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D Some Lemmas

We first provide a different version of Lahiri’s (1992) Lemma 5.1, which is stated for bounded zero mean

random variables.

Lemma 7 Assume that {Wy,t =1,2,...} is a stationary, mizing sequence with E [W] = 0 and E {|Wt| <
oo for any positive integerr, some d > 0 and allt. Let Ay = 0 (Wi, W1, Wi_a,...), Bi = 0 (We, Wip1, Wiga, ...)
and o (m) = SUp, SUP 4c 4, peB,, ., |[P(ANB) — P (A) P (B)|. Then, for any m such that 1 <m < C(r)n,

2r+5]

E [(Z?Zl Wi)QT] <C(r)E [|WJ2T+5} {nrm% +n*a (m)Téﬂi
where C (1) is a constant that depends on r.

Proof. The proof is exactly identical to the proof of Lahiri (1992, p.198-200) except that, instead of using
the mixing inequality in Lemma 27.2 of Billingsley (1986), we are using the mixing inequality in Corollary
A.2 of Hall and Heyde (1980). For notation used here, we refer the reader to Lahiri (1992). All statements in
Lahiri (1990) on p. 198 are unchanged and we pick up the proof starting on p. 199. We need to consider the
term ‘Z3E [ 1:1 W;:t] , where (’yl, ..,vj) is a j-tuple such that 2r = 25:1 Visg>r.Let A={t:y, =1}
and let 3, be the number of elements in A. Lahiri (1992) shows that 2(j —r) < 8, < 2r which shows

that A is non-empty when j > r. The sum ) 5 is as defined in Lahiri and extends over all indices in the

set By, = {(t1,...,75) : 1 <iy < ... <ij <m, |ig—1 — @] > m,|ig — ig41| > m for some t € A}. Now consider
E[ 1:1 Wgt] when 7 > r. Fix 7 € A. Then, if 1 < 7 < j define W, = 2;11 Wgt, Wy, = W;_ and
We=TIl_ .1 W;* as well as by = S and by = 337, such that

!E [ i W} < |E[WoWoWe] — E[WoWy] E[W,]| + |E W W[ |[E [W]|
< 8 (E [\WaWbﬁf_ﬁD% (E [|WC|22§‘S])% o (m) =
s (B [ 5] B [l ) oy

< SB[ o (m) T 4 8B Wi ] @ (m) T (25)

where the second line follows from Corollary A.2 of Hall and Heyde (1980), and the last line is based on a
repeated application of Holder’s inequality and makes use of stationarity. If 7 = 1, then define W, = W,
and W;, = H{:TH W, such that

2w

= |E[W.W|
(5 )™ (2 )

SE [[Wi*] a (m) =%

IN

IN

by the mixing inequality from Corollary A.2 of Hall and Heyde (1980). A similar argument holds for the case
84Dy s

when 7 = j. Since a(m)™F = o (a (m) 4’”“) the second term in (25) can be subsumed into the constant

C(r). The remaining part of Lahiris proof is not affected by the changes made here because it does not

involve mixing arguments.



Lemma 8 Suppose that, for each i, {{;1,t =1,2,...} is a mizing sequence with E[£;,] =0 for all i,t. Let

Ai=0o (ﬁitaﬁitqafitdv ) Bi=0 (5ita§it+1’§it+2a ) and o; (m) = sup, SUPAec A}, BeBL, , |P(ANB) — P (A)P(B)].
Assume that sup; |a; (m)] < Ca™ for some a such that 0 < a < 1 and some 0 < C < co. We assume

that {&;;,t =1,2,3,...} are independent across i. We also assume that n = O (T). Finally, assume that

E [|§it|6+6] < oo for some § > 0. We then have

Pr { max

1<i<n

1 71
T Dot it

=] =o(r)

for every n > 0. Now assume that E [|§it|10q+12+5}

< 0o for some 6 > 0 and some integer ¢ > 1. Then,

1 T 1_, _
P |22 €] > | <o (1)
for every n >0 and 0 < v < (100g + 120) .

Proof. By the Markov inequality

1 1
T > i1 it

1<i<n

6
T —6, — T
> 7]} =Pr Lrgiag(n ’ > o1 S| > nGTG} <T 5 °FE [max ’ > i1 &

6

Pr { max }
1<i<n

and by a an inequality for the Orlicz norm of a maximum of random variables (van der Vaart and Wellner,

1996, p.96) one obtains
]

6} <CFE {|§it|6+5} (T?’m6 + T (m)ﬁ%é)

S

F | max
1<i<n

6] < nmzaXE DZ{% it

From Lemma (7) it follows that

[ T
E ‘Zt:l fit

for any m such that 1 < m < CT. Choose m = T7 and some -y such that 0 <y < 1. Then, for v < %,

1 71
T > i1 it

Pr Lrgag( > 7]} < T 5 %C (T3+67 + T%%TW)
= O +Td")=0(T7").

For the second part of the Lemma, note that by previous arguments

[ (- L
TPy _11;1?;(71 Nii D1 &a| > 0T }
[ T 3y
= T9Pr 11;1%)(" Yoio1 &l > 0T }
= TIPr | max 23:1 & 1ot > n(10q+12)T(%—v)(10q+12):|
_1§z’§n

S

- 0 [T—5q—%+10uq+12vn C (T5q+6+’y(10q+12) + T(10q+12)amw)}

< qop-G)aonay g [

10q+12:|

= 0 (T—%+1qu+l2v+lovq+l2y) — 0(1)

for v > 0 sufficiently small. m



E Consistency

Recall that
T
G (0.7) = = Z ¥ (@i;0,7),  Gu (0,7) = E[ (x30,7)]

We restate Lemma 1 below for convenience:

Lemma 9 For all n > 0 that

Pr

2, sup ‘G 0.7 =G (977)‘ > 77] =o(T7")

Proof. Let n > 0 be given. We note that

Pr

sup |G (6.7) = Gy (6.)| 2 (26)

1<i<n (0,

max 5up‘G 0,7) — G 0,7)‘ 27]1 Si Pr
i=1

Let € > 0 be chosen such that 2e max; £ [M (z;)] < 4. Divide T into subsets Y1, Yo,..., Taz() such that
|(9,7) — (9',7/)| < € whenever (6,~) and (9’,’y’) are in the same subset. Let (Gj,'yj) denote some point in
T; for each j. Then,

sup |Gy (60,7) = Gy (6,7)| = mascsup |Gy (6,7) = Gy (0,7)].
(0,) Iy

and therefore

(e)

(seup) @(Z—) 0,7) =G (0, 'y)’ >n1 < Z Pr
R

Pr

sup |G (6,7) = Goo (00| > 77] (27)

For (6,7) € T, we have

T
Gy (6.7) = Gy (0.9)] < |Gy (05:7,) = Gy (0527, + | 2 (M (i) = B M (@a)])| + 2B [M ()]
Then,
4 Pr % ;(M (zi2) — E[M (z:2)])| > %l
= o(T7?) (28)

by Lemma 8. Combining (26), (27), (28), and n = O (T), we obtain the desired conclusion. m
Equations (4) and (5) are formally established by the two Theorems below:

Theorem 3 Pr [

0 — 90‘ > 77} = O(T_l) for every n > 0.



Proof. Let n be given, and let ¢ = inf; [G(i) (00,Yi0) = SUPL(9,7):((0,7)— (00,750) |50} G (i) (9,’7)} > 0. With

probability equal to 1 — o (%), we have

71
max Gy (0,7;) < Gy (0,7;
1000|7710 Z ) 0~ Bovio)| > Z @ (0:7)
—1
G (
Oy~ (Boryio)l>n Z @

< nt Z G i) (00,740) — 3¢

i=1

n_l Z é(z) (00,’72’0) - 355

=1

where the second and fourth inequalities are based on Lemma 1. Because

n n

Q’Ymax’y n- ZG” 0,v,) > ZG (@) (80, 7i0)
Y159V m =1 i—1

by definition, we can conclude that Pr H@ — 00‘ > n} =0 (T‘l). [ ]
Theorem 4 Pr[maxi<;<, |[7; — V0l > 1] =0 (T‘l)

Proof. We first prove that

TPr {max sup’G(z) ( ,7) -G (90,’7)) > 77} =o(1)

1<i<n

for every n > 0. Note that

max sup ’G(i) ( ) -G (90,’7)’

1<i<n
< s sw[G (57) 0 (3)] - s [ (5r) i )

< 25,508 G (09) = Guo (0.9)] + i BIM o)) -[7 0]

Therefore,

T Pr Lrgggnbup)G( (9 7) G (90,7)‘277] < TPr

1<i<n (0,7

max sup ‘G(z ) — Gy (0, 7)‘ g]

+T Pr {@00’ >

= o(1)
by Lemma 1 and Theorem 4.

We now get back to the proof of Theorem 5. It suffices to prove that

max 3, = Vil 2 n} o(1)

T Pr {max

Py
2(1+maxi<i<p B [M (zit)])

for every n > 0. Let n be given, and let ¢ = inf; {G(i) (00, Yi0) = SUPLy 1|y, —,0 |50t G (i) (Oo,fyi)] > 0. Condi-

tion on the event {maxlgign sup, ’@(i) (@, 7) -Gy (0o, 'y)} < %5}, which has a probability equal to 1—o (%)

4



by (29). We then have

A ,\ 1 2 ~ ~ 1
max Gy (9,%) < e Gy (00,7;) + 3¢ < Gy (00,7i0) — 36 < G (&%o) —3€

[vi—=i0l>n —Yiol>n

This is inconsistent with é(i) (5, %) > é(i) (5, ’yw), and therefore, |7, — ;0| <7 for every i. ®

F Proof of Lemma 3

First note that by Condition 3 and the fact that the mixing property is preserved by measurable trans-
formations of finitely many elements x;:, & (2, ¢;) is mixing with exponentially decaying mixing coeffi-
cients. Let p’ = dim (§). By the Cramer-Wold theorem it is enough to consider v; , 1 = ¢ E;%/ 2ZiT =
051 e S € (@i, 6,) forall £ € RV €] = 1 where Sy = Y1, 55 with £5. = Var (J5 S0, € (@i, 6,) ).
The Lindeberg-Feller condition requires that for any € > 0

n

Z E [UﬁmTl {|vin,r| > 5}} — 0.
i—1

In order to verify this condition, let &, = & (x4, @;), and note that

E [0yt {vinel > ¢}] = B[lvinal® Hlvinsl > e}] < [|6524]° B[1Zir|* 1{vinz| > e}]
< e 2|ese B (1Zal] = 2|05 T2 Y B (€ Gubinbin]
t1,..,ta

where 1{|v;nr| >c} <1 {||ZiTH2 > g2/ ||€'Z;}€H2}. Observe that (i) ¢S 1¢ < maxg A, " = 1/ming A
with Ay eigenvalues of X, 1; and (ii) ming Ap > ninf; infr )\fT. It follows that }|€'E;%€H4 < ¢on~2 for some
constant cy < 00.

We now take care of E [&}; &;,&51,&:, |- For this purpose, let the j-th element of &;, be denoted by &
We then have

J,it*

P
B [€ninsCinelin] = Y E &0 itaSimitsSisita)

J1,J2

/4
Z {E [£j17it1£j17it2:| E [£j2,it3fj2,it4} +E [gjmitsgjl,itz} E [5]'1,“15]'2,2'154]
J1,J2

+E [€j2yit3§jl7it1} E [§j17it2£j2,it4] + Cum (€j1,it1’£j1,it2’ sz,its’ 5.7'271'754)} )

where Cum (§jl7itl7fjl,it2,Ejz,it:",fj%m) is a fourth order cumulant term. The terms on the right side can

be bounded by making following observations. First, from Andrews (1991, Lemma 1), it follows that

Dty ta SUPy, Cum (§j1,it1,§j1,it2,§j27it3,§j27it4) < 00. Second, from Hall and Heyde (1980, Corollary A.2),
4 4 1/2 -

we have E [€;, 1.6}, .4] < 8E [|§j1,m| ]E [|gm.t2| }a(tl —1)"2 such that TS, B([&;, 50t <

¢ ZzT:o (1-1/T) (\/a)l < oo for all T and some constant ¢; < 00.

These arguments show that

E [0}, r1{|vin1r| > €}] <en”?



uniformly in ¢, T for some constant ¢ < oo. Therefore, the Lindeberg-Feller condition is satisfied. The result

then follows from the fact that

< U zsupn%v@mfn D+ 3 sup||Cov (6640

K2

l—fT [|>T+1
< Z sup [ Cov (& €h-) | + 1 S -/ (Va)'
l_foo [|>T+1
— 0asT — . (30)

such that iterated and joint limits are the same and X, — f¢¢.

G Proof of Lemma 4

Note that we have

1 T n 1 T
— <TY Pril|l—= i, ;)| > T
ﬁ;amaﬁ) ; r[ﬁ;wsmw

Adapting an argument in Hall and Horowitz (1996) we chose ¢ > 0 and divide ® into subsets ®1, ®,...® ()

T Pr > T

max
(2

such that ||¢; — ¢ < —7 Whenever ¢;, ¢, are in the same subset ®;. Then

Pr |sup > T1i0v > T

PpeD

sup
PED;

T 1 T
\/_Z; (zit, & < Z Pr ﬁgg(%,@

Then, for some ¢; € ®; and any ¢ € @;

T T 1 I
= xlt7 ' < Z :Elt) T Z ’f (xzta ¢) 5 (xzt ¢ )‘

t=1 t=1 =1

1 & € ;
< |7 > & (@i by) | + T D (M (i) — E[M (z)))| + 2B [M (24)]
t=1 t=1
such that
Prlsup -= S ()| > 75| < Pr|| -2 Y€ ()| > Lo
ped; | VT t=1 B \/T t=1 ! 3
P |32 (M (@) — BIM (wa)])| > -
t=1

By Lemma (8), it follows that both terms on the right are of order o (T'~7), where the orders are uniform in
i. Since M (g) = O (T?/?) it follows that

T Pr |max > T16—Y

xlt?

=nT-0(T79)-0 (T”/z) =0 (T2_q+p/2) =o0(1).

nMﬂ




H Proof of Lemma 5

Note that the last claim follows as a consequence of the first three claims. In order to prove the first claim,

we note that

Pr sup |6 ()| =TT | =0 (771
e€[0,1/VT)

from Lemma (13). By Lemma (11), we also have

J(52) o sfge]] = i,

Pr {max sup
¢ e€[0,1/VT)

JEgnas 2] - e

Pr |max sup
' eef0,1/VT]

By Lemma (11) again, it follows that

Pr [max sup > T — (Tﬁl) .

¢ e€[0,1/VT)

/Ui (- €) dAir

This proves the result for 75 (¢). For 7,(0) the result follows directly from (22) and Lemmas (11) and (13).
For 7;° (€), the result follows from representation (24) as well as Lemmas (11), (13), and (15).

I Proof of Lemma 6

Let r1 = max(1,1) and ro = min(7T, T + ) and define K;,,, = >0, t=r, Kitkj, ;. We first show that

% Zzl:l AiKz',m - fkk = Op(l). This follows if % Zy:l AZE (Kz,m) - fkk = 0(1) and Var (% Z?:l AiKi,m) =
o(1). Since f** —n=13"" | A; fF* = o(1) by definition, we first consider

1B [Kim] = £

2w

T2 —T1

27 A1 ke + S 18 k]

IN

w2l
< X0 2B Bkl [+ S 1 Bkl

. I Nl m !
Zl:_mclTH(aﬁ> +(a2L+6> 2y (a%ﬁ) —0asm,T — oo

IN

where the last inequality follows from Condition 3 and the fact that for any two elements k;; ;, and k;—; j,
of ki and ki —; it follows from Corollary A.2 of Hall and Heyde (1980) that

. RN
| E [Kit, o Kit—1.5,]] <8 (E [|kit7j1\2+6D o (E {\kz't—z,jz\QMD o (aﬁ)
for some § > 0. Since the bound on [|A;|| || E [K ] — f#*|| is uniform it therefore follows that £ Y% | A;E [K; m]—
f*F = o(1). Next we show that

J — |
[vr (% S ki )| = S 1A Ve (0]
1 —n
< s A 2 S IVar (Kol = of1).

7



To show this we may assume without loss of generality that k;; is scalar. The variance can then be evaluated

as
Var (K; )
= % Dol e 2ot tgmry (B Kty Kit—t, Kity Kty —1,) — B [Kigy it —1, Ekiry Kity—1,])
= % ZZLJQ:_m i (E kit  kity Ekit—1, kito—1,] + F [Kit, Kito—1, ERito kit —1,])

t1,t2="1

]' m T
+ﬁ Zh,lz:—m tf,tgzm Cum (Kig, kig—1, kito Kito—1,)
= 0(1)

where the last equality follows from the same arguments as in the proof of Lemma (3) such that Var (K ,,)
is uniformly bounded in 7. It now follows that % S Kim — ¥ = 0,(1) by Markov’s inequality.

Next we turn to showing that
1 n 1 m Ty NN /
n > e Aif dem t=r1 (kitkit—l - kitkit7l> = op(1).
We use the decomposition
1 m T NN
f Zl:—m t2:7"1 (k’itk;t—l - kitkét—l)
1 e _ ,
-7 2iem tirl (kz’t - kit) (kitfl - kitfl)
1 m To N ! ]- m T2 o /!
+T Do Doy, Kit (kitfl - kitfl) + T Do 2t (kit - kit) it
and consider the term & >" _ S772 (76\“5 - kit> k.. Use a first order Taylor approximation to

kit — ki = K, (5 - 9) + ki, (Vi — Yio)

)

where k¢, = Ok (xit; é,’yi) /00" and k}, = Ok (xit; él,’y;) /Oy with 6, 7, é/,’y; such that Hé — GOH < Hgi 00’
[ 60| < [P 20]

, etc. by the multivariate version of the mean value theorem. Note that each row of

ok (xit; 0, '~yi) /06’ needs to be evaluated at a different # but in slight abuse of notation we do not make this
explicit. Then
1 m T n
T diem t2:r1 vec {Ai (k’it - kit) §t71}
1 —m ” .
= ZXP LY, (U A) (ko k) (6-6)

+LT%O)Z}1_m 2 (I @ Ay) vee [k k] (31)

t=ry

and consider % Z;z_m Z:in (kl-t,l ® kft) . Without loss of generality assume that (kit,l ® kft) is a scalar.
Then by the Cauchy-Schwartz inequality

1/2
S
T t=ry Vit—1lgt

1 1/2 1
< (T 23:1 kft—l) (T 23:1 sup (3k (zit;0,7) /80’)2>
0,y

1/2

IA

(5 (320 )



1/2
such that E‘T 2 " kit_lk:ft| < (% Z;‘F:l E [M (Tit—1) D ( Zt 1 [ (xlt)ﬂ) = O(1) uniformly
in 4. It thus follows from the Markov inequality that

S U@ A) S S0, (ke @) (8-6) = Oy(m/T).

We now turn to the second term in (31) where

1 n :}\/z - ’Yz m ro
Ly weay Qe dod s sve e (K, (32)

1 ~¢
= E Z’L 1 (I ® A; ) T3(/2) Zl—fm t 1 [kit—l ® k;yt]

1 Aee ~
TS SN PGS S 5/ Yl
Define k7, (0,7) = 0k (zi1;0,7) /Oy and &}, (0,7) = k7, (0,7) — E [k}, (0,7)] and consider

1 7i (0)
‘E Zl 1 (I ® A; ) T3/2 Zl——m t 1 [kit—l ® k%]

IN

l Z;L:l ;i—m HT3/2 Zt 1 [ it—1 ® k” (~/ )}

+ H% S (IT®A) ;3</(;) Zthl (m 4 min(min(¢, m), min(T — ¢,m)) [kitfl ®FE [th (élﬁjﬂ H :

i O ® Al

For the first term we assume without loss of generality that ki, ® &, (él, '~y') is scalar such that

1/2
) 1 U 1
(9 l) ~ (f t 1 |klt l| ) (? tiT'1 k

) ) o)
(E <% IETIM(a:it_m)QDI/Q (E (% finM(witV)QDW

which is uniformly bounded in ¢.By (22) it follows that F [W; (O)ﬂ is bounded uniformly in i. From the

<_Zt 1 |k

1 e
3 b (7.7)

by the Holder inequality. Then

E

A

1, i
’T tirl kitflkgg (9 77/)

IN

Markov inequality it then follows that

EO VD vl H% S, ke @ K (6.7)]

(O] 1 ® Ail| = O, (m/T1/2) .

For the second term let m; = (m + min(min(¢, m), min(T — ¢t,m)) and again assume that k;;—; ® k;, is scalar.
Then

| iy [reca i (7.7) |

1 7
< 5 D b1 UM

..,/ ~l
o 12 () 6. 09t o
by the mixing inequality in Hall and Heyde (1980). This establishes that

/\6()

1
HE Z’L 1(I® ) T3/2 Zl—fm t r1 [kit—l ®k;yt] :Op(m/Tl/Q)




For the second term in (32) use the bound

Vi (~)

Zl——m t 1 [kit—l ® kx‘,}

H%z IV HEL

. . 356 (E) 1 n m 1 T %
< sup [T ® Al mﬁxse[slll}oﬁ] T1/5—20 | pT4/5+2v D il 2l HT topy [Rit—1 ® kg
where F H% i [Kit1 ® k%]” = O(1) by previous arguments and max; SUPeo,1/vT] T—}ﬁ = 0,(1) by
Lemma (5). It follows that
1 gilc
HE Zz 1 (I ® A; ) Zlffm t 71 [kit*l ® k’i;] = Op(m/Tl/Q)'

We now turn to

= Zl—fm DL, vee ( it — kit) (Eit—l - k’it—z>/
= T Y (kiet—l ® k’?t) vec (5 - 9) (5 - 9>/+% )y (kft_l ® k) (Vi — vi0) vec (5 - 0)/

1 m T 3 ~ 1 m r ~ !
+ T Zl:—m t2:r1 (k;‘ytfl & k’?t) (9 - 9) (Yi = Yio) + T Zl:—m Ztirl v — ’Yio) vec (k k;yt z)

such that

1
Hﬁ i1 U ®A) = Zl—fm e (35— i0)” vec (k th z)

o~ 1 n -~ m 1 T
< supllf A x5 = vl & S0 = vl i | i, vee (10|
< ||I A” |A - | l Zn | ( )| Z l r2 k.’Yk.’Y'
< Sl;lp & A max [v; = Yio P 2ei=1 \/— l=—m t=r VEC | Rt it—l

where by the same arguments as before |75 (0)| is uniformly bounded and H% iy, Vec (k;k?ngH =
O(1) uniformly in i such that the first term is o,(m/T"/?) by the Markov inequality and the fact that

~ ~ee 1
+sup [T @ Al max [§; — violmax — sup 57" (6)] 5= 32, 20 oy Zt nveC( kY z)
i % 1 2nT
66[0,1/\/
= Op(m/T1/2)

max; [7; — Vio| = 0p(1). The second term is o,(m/T'/?) because max; SUP.c[0,1/v/T] 75 (€)| = O, (T572) by
Lemma (5) and —&= >0 S H% 2 vec (k;ytk;i_l) H = O,(mT~1) by the Markov inequality. All the

t=r1

'~ '~ /
remaining terms in % Zﬁ_m Z:im vec (kit — kit) (kit,l — kit,l> are oy (m/T1/2) by similar arguments.

J Proof of (7)

Recall that

VT (0 (F) —o () = \/ﬁ%m (0) + VT~ <ﬁ)20“ (0) + %\/%/1?0 ®

10



and 0° (0), 6 (0), and 0°°“ (€) are characterized by

1 - dhl (', €

n Z / de Z/ €) dAir

0 = —Z/ dF €) +2— Z/dh )it
0 = —Z/ hil) g o) + 31 Z/ Ehil9 gn

Theorem 5 below shows that

0

Pr

L 3
max |0°“(e)] > C (T07" ] =o(T™),
0<e< % ( )

which proves (7). For example 0°, 'yf, and ~§ are characterized by

Oh; ( 8hi(-,e) 0y, 00 Oh; (- €) Ov; ‘
Z/ ( 39’ ae 3y 00 o T oy, e ) i@

0

and

0 = [EPan o+ ([ F5Ear ) PR,
0 = (/Mdﬂ(e)) ameéfi(e))+/m,’976)dAiT_

a%‘

J.1 71 ,%,andﬂyg6

Second order differentiation (;—;2, %26, 59—:2) of (16) yields

0%V (-,0,¢) v, (0, F; (€)) 9*V; (-,0,¢)
_ I i ) sy Uy I
0 / A — ( 9000 " ’(6)>

([ By, ) UGR[0, ) FrlEi ()

5V, (6, 9, (0.F, () 9, (0.F ()
+</ 972 dFi(G)) o0 oo

0 = ( %(;fi’e)dﬂ (e)>w+</%je)dﬂ (6)>

PVi(0.6) O (0.F () 0, (0, i (e)
# ([ Pt ) 20 o

Vi (0,6 Vi (,0,€) yp ) 210, Fi ()
—|—/ 90 dA;r + (/ v, dAr 00 ’

and

0% (0, Fi (¢))

000¢

0 - ([ Belebdyp, ) POEQ) ([ IUC0Y g ) (2u0E )

7

+2 ( / Vi éée,e) ; Aw) 7, (eé f @

%

9%7,(6,F;(€)) 62%3(329?(6))7 and 21i0:Fie))

These three equalities characterizes =575, ez
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Lemma 10

~

0 (e

TPr| max
O_ES%

)~ 6| >n] o(1)

and

TPr| max max [3;(c) — %0|>77]:0(1)
1<7,<n(]<€<\/_

for every n > 0.

Proof. Only the first assertion is proved. The second assertion can be proved similarly. Let n be given,

and let & = inf; [G(i) (005 7i0) = SUPL(0,7):/(0,y)— (00,7,0) |51} C i) (9,7)] > 0. Recall that

F(G)EF-FE\/T(F\—F), €€ {o%]

We have

/ 9(50,7;(0) F; () = (1= VT) Gy (0,7,) + eVTGiiy (9,7,)

\ [96:0.0)ar. @ - G (0.7

< (1=eVT) |Gy (0.7) = Gy (0.7)] < |Gai) (6.7) = Geiy (6,7)]

By Lemma 1, we have

Pr max —max sup

0<e< L \/_ 1<i<n (0,7)

/g(-;ﬁ,% (0))dF; (€) — G (9’7)’ > 77] =o(T7")

Therefore, for every 0 < e < ﬁ with probability equal to 1 — o (%), we have

-t E a i sz € < -1 / 9 ) dF
Z/ il @ < 1(6,7)— (9o,vlo)|>n Z 7 ©

< IZG(l 071

1(0,7)— (90’%o)|>n

max
\9—00|>n,71,~.,'vn

_ 2
< n 1ZG (00, v,0) — 3¢

< n_lz;/g(';eoa%‘o)dﬂ () —3

We also have

max nlz/ 5 0,7;) dF; ( IZ/ 300,7,0) dF; (€)

0,915 Yn

by definition. It follows that
1
-1 -1
max 0,7, (0))dF; () < max n 5 0,7,;)dF; () — z¢
‘9—90|>TI7’Y11~~7"/71 Z/ il © 07157 Z/ ") © 3

~

9(6)—90‘ 277} =o(g). m

for every 0 < e < \/— We therefore obtain that Pr [max0<€< I

12



Lemma 11 Suppose that K; (-;6 (€) ,7, (0 (€) ,€)) is equal to

Q") (24450 (€) , 7, (0 (€) ,€))

90 0"
for some my +mgo < 1,...,5. Then, for any n > 0, we have
Pr| max lZ:/Ki(;ﬂ(e),’yi (0 (e),e f—ZE i (Tit;00,7,0)) >7]] :0(T71)
|VSes 77 N4
and
Pr max Imax /Ki (:0(€),v; (0(e),€)) dF; (e) — E[K; (z4t; 00, V40)]| > 77] =o(T™).
L " ==
Also,
Pr s s | [ 16 ) dai| > OTH | o (1)
for some constant C' >0 and 0 < v < (100q + 120)_1
Proof. Note that we may write
| [ 55000200000 aF (0~ [ K (3000000 )ar
< H/K (50 (€),7: (0 (€) ,€)) dF; (€) _/Ki (0(0),7,;(0(0),0)) dF; (e)
| [ K00 5000148 @ - [ K (3007 60.0)
< /M(mit) (16 (€) = 01l + i (0(e), €) = vil) d | Fi (e)]
+eﬁ‘/m<-;a<om 00).0)d(F~F)|.
Therefore, we have
1« 1«
=3 [ K580, 700, ) dF (0 = 1 3" B[ (0. 70)
i=1 =1
< o -6l (E (M (o] + 7 S M (xio)
i=1 t=1
1 & P 1 1
" (; S (300, ) - %)2> (g 3 (E (M (i) + 7 37 M () )
i=1 i=1 t=1

the RHS of which can be bounded by using Lemmas 8 and 10 in absolute value by some n > 0 with probability
) (T_l).
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Because

we can bound

max max
? 0<e<

i (0(€) , €)) dFi (€) — E[Ki (wit; 0o, 7i0)]

in absolute value by some 7 > 0 with probability 1 — o (T‘l).

Using Lemmas 4, we can also show that

m?»X’/Ki(-;G(e)m (0 (€),€)) dAir

can be bounded by in absolute value by CT'10 16~ for some constant C' > 0 and v such that 0 < v < with

probability 1 — o (T 1). [ |

160

Lemma 12

Pr imax max "yl ol>C| = o(T™)
i 0<e<—
Pr |max max |v§ ()] >CTH | = o(T™)
pEe

for some constant C >0 and 0 < v < (100q + 120)71

Proof. We have

MOEQ) ([0, (e>)1 ([ 2kt dar ).
P (Qa,fz (&) _ _ (/ %j’e)dﬂ (6)> B (/VZ (-,6,¢€) dAiT) .

Using Lemma 11, we can see that

(J 25 aro)

is uniformly bounded away from zero with probability 1 — o (T'). We can also see that, with probability
1—o0 (T 1),

oV; (-, 0,¢)
/Tsz‘ (€)

14



is uniformly bounded by some constant C', and
[vito.ednn
is uniformly bounded by CTH Y. m

Lemma 13

Pr| max [0°(c)| > CT™"
0<E<T

=o(r7)

for some constant C >0 and 0 < v < (100q + 120)_1

Proof. We have

. 1 & ,€) 8hi (-,€) O,
— 1= i\ dF
o ln ; / < o7 v, ae’) dFi(e)

23T ([P 0) + 13- [noas]

Using Lemmas 11, and 12, we can bound the denominator of 6 (¢) by some C' > 0, and the numerator by
some CT'16~ with probability 1 — o (T7'). m

-1

Lemma 14

Pr lmax max 7?0'()’>C = o(I)
v 0<e<—=
7 J
Pr |max max 7?”(6)‘>CT1_107U = o(I'™)
i 0<e<—= ]
)
Primax max | ()|>C(T%*“> = o(T™)
i 0<e< ﬁ ]

2
for some constant C >0 and 0 < v < (100q + 120) . Here, fyf O = %. We similarly define ’yfre

Proof. From Section J.1, we have

[0 9 0.F () ([ PV

ol 8')@80’
2V (. 0. ¢ , (¢ (.0 ¢ 2. (¢
+( 9 ‘gy(ié;ﬁ’ )dFi (6)> ;i (96791/3( ) L </ 8%(;%9, )dFi (6)> 9 ma(zé—gf( )
Vi (,0,¢) 97 (0, Fi (€)) 0, (0, F; (¢))
* (/ o7 (e)) 96 o7
82Vi ('7 9, 6) 071‘ (97 F; (6))
0 = < ————=dF; (e)) —
000, Oe
Vi ('7 07 6) 6271' (97 F; (6)) 82‘/1' ('7 07 6) a'yi (07 F; (6)) a’Yi (97 F; (6))
i (/ o, (6)> e (/ 07} o <6)> 90 e
Vi (-, 0,¢€) Vi (-0, i (6, Fi (¢))
-‘r/TdAiT + </ a—%dAiT) 50

15



and

0= ([ g ) PUOLD) | ([PUL0 ) (Dl <e>>)2

0v; O¢€? v} e
([P0 4y, ) P
;i e

The result then follows by applying the same argument as in the proof of Lemma 12. m

Lemma 15

Pr

max |0 (¢)| > C (Tl—lovﬂ =o(T7)

Oﬁegﬁ
for some constant C >0 and 0 < v < (100q + 120)71.

Proof. The conclusion follows by using the characterization of 6 (¢), and Lemmas 11, 12, 13, and 14.

Lemma 16

Pr {max max ’yfre"’er” (e)’ >C| = o(T™)
¢ OSES%
Pr |max max 'yfrer'e(e)}>CT%_“ = o(I™)
2 OSSS# |
)
Pr |max max |}/ (6)‘ >C(T1L0_“> = o(I)
i 0<e< ]
;
Pr |[max max |y; (e)|>C(T%7”) = o(T™)
i 0Ses b

for some constant C >0 and 0 < v < (100q + 120)71.

Proof. It was seen in Section J.1 that

_ 82‘/1 (3936) 871 (Q,FZ (6))

N (/ Wi(:0,6) yro (6)> 0%, (0. Fi(0) (/ 0%V (0.9 i (6)> 97 (0, Fi (€)) 9; (0, Fi (¢))

v, 00,.0¢ ov? 09, Oe
Vi (,0,€) Vi (,0,¢) .\ 07 (0, Fi(e))
+ / gg, At ( / By, 4B 50,

and

0 = ([2LDap o) LEEIO) ([OVLDD ) (2T <e>>>2

Y (/ v (-,G,e)dAiT> 97 (0, Fi ()
O, e
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We therefore obtain

_ Vi (0, ¢) PVi(-0,¢) 97, (8, Fi (¢))
0 = | 36,20, ae,,dF() ( 57.00,00,, dFU) 50,
97, (6, F; (¢)) PVi(0,¢) v, (0, F; () PVi(0,¢)
90,00, y.00, e )+ 5 700090, 1 )
Ml (0, Fi (€)) 0, (8, Fi (¢)) PVi(,0,€) .
a0, 90, 9y 239 dF; (€)
GJV 07, (0, F; (¢) 9 F;( /83\/;. (,0,¢) dF; () 0v, (0, F; (€)) 0v,; (0, F; (¢))
a%aa aer,, 00200, 1\ 96,/ 90,
([ OVC 02% 0.5
37180 (9074/89 1
%7, (0, Fi (¢)) Vi (-,0,¢) D7 (0, F; (€) 0%, (8, Fi (¢))
+< a%aow (e ) 96,006, L ( / e (6)) 96,7 96,00,
Vi(0,¢) , %7, (0, Fi (¢))
* < a% ’(6)) 00 aer,aaru
N (9) 2 (03(0) 03, 0. Fi)
8726&” 06,
n 3% ) 07i (0, Fi (€)) 0, (6, Fi (¢))
8"}/1 897,/ 807,//
N o 0.53(6) g 053 0)
06 aer,, a0,
. a?v 04 (0. (0) 87; (0.F: (c)
8% 00,00,
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which characterizes 22:(0:-Fi(€)

90,.00,,00 .11
Vi (0, ¢) 7, (0, F; (¢)) PV (-, 0,¢) ;i (0, Fi (€)) 0v; (0, Fi (¢))
0 ( 90,00, (€)> 9c < 0,072 (6)) 90, De
PV (-, 0,¢) 97, (0, Fi (¢))
+ ( 89 a% aF; (€>> 00, ¢
v, (0, F; (¢) Vi (-,0,¢) 97, (0, Fi (€)) 0%v, (0, Fi (¢))
* < 09 a% aF; (6)) 90,0 ( / 9z Ih (€)> 26, 00, 0¢
83 i e,FZ €
. (o) PO Fi )
a% 26 aar/ae
N 33V ;i ( ) 07; (0, F; (¢))
39r/371 (€ De
50, De
. 023, (0., () 03, 0. c)
871 ao aa p De
N 97, (0, Fy (1)) 9%, (0.F, (0)
871 00, e
32V 9, (0, Fi (€))
* ] ~oa, ae . o dn + ( 20, 071 dAZT) 96,
Vi (,0,¢€) 97 (6, Fi (¢)) Vi (,0,¢) i (0, Fi (€)) 0v; (0, F; (¢))
* < 00,.07,; dA”) 20, < / 82 dAZT) 20, 20,
Vi (-,0,¢) 0%, (0, F; (€))
* < / o7, dAzT) 90,00,

&1, (0.Fi(c)
0,.00,,0e

which characterizes

0 — 82‘/1 ('7
- 20,0,

5-945,9) F2:0:E ()

0, F; (€)) 8%, (0, F; (¢))
00, Oe?

( )dFi (e)) 97, (

(/ 0%V; (-,0, €
+ | R

0€? 0v;

+ < %‘é’%e)dﬂ (6)) (W)Q + </ %ﬁdﬂ (6)) i (gaof:z (€)) (8% (géeFZ (©))
w(f ww (9) RN P 0P 0)
'71 . e
+2 ( 89 871 Am) ol (Qéfz (€)) +2 (/ %ﬁdAiT> i (%Hf:z (€)) O, (aéfi (€))
+2 ( 6% dAZT) %’
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which characterizes M7 and

90,02
e Lo
+ (/ %j’)dﬂ (6)) W

([ o) (PGEL) ([ ) ()

o}
s ([ 2L () 2l e) 21,0 5()

2 ( / %MQ (fm wéfz— <e>>)2 Ly ( / aV; ;;é, ), AiT) 0%, <g;2Fz— (),

3,(6,Fi(e))
Oe3

. Inspecting these derivatives and applying Lemmas 11, 12, and 14, we obtain
the desired result. m

Theorem 5

Pr

1
Oses 77

max  |0° ()| > C (Tf—o—v)?’] —o(T7)

for some constant C >0 and 0 < v < (100q + 120) "

Proof. From (14), we have
d®hi; (
Z/ Ehi9 jp (o) + 3 Z/ d€2 LUIGL pyN.

3
Combining Lemmas 11, 12, 13, 14, and 15, we can bound = Zl S d h E)dAiT by C (Tl_lo_v> with

€2

R
probability 1 — o (T ) Recall that the r-th component ( ) of d h 1€ ’6) is equal to

Ph (9 _ 00(,) Ph] (9.9 a%S“( Q) (9100 00 P () 07, 00
de? Oe 9000’ Oe 90'0ry, 90" e ) de 90’0y, Oe Oe
+—ah§7) ('a 6) @
00 Oe?
O*h) (1) 2007, 00 R (e) (97,00\* | O*h (-e) (07,00 O;
00'0y; e 09" De ov? 00" de ov? 00" de ) Oe
LT (0 (90 9Py, N 00 N () 9Py, 00 O () 07, 60
07, Oe 0000’ ) Oe Ov;  00'0¢ Oe dv; 00" Oe?
0 (1) 000y, | W (ve) (97, 00\ 0%, W () (97:\
90’0y, e e o? 00" de ) Oe ov? De
+8h§T) ('a 6) 8271' % T ahET) ('a 6) 8272_
3"/2 8680/ 86 3"/2 662 '
Using Lemmas 11, 12, 13, 14, and 15 again, we can conclude that }L Do 1f d? h( F; (¢) is equal to

3
(g v ahaé/g) dF; ( )) 2% plus terms that can all be bounded by 2 37" | [ S50 d h LhilO) GA by C (Tﬁﬂ))

-1
with probability 1 — o (T~!). Because (l S 8((9' 94K, (e )) is bounded away from 0 by Lemma 11,

n
we obtain the desired conclusion. m
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Definition 1 Let x;; and €;; be processes defined on a probability space (S, &,P) taking values in RP and
R? respectively. Then the process x4 is called uniformly near epoch dependent (NED) of size —q on e if

o\ 1/2
v (m) = sup (E |z — B @aleitsms s sit-m) )
satisfies v(m) = O(m=?) for some X > q.

Lemma 17 Let y;; = max(0, ¢gyir—1 + €i) for t > 1 with |¢y| < 1 and yio such that E |y;o|” < oo for some
r > 2. Then y;; is uniformly NED on € with v(m) < Ca™ for some constants 0 < C' < oo and 0 < a < 1.
If sup; sup, E |e;:|” < oo and sup, F |yio|” < 0o for some r > 2 then sup, F |y;:|" < oc.

Proof. Let g(yir—1,&i) = max(0, oyit—1 + €it). Then |g(yir—1,€it) — 9(Wi_1.€it)| < |0l |yir—1 — ¥y _1|
and [g(7,&)] < oo for all |j] < o0,|g] < oo such that the result follows by Potscher and Prucha (1991,
Theorem 6.10 and Theorem 6.11). m

Lemma 18 Let g;; be a-mizing with uniform mizing coefficients sup; |a; (m)| < Ca™ for some a such that
0 <a <1 and some C > 0. Let yy take values in R, sup; E |yis|" < oo for some r > 2 and be uniformly
NED on g such that v(m) < Ca™. Then, for some bounded constant Cy > 0, any q with 2 < ¢ < r and
some(<a<l1

1-r~—"—q
|Eyiryis — By Eyis) < Co (dlt_sl)
Proof. Let n;; = yi+ — Fy; such that
Eyiryis — By Eyis = Enyns
= £ (nit - K [nit|5it+|tfs|/2---Eitf\tfs\/Q]) (Tlis -F [nz’s‘eier\tfs\/Q--~5isf|tfs|/2])

+E ((mt —-FE [nit‘Eit+|t75\/2~-~5it7|tfs|/2}) E [nis‘Eier\tfs\/Q--~5isf|tfs|/2])
+E (B [ngl€its1o—si/2-Cit—te—sl/2) (s = B [Misl€istio—sij2-Eis—1t—s12]))
+E (E [mt|€it+|t—s|/2-~~5it—\t—s\/2] E [nis|€is+|t—s|/2'~~5is—|t—s|/2}) .

By the Cauchy-Schwartz inequality and the fact that y;; is NED on €;; it follows that

|E (nit -F [nit‘Eit+\t—s\/2~~5it—|t—s|/2]) (771'5 -FE [nis|5is+\t—s\/2~~€is—\t—s\/Q])’

2\ 1/2 2
(E ’%& -F [nit|5it+|tfs|/2~-~5it7|tfs|/2} ’ ) (E ’771‘5 -F [nis‘eier\tfs\/Q---6isf\t75\/2]| )
(v(|t — 5| /2))* < Ca?*~+.

1/2

IN

IN

Again by the Cauchy-Schwartz inequality we find that for some constant C;

|E ((mt —-FE [nit‘Eithfs\/Q---Eit7|t75|/2]) E [nis‘Eier\tfs\/Q---Eisf|tfs|/2])|
o\ 1/2 o\ 1/2
(E ’nit —F [nz’t|5it+|t—s|/2~-~5it—|t—s|/2} ’ ) (E ‘77115| )

(E ‘77i5|2>1/2 (v(|t — s /2))2 < Cya2tsl,

IN

IN

by the fact that y;; is NED on ¢;;. Finally, we note that F [nit|5it+|t—s|/2~-~5it—|t—s|/2} is a function of a finite

number of £;; and thus is mixing. Moreover, note that F (E [nit‘Eit+\t—s\/2~~5it—|t—s|/2]) = En,;, = 0 such



that for any ¢ with 2 < ¢ <7

IN

|E (E [nit|€it+|t—s|/2-~~5it—\t—s\/2] E [nis|€is+|t—s|/2-~~5is—|t—s|/2})|

IN

where the first inequality follows by Corollary A.2 of Hall and Heyde (1980) and the second inequality uses

the Minkowski and Jensen inequalities. Combining the inequalities then gives the result. m

Proposition 2 Let €;; be #id across ¢ and t with E|€it|r < oo for some r > 2 and zy is strictly sta-
tionary and mizing with sup; |a; (m)] < Ca™ for some a such that 0 < a < 1 and some C > 0 and
sup; E |zit|” < 0o. Then yi = max(0, dgyir—1 + 21,80 + Vio + €it) with |¢y] < 1 has a stationary solution
Yit, sup; E |yi|” < 00, iy = (yit, 2i) is NED with exponentially decaying coefficients v(m) and for any
function &(z;4) such that |(xy) — E(@)| < Cwi, 2y |lwie — 2 || where 2 = E (24|}, 25— m) with

sup, sup,,, sup; E |C(z;, x;?)|2 < 00,
supsupsup £ (C(@it, xf}) lwie — a3 )" < 00
1 m

and sup; E ||€(zi0)||” < oo for r > 2 it follows that sup, |Cov (£(x4), £ (xis))] < Coblt=! for some constants
Co>0and0<b<1.

Proof. We note that 2}, = 2;,8¢+7;0+¢€: is strictly stationary and mixing with mixing coefficients «; (m)
such that sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C' > 0. To show stationarity we adapt
the argument of de Jong and Woutersen (2003). Let 3!} be a process that satisfies y/» = max(0, ¢oy/r_, +27)
fors=t,t—1,..,t —m and y? =0 for s < t —m. Note that y} = f(z5,...,25_,,) for some measurable map

f such that y% is stationary by construction. Assume that y7 is a solution to y;; = max(0, poyir—1 + 23;).

Consider

v —vir| = |max(0, BoYiz—1 + ziy) — max(0, oY1 + zz*t)| (33)

< |yl |Z/§t71 - ZJZ?J <o <™ y§t7m|

as well as

il <l |+ 100™ Y5
such that

—1
il < (1=1ool™) " luir] (34)

By Theorem 6.10 of Pétscher and Prucha (1991) it follows that sup; sup;~q E |yj}|" < oo uniformly in m.
Then, from the previous Inequality 34 we have sup; sup;~o £ |yj;| < co. Form Inequality (33) it follows
that sup; sup,>o E |y, — yit|" < ¢ sup; sup;>q E|yj;| — 0 as m — oo. We have shown convergence in
r-th mean of y};, to yj} as m — oo uniformly in ¢ and ¢ > 0. This means that the solution yj; converges
in distribution to y]} as m — oo where yj} is stationary by construction. Let y;+ be the limit of y[}
as m — oo. Again, by Theorem 6.10 of Potscher and Prucha (1991) this limit exists in r-th mean with
sup; sup;>q E |yit|” < co. Then, by Lemma (17), the sequence y;; is NED on zj;, with v(m) = O(b~™) for
some 0 < b < 1. It follows immediately form Definition 1 that z; is NED on zj, of the same order. By
stationarity and the moment bound x;; has a tight distribution. Then, Theorem 6.7 of Pétscher and Prucha
(1991) implies that £(z;:) is NED on z}; and the last assertion follows by Lemma (18). m

1—r
ry\1 1 _
32 (B lyul)'"" (B lyss|)"/* (o)

1—r71—q7
ry1/7 1 —s
8 (B Il ")/ (B Il (a=1)

-1 -1
—q



Proposition 3 Let €;; be iid across i and t with £;;” N (0, ag) and z;; 1s strictly stationary and mizing with
sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C > 0 and sup, F |z;z|" < oo for some
r>T7410g+ 124 0 with ¢ > p/2+ 2 and for some 6 > 0. Let y;x = max(0, ¢oyit—1 + 2580 + Vio + €it) and

define xit = (Yit, Yir—1, zit) and
(it 0,7;) = L{yie = 0} log A (dwie—1 + 208 +7;) /02) +1 {yie > 0} log A ((yie — dyir—1 — 28 — ;) /0%)

where A is the cumulative distribution function of the standard normal distribution and A is the corresponding
density. Then there exists a function M (x;) such that |D Y (x4, d1) — DU (zir, o) < M (zit) |1 — @5
for all ¢1,05 € @ and |v| < 5, supyeq [[D*Y (zit, ¢)|| < M(xit) and sup; [|M(xit)\1oq+12+6} < o0
for some integer ¢ > p/2 + 2 and for some 6 > 0. Furthermore, supyeq |D"9(wit, ®) — DV(]}, ¢)| <

Clzir, o) |wir — || where 2 = E (it 2]y s - 2fi—m) With 25y = 2,847+ and sup; sup,, sup, E|C(zi, zm))? <

“it—m
o0,

supsupsup E (C(zi, x1}) ||vie — 2l |)" < o0
i m t

for some r > 2.

Proof. By Proposition 2 it follows that x;; can be chosen to be strictly stationary and NED with
exponentially decaying coefficients and sup; F ||z;|" < oo for r > 7+ 10g + 12 + § with ¢ > p/2 + 2 and for
some § > 0. Consider £(z) = log (ffoo (2m) Y2 exp (—1/2u?) du), with the first five derivatives

d§(z) 1 N e—37"
w5 Tl (v ]
d2§(z) B ,i 62(75:52) 1 z\/i 675:52
(da)” 27 (Lerf (1av/2) + %)2 2y terf (22v2) + 3
Pe@) 1 e P R O
()’ T (Lerf (32v2) + %)2 2 (Lerf (Lav/2) + %)2 2Vm g (30v2) + 3
1, em3e’ 1 2 g3
+ 2?V2 + V2e™
2 gt (gav2) 4y 2 (3orf (32v2) +4)°
d4f(:ﬂ) B i e~ - §$2 e i e2(—37%)
(do)” 7 (forf (3av2) +3) T (ol (3av2) +4)° 27 (Jerf (30v2) +4)°
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where

%erf( x\/_> %: A(z).

Therefore, d(lv% is bounded except for x — —oco. We note that < A?x; = O(—z) as © — —oo which implies
that
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NI <C \x|‘”| for some constant C. This now implies

and bounded elsewhere. We thus have the bound ‘ @
that
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where ¢ = (1,¢/)/. The assertion the follows from sup, E [|z||/" 012 is

< 00 since Supyeg

bounded when & is compact. By the chain rule of differentiation and the mean value theorem we have
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where H(}S* - q~51H < Hg}ﬁl - q~52H and HQ;S* - (}2H < Hq~51 - (}2H such that we again need sup, E ||z ||/*/ 21007120 <
0.

For the last part we note again that by the mean value theorem
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where ¥, = x4 + 0 (21} — x;;) for some 6 € [0,1]. The result then follows if sup;
2jv]+64+§ <16+ <7+ 10g + 12 4 ¢ the assumptions imply the result. m



