation and the mean value theorem

we have

jDv (xit; �1)�Dv (xit; �2)j � C
���x0it~�����jvj+1 kxitk k�1 � �2k

where



~�� � ~�1


 � 


~�1 � ~�2


 and 


~�� � ~�2


 � 


~�1 � ~�2


 such that the result follows from
sup
i
E kxitkjvj+2+10q+12+� <1

which holds by Propositions 1.
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