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Abstract

Wholesale used-car markets have widely utilized ascending auctions for trading dealers’ in-
ventories. To study the latent demand structure of these markets, one needs to recover the
underlying valuations of dealers from the bidding data observed at the auctions. Exploiting
a new, rich data set on a wholesale used-car auction, we estimate the distribution of bidders’
valuations nonparametrically under the symmetric independent private values (IPV) framework
and nonparametrically test the validity of the IPV assumption. We show the testability of the
symmetric IPV when the number of potential bidders is unknown and even when it can be dif-
ferent across auctions. This means our result allows for endogenous participations to auctions.
Then, we develop a nonparametric test of such valuation paradigm. Unlike previous work on
ascending auctions, our estimation and testing methods use more information from observed
losing bids by virtue of the rich structure of our data. We find that the null hypothesis of IPV
is not rejected with our sample after controlling for observed auction heterogeneity and there-
fore our estimation result is a good approximation of the underlying distribution of dealers’

valuations.
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1 Introduction

Ascending-price auctions, or English auctions, are one of the oldest trading mechanisms that have
been used for selling a variety of goods ranging from fish to airwaves. Wholesale used-car markets
are among those that have utilized ascending auctions for trading inventories among dealers. In
this paper, we exploit a new, rich data set on a wholesale used-car auction to study the latent
demand structure of the auction with a structural econometric model. The structural approach to
study auctions assumes that bidders use equilibrium bidding strategies, which are predicted from
game-theoretic models, and tries to recover bidders’ private information from observables. The
most fundamental issue of structural auction models is estimating the unobserved distribution of
bidders’ willingness to pay from the observed bidding data.!?

We treat our data as a collection of independent, single-object, ascending auctions. So we are
not studying any feature of multi-object or multi-unit auctions in this paper though there might be
some substitutability and path-dependency in the auctions that we study. To reduce the complexity
of our analysis, we defer those aspects to a later study. Also, to deal with the heterogeneity in the
objects of our auctions, we first assume there is no unobserved heterogeneity in our data and then
control for the observed heterogeneity in the estimation stage.?

In our model, there are symmetric, risk-neutral bidders while the number of potential bidders
is assumed to be exogenous and unknown. Game-theoretic models of bidders’ valuations can be

4 We first assume that the information structure

classified according to informational structures.
of our model follows the symmetric independent private-values (hereafter IPV) paradigm and then
we develop a new nonparametric test with an unknown number of potential bidders to check
the validity of the symmetric IPV assumption after we obtain our estimates of the distribution

nonparametrically under the IPV paradigm. This extends the testability of the symmetric IPV

!Paarsch (1992) first conducted a structural analysis of auction models. He adopted a parametric approach
to distinguish between independent private-values and pure common-values models. For the first-price sealed-bid
auctions, Guerre, Perrigne, Vuong (2000) provided an influential nonparametric identification and estimation results,
which was extended by Li, Perrigne, and Vuong (2000, 2002) and Campo, Perrigne, and Vuong (2003).

?See Hendricks and Paarsch (1995) and Laffont (1997) for surveys of the early empirical works. For a survey of
latest works in the literature, see Athey and Haile (2005).

3See Krasnokutskaya (2004) for a novel empirical work regarding unobserved auction heterogeneity.

"Valuations can be either from the private-values paradigm or the common-values paradigm. Private-values are

the cases where a bidder’s valuation depends only on her own private information while common-values refer to all the

other general cases. IPV is a special case of private-values where all bidders have independent private information.



of Athey and Haile (2002) when the number of potential bidders is known to the case when the
number is unknown. We find that the null hypothesis of symmetric IPV is not rejected in our
sample and therefore our estimation result under the assumption remains a valid approximation of
the underlying distribution of dealers’ valuations.

To deal with the problem of unknown number of potential bidders, we are benefited from and
extend the methodology provided in Song (2005) for the nonparametric identification and estimation
of the distribution when the number of potential bidders of ascending auctions is unknown in an
IPV setting. Unlike previous work on ascending auctions, the rich structure of our data, especially
the absence of jump bidding, enables us to utilize more information from observed losing bids for
our nonparametric estimation and testing. This is an important advantage of our data compared
to any other existing studies of ascending auctions. Our key idea is that because any pair of order
statistics can identify the value distribution, three or more order statistics can identify two or more
value distributions and under the symmetric IPV, those value distributions should be identical.
Therefore, testing the symmetric IPV is equivalent to testing the similarity of value distributions
obtained from different pairs of order statistics.

There is considerable research on the first-price sealed-bid auctions in the structural analysis
literature; however, there are not as many on ascending auctions. One of the possible reasons for
this scarcity is the discrepancy between the theoretical model of ascending auctions, especially the
model of Milgrom and Weber (1982), and the way real-world ascending auctions are conducted.
Another important reason preventing structural analysis of ascending auctions is the difficulty of
getting a rich and complete data set that records ascending auctions.

Given these difficulties, our paper contributes to the empirical auctions literature by providing
a new data set that is free from both problems and by conducting a sound structural analysis using
recently developed econometric techniques.

Milgrom and Weber (1982) (hereafter MW) modeled ascending auctions as a button auction,
an auction with full observability of bidders’ actions and, most importantly, with the irrevocable
exits assumption, an assumption that a bidder is not allowed to place a bid at any higher price once
she drops out at a lower price. This assumption significantly restricts each bidder’s strategy space
and makes the auction game easier to analyze. Without this assumption for modeling ascending
auctions one would have to consider dynamic features allowing bidders to update their information
and therefore valuations continuously and to re-optimize during an auction. After MW, the button
auction assumption was widely accepted by almost all the following studies on ascending auctions,

both theoretical and empirical, because of its elegant simplicity.®

"There are few exceptions, e.g. Harstad and Rothkopf (2000) and Izmalkov (2003) in theoretical literature and
Haile and Tamer (2003) in empirical literature. Also see Bikhchandani and Riley (1991, 1993) for extensive discussions

of modeling ascending auctions.



However, in almost all the real-world ascending auctions, we do not observe irrevocable exits.
Recently, a paper by Haile and Tamer (2003) (hereafter HT) conducted an empirical study of
ascending auctions without specifying such details as irrevocable exits. In their nonparametric
analysis of ascending auctions with IPV, HT adopted an incomplete modelling approach with
relaxing the button auction assumption and imposing only two axiomatic assumptions on bidding
behavior. The first assumption of HT is that bidders do not bid more than they are willing to pay
and their second assumption is that bidders do not allow an opponent to win at a price they are
able to beat. With these two assumptions and known statistical properties of order statistics, HT
nonparametrically estimated upper and lower bounds of the underlying distribution function.

The reason HT could only estimate bounds and could not make an exact interpretation of
losing bids is because they did not impose the button auction assumption and allowed free forms of
ascending auctions. Athey and Haile (2002) noted the difficulty of interpreting losing bids saying
“In oral ‘open outcry’ auctions we may lack confidence in the interpretation of losing bids below
the transaction price even when they are observed.”® Our main difference from HT is that we are
able to provide a stronger interpretation of observed losing bids. Within ascending auctions, there
are a few variants that differ in the exact way the auction is conducted. Among those variants, the
distinction between one in which bidders call prices and another one in which an auctioneer raises
prices has very important theoretical and empirical implications. The former is what Athey and
Haile called as “open outcry” auctions and the latter is what we are going to exploit with our data.
The main difference is that the former allows jumps in prices but the latter does not allow those
jumps.

It is well known in the literature that it is empirically difficult to distinguish between private-
values and common-values models with actual auction data. However, there have been a few recent
attempts to develop these tests. Hong and Shum (2003) estimated and tested general private-values
and common-values models in ascending auctions with a certain parametric modelling assumption
using a quantile estimation method. Hendricks, Pinkse, and Porter (2003) developed a test based
on data of the winning bids and the ex-post values in first-price sealed-bid auctions. Athey and
Levin (2001) also used an ex-post data to test the existence of common values in first-price sealed-
bid auctions. Most recently, Haile, Hong, and Shum (2003) developed a new nonparametric test for
common-values in first-price sealed-bid auctions using Guerre, Perrigne, Vuong (2000)’s two-stage
estimation method but their test requires exogenous variations in number of potential bidders.

Our paper contributes to this literature by showing the testability of the symmetric IPV even

when the numbers of potential bidders are unknown and they can also vary across different auc-

Bikhchandani, Haile, and Riley (2002) also show there are generally multiple equilibria even with symmetry in
ascending auctions so that we have to be careful interpreting observed bidding data; however, they show that with

private values and weak dominance, there exists uniqueness.



tions. Therefore, our test can allow for endogenous participations differently from Haile, Hong, and
Shum (2003). Then, we develop a formal nonparametric test of the symmetric IPV by comparing
distributions of valuations implied by two or more pairs of order statistics.

The remainder of this paper is organized as follows. We provide briefly some background on
the wholesale used-car markets in general and on the wholesale used-car auctions in Korea, where
our data comes from, in the next section. We describe the data we use and give some summary
statistics in Section 3. Section 4 and 5 present the empirical model and our empirical strategy that
includes identification and estimation. We develop our new nonparametric test in Section 6. We
provide the empirical results in Section 7 and Section 8 discusses the implications and extensions
of the results. Section 9 concludes. Mathematical proofs and technical details are provided in

Appendix.

2 Wholesale Used-car Auctions

Any trade in wholesale used-car auctions is intrinsically intended for a future resale of the car.
Used-car dealers participate in wholesale auctions to manage their inventories in response to either
immediate demand on hand or anticipated demand in the future. The supply of used-car is generally
considered not so elastic but the demand side is at least as elastic as the demand for new cars. In
the wholesale used-car auctions, some bidders are general dealers who do business in almost every
model; however, others may specialize in some specific types of cars. Also, some bidders are from
large dealers, while many others are from small dealerships.”

For dealers, there exists at least two different situations about the latent demand structure.
First, a dealer may have a specific demand, i.e. a pre-order, from a final buyer on hand. This
can happen when a dealer gets an order for a specific used-car but does not have one in stock or
when a consumer looks up the item list of an auction and asks a dealer to buy a specific car for
her.® We call this as “demand-on-hand” situation. In this case, we make a conjecture that a dealer
already knows how much money she can make if she gets the car and sells it to the consumer.
Second, though a dealer does not have any specific demand on hand, but she anticipates some
demand for a car in the auction in near future from the analysis of the market. We call this as
“anticipated-demand” situation. In this case, we make a conjecture that a dealer is not so certain
and confident about her anticipation of future market condition and has some incentives to find

out other dealers’ opinions about it.

"These suggest that there may exist asymmetry among bidders in the auctions, which we are not studying in this

paper, but plan to do in the future.
8The item list is publicly available on the website 3-4 days prior to each auction day and these kinds of delegated

biddings seem to be not uncommon from casual observations.



The auction data in our paper comes from an offline auction house located in Suwon, Korea.
Suwon is located within an hour drive south of Seoul, the capital of Korea. It opened in May 2000
and it is the first fully-computerized wholesale used-car auction house in Korea. The auction house
engages only in the wholesale auctions and it has held wholesale used-car auctions once a week
since its opening.

The auction house mainly plays the role of an intermediary as many auction houses do. While
sellers can be anyone, both individuals and firms, who wants to sell her own car through the auction,
only a used-car dealer who is registered as a member of the auction house can participate in the
auction as a buyer. At the beginning, the number of total memberships was around 250, and now
it has grown to about 350 and the set of the members is a relatively stable group of dealers, which
makes the data from this auction more reliable to conduct meaningful analyses than those from
online auctions in general.

Roughly, about a half of the members come to the auction each week. 600-1000 cars are
auctioned on a single auction day and 40-50 percent of those cars are actually sold through the
auctions, which implies that a typical dealer who comes to the auction house on an auction day gets
2-4 cars/week on average. Bidders, i.e. dealers, in the auction have resale markets and, therefore,
we can view this as if they try to win these used-cars auctioned only to resell them to the final
consumers or, rarely, to other dealers.

The auction house generates its revenue by collecting fees from both a seller and a buyer when
a car is sold through the auction. The fee is 2.2% of the transaction price, both for the seller and
the buyer. The auction house also collects a fixed fee, about 50 US dollars, from a seller when the
seller consigns her car to the auction house. The auction house’s objective should be long-term
profit maximization. Since there exists repeated relationship between dealers and the house, it may
be important for the house to build favorable reputation.? There also exists a competition among
three similar wholesale used-car auction houses in Korea. In this paper, we ignore any effect from

the competition and consider the auction house as a single monopolist for simplicity.

3 Data

3.1 Description of the Data

The auction game itself is an interesting and unique variant of ascending auctions. There is a
reserve price set by an original seller with consultations from the auction house. An auction starts

from an opening bid, which is somewhere below the reserve price. The opening bids are made

9 An original seller’s goal is to sell her car at the highest possible price near the time she wants to sell it after

considering the trade-off between the price and the possibility of being sold.



public on the auction house’s website two or three days before an auction day. After an auction
starts, the current price of the auction increases by a small, fixed increment, about 30 US dollars
for all price ranges, whenever there are two or more bidders at the price who press their buttons
beneath their desks in the auction hall.'”

In the auction hall, there are big screens in front that display pictures and key descriptions of
a car of the current auction. The current price is also displayed and updated real-time. Next to
the screens, there are two important indicators for information disclosure. One of them resembles
a traffic light with green, amber, and red lights, and the other is a sign that turns on when the
current price rises above the reserve price, which means that the reserve price is made public once
the current price reaches the level.

The three-colored lights indicate the number of bids at the current price. The green light signals
three or more bids, yellow means two bids, and red indicates that there is only one bid at the current
price while the current price is above the reserve price. When the current price is below the reserve
price, they are indicating two or more, one, and zero bids respectively. This indicator is needed
because, unlike the usual open out-cry ascending auctions, the bidders in this auction do not see
who are pressing their buttons and therefore do not know how many bidders are placing their bids
at the current price. With the colored lights, bidders only get somewhat incomplete information
on the number of current bidders and they never observe the identities of the current bidders.

There is a short length of a single time period, such that all the bids made in the same period
are considered as made at the same price. A bidder can indicate her willingness to buy at the
current price by pressing her button at any time she wants, i.e. exit and reentry are freely allowed.
The auction ends when three seconds have passed after there remains only one active bid at the
current price. When an auction ends at the price above the reserve price, the item goes to the
bidder who presses last, but when it ends at the price below the reserve price, the item is not sold.

Our data set consists of 59 weekly auctions from a period between October 2001 and December
2002. While all kinds of used-cars including passenger cars, buses, trucks, and other special-purpose
vehicles, are auctioned in the auction house during the period, we select only passenger cars to
ensure a minimum heterogeneity of the objects in the auction. For those 59 weekly auctions, there
were 28334 passenger-car auctions. However, we use only data from those auctions where a car is
sold and there exist at least four bidders above the reserve price in an auction. After we apply this
criteria, we have 5184 cars, 18.3% of all the passenger-cars auctioned. Although this step restricts
our sample from the original data set, we do this because we need four meaningful bids, which
means they should be above the reserve price, to conduct our nonparametric test and we think our

analysis remains meaningful since what are important in generating most of the revenue for the

0When the current price is below the reserve price, there only need to be one bidder to press the button for an

auction to continue.



auction house are those cars where there are at least four bidders above the reserve price.!!

In the actual estimation stage of our econometric analysis of the sample, we are forced to forgo
additional cars out of those 5184 auctions because of the ties among the second, third, and fourth
highest bids.!?>' We remove the total of 1358 cars and we use the final sample of 3826 auctions.'*
Among those, 1676 cars are from the maker Hyundai, the biggest Korean carmaker, 1186 cars are
from the maker Daewoo, now owned by General Motors, and the remaining 964 cars are from the
other makers like Kia, Ssangyong, and Samsung while most of them are from Kia, which merged
with Hyundai in 1999. The market shares of major carmakers in the sample are presented in Table

1 and some important summary statistics of the sample are provided in Table 2

TABLE 1. Market Shares in the Sample
Hyundai Daewoo Kia Ssangyong Others
Share (%) 44.72 30.86  21.05 2.66 0.71

Available data includes the detailed bid-level, button-pressing log data for every auction. Auc-
tion covariates, very detailed characteristics of cars auctioned, are also available. The covariates
available includes each car’s make, model, production date, engine-size, mileage, rating - the auc-
tion house inspects each car and gives a 10-0 scaled rating to each car, which can be thought of
a summary statistic of the car’s exterior and mechanical condition, transmission-type, fuel-type,
color, options, purpose, body-type etc. We also observe the opening bids and the reserve prices of
all auctions. Some bidder-specific covariates such as identities, locations, ‘members since’ date are
also available. And the date of title change is available for each car sold, which may be used as a
proxy for the resale date in a future study. Last, we only observe the information on ‘who’ come
to the auction house at ‘what time’ of an auction day for a very rough estimate on the potential
set of bidders for an auction.

Here is a descriptive snapshot of a typical auction day, September 4th, 2002, which is randomly
picked. A total of 567 cars were auctioned on that day, 386 cars of which were passenger cars and
the remaining 181 were full-size vans, trucks, buses, etc. Since this auction day was the first week
of the month, there was relatively a small number of cars (the number of cars auctioned greatest in
the last auctions of the month.) 248 cars (43 percent) were sold through the auction and, among
those unsold, at least 72 cars sold afterwards through post-auction bargaining, or re-auctioning
next week, etc. The log data shows that the first auction of the day started at 13:19 PM and the

"Since we maintain the assumption of no unobserved auction heterogeneity and the exogenecity of the number of
bidders, the sample selection is not a concern in this paper.

2We need to do this solely because there exists a technical difficulty in our estimation procedure.

13We never observe the first highest bids in ascending auctions separately.

""The second-highest bid and the third-highest bid are tied in 842 auctions. In 624 auctions, the third-highest bid
and the fourth-highest bid are tied, and for 108 auctions the second-, third-, and fourth-highest bids are all tied.



last auction of the day ended at 16:19 PM. It only took 19 seconds per auction and 43 seconds
per transaction. 152 ID cards (132 dealers since some dealers have multiple IDs) were recorded as
entered the house. On average each ID placed bids for 7.82 auctions during the day. There were 98
bidders who won at least one car but 40 bidders did not win a single car. On average, each bidder
won 1.8 cars and there are three bidders who won more than 10 cars. Among 386 passenger cars,
there were at least one bid in 218 auctions. Among those 218 auctions, 170 cars were successfully

sold through auctions and 48 were unsold.

TABLE 2. Summary Statistics (Sample Size: 5184)

Age Engine Mileage Rating 2nd 3rd 4th Reserve  Opening
(years) Size (¢)  (km) (0-10)  highest - - price bid
Mean 5.9278 1.7174 96888 3.1182 3812.1  3758.8 3690.5 3402.7  3102.5
S.D. 2.3689  0.3604 49414 1.2127 3004.8  2999.7 2992.1 2905.4 2866.1
Median 6.1667  1.4980 94697 3.5 3200 3150 3085 2800 2500
Max 12.75 3.4960 426970 7 29640 29580 29490 27800 27000
Min 0.1667  1.1390 69 0 100 70 70 50 0

Note: All prices are in 1000 Korean Won. (1000 Korean Won ~1 US Dollar)

3.2 Interpretation of Losing Bids

As we briefly mentioned in the introduction section, a strong interpretation of losing bids in our
data is one of the main strong points of this study that distinguishes it from other work on ascending
auctions. Our basic idea is that with the assumption of IPV and with some institutional features
of this auction such as a fixed discrete increments of prices raised by an auctioneer, we are able
to make strong interpretations of losing bids above the reserve price and therefore identify the
corresponding order statistics of valuations from observed bids.

We are able to do this based on some equilibrium implications of the auction game in the spirit
of Haile and Tamer (2003). So, in the end, without imposing the button auction model explicitly,
we are able to treat some observed bids as if they come from a button auction. Then, we use
this information from observed bids to estimate the exact underlying distribution of valuations.'
Within the private values paradigm, in ascending auctions without irrevocable exits, the last price
at which each bidder shows her willingness to win, i.e. each bidder’s final exit price, can be directly
interpreted as her private value, and with symmetry, to relevant order statistics because it is a

weakly dominant strategy, and with high probabilities a strictly dominant strategy, for a bidder to

5 Actually, HT noted that if the true underlying model is the button auction, then their two bounds collapsed to

a single distribution, which is also the exact estimate.



place a bid at the highest price she can afford.'® Here, we assume there is no ‘real’ cost associated
with each bidding action, i.e. an additional button pressing requires a bidder to consume zero or
negligible additional amount of energy, given that the bidder is interested in a car being auctioned.

The basic setup in our auction game model is that we have a collection of single-object ascending
auctions with all symmetric, risk-neutral bidders. The number of potential bidders in any auction
is assumed to be exogenous and the number of potential bidders is never observed to any bidders
nor an econometrician. For the information structure, we assume independent private values (IPV),
which means a bidder’s bidding strategy does not depend on any other bidder’s action or private
information in this auction we study, i.e. an ascending auction with exogenous rise of prices with
fixed discrete increments with no jump. Therefore, with IPV, the fact that any bidder has very
limited observability of other current bidders’ identities or bidding activities does not cause any big
problem in this auction.

Within this setting, while it is obviously weakly dominant strategies for a bidder to press
her bidding button at the last chance she can press, it does not necessarily guarantee that a
bidder’s actual observed last press corresponds to the bidder’s true maximum willingness to pay. A
strictly positive potential benefit from pressing at the last price a bidder can afford will ensure that
our strong interpretation of losing bids is a close approximation and such a chance for a strictly
positive benefits can be present when there exists a possibility that all the other remaining bidders
simultaneously exit at the price, which a bidder is considering to press her button at. When the
auction price rises continuously as in Milgrom and Weber (1982)’s button auction, with continuous
distribution of valuations, the probability of such event is zero at any price; however, when price
rises in a discrete manner with a minimum increment as in this auction we study, this is not a
measure-zero event, especially for the higher bidders like the second-, third-, and fourth-highest

bidders as well as the winner.}7-18

16Tn common values model, this is not the case and the analysis is much more complicated because a bidder may try
not to press her button unless it is absolutely necessary because of strategic consideration to conceal her information.

See Riley (1988) and Bikhchandani and Riley (1991, 1993).

"More precisely, for this argument, we need to model the auction game such that each bidder can only press the
button at any price simultaneously and at most once and the auction stops when only one bidder presses her button
at a price. Actually, although this is not an exact modeling of the auction we study, we think this modeling is an
acceptable and close approximation of the real auction.

18 Actual observed bidding may depend on each bidder’s subjective probability regarding the simultaneous exits of

the all active bidders since a bidder does not know who the current active bidders are.
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4 Empirical Model and Identification

This section describes the basic set-up of an IPV model we analyze. Consider a Wholesale Used-Car
Auction (hereafter, WUCA) of a single object with the number of risk-neutral potential bidders,
N > 2, drawn from p, = Pr(N = n). Each potential bidder i has the valuation V¢, which
is independently drawn from the absolutely continuous distribution F'(-) with support V. Each
bidder knows only his valuation but the distribution F'(-) and the distribution p, are common
knowledge. By the design of WUCA, we can treat it as a button auction if we disregard the
minimum increment. The minimum increment (about 30 dollars) in WUCA is small relative to the
average car value (around 3,000 dollars) sold in WUCA, which is about one percent of the average
car value.

Hence, in what follows, we simply disregard the existence of the minimum increment in WUCA
to make our discussion simple and the bounds estimation implied by the minimum increment is
handled in Section 8.2. Therefore, if we observe the number of potential bidders and any " order
statistic of the valuation (identical to i*" order statistic of the bids), then we can identify the
distribution of valuations from the cumulative density function (CDF) of the i order statistic as

done in many previous literatures.'” Define the CDF as

‘ n! Flo) j
G(z:n)(v) =H(F(v);i:n) = (2—1)'('71—2)'/0 tlfl(l — )"t

Then, we obtain the distribution of the valuations F(-) from
F(v) = H_l(G(m) (v);1:n).

However, in the auction we consider, we do not know the exact number of potential bidders in
a given auction and the number of potential bidders varies over different auctions. Nonetheless we
can still identify the distribution of valuations F'(-) following the methodology proposed by Song
(2005), since we observe several order statistics in a given auction. Song (2005) showed that an
arbitrary absolutely continuous distribution F'(-) is nonparametrically identified from observations
of any pair of order statistics from an I.I.D. sample, even when the sample size, n, is unknown and
stochastic. The idea is that we can reinterpret the density of the kﬁh highest value V conditional
on the k" highest value V as the density of the (kg — k1)"* order statistic from a sample of (k2 — 1)
following F(-). Denote the probability density function (PDF) of the i*" order statistic of the n
sample (LLD.) as (5™ (v)

9" (v) = " H(F ()7L = F(o)]" ' f(v) (1)

(i —Dl(n—1i)

9See Arnold et al. (1992) and David (1981) for extensive statistical treatments on order statistics.

11



and the joint density of the i-th and the j-th order statistics of the n sample (I.I.D.) forn > j > i > 1

as g (7, v)

i) (. = PIF@IE@) = PP 1= F@)" f(0)f(7)
9 0) = (i =G~ =Dl =9 o m

Then, the density of V conditional on V, Pl ke (V|V = v) can be written

g(n k1+1,n—ko+1: n)(,U ’U)

Pk1 ko (vv) = g(n—kz-i-l:n)( ) 3)
_ (k2 — 1) (F(@) = F(o)>™M 711 = F@)" (@),
(ky — k1 — 1)!(ky — 1)! 1— F(v))kT {ozv}

Ulw))te

)
I( (
(kg —1)!
(b—hiW% (L= F)E(
(L= F@)(A = @) @)1~ F)
(1 — F(v))k1 {720}
ko — 1)! - i ~ 1 e
- (ko —1— k1)§(22 - i — (k2 — kl))!F(v|U)k2 TR - F@)" 1f(v]v)1{5zv}

(k2—k1:ka—1) (m,u)’

=9

where f(¥]v)(¢g")(¥]v)) denotes the truncated density of f(-)(g¢)(-)) truncated at v from below and
F(v]v) denotes the truncated distribution of F(-) truncated at v from below?’. This interpretation
comes from the probability density function, g™ (v) of the i'" order statistic of the n sample for
n = ky —1and i = ka2 — k1 in our case noting limy—y P(i, k) (V]v) = limy—y glke=hiika=1) (F]y)) =
g(kr’“:kz_l)(ﬁ). Then, the identification of the distribution of valuations is straightforward by
Theorem 1 in Athey and Haile (2002) saying that the parent distribution is identified whenever the

distribution of any order statistic (here ko —k;) with a known sample size (here ka — 1) is identified.

4.1 Auction Heterogeneity

In practice, the valuation of objects sold in WUCA (as in other auctions) varies according to several
observed characteristics such as car types, makes, mileage, year, and etc. We want to control the
effect of these observables on the individual valuation to obtain the homogeneity of the idiosyncratic
factors such as tastes, cost shocks, or demand shocks. For this purpose, we assume the following
form of the valuation V;(X}) as

InV;(Xy) = U(Xy) + Vi, (4)

where [(+) is a nonparametric or parametric function of Xy, X; is a vector of observable character-

istics of the auction t = 1,...,T, and ¢ denotes the bidder 7. We assume that v4; is independent

g(k2_k15k2—1)(5)

*'To be precise, f(Blv) = Ly, F(0lv) = TR, and g2 =% D (Glo) = (2otoma i =0

1-F(v) —F(v)
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of X¢. Thus, we do assume the additively (multiplicatively) separable structure of the value func-
tion, which is preserved by equilibrium bidding. In the auction we consider, ignoring the minimal
increment, we have

In B(Vy, X¢) = 1(X¢) + b(Vii),

where Vy; = V;(X}) is the valuation of a bidder ¢ on an auction ¢, B(Vy;, X;) is a bidding function of a
bidder ¢ with observed heterogeneity of an auction ¢ and b(V;) is a bidding function of homogeneous
auctions. Thus, under the IPV assumption, we will have B(V, X) = V(X) and b(V) = V. Here we
impose parametric assumptions on the shape of [(-) but the distribution of V' denoted by F(-) is

nonparametrically specified. We let
InV;(X¢) = Xi8 + Vi, (5)

for a dim(X}) x 1 parameter 3. In Appendix B, we also consider a nonparametric extension of [(-).

5 Estimation

Here we use the semi-nonparametric (SNP) estimation procedure developed by Gallant and Nychka
(1987) and Coppejans and Gallant (2002). In particular, we implement a particular sieve estimation
of the unknown density function using a Hermite series. First, we approximate the function space,
F containing the true density function with a sieve space of the Hermite series, denoted by Fr.
Once we set up the objective function based on a Hermite series approximation of the unknown
density function, then the estimation procedure is just a finite dimensional parametric problem.
In particular, we use the (pseudo) maximum likelihood methods. What remains is to specify
the particular rate in which a sieve space, Fr, gets closer to F achieving the consistency of the
estimator. We will specify several regularity conditions for this in Appendix E.

Since we observe at least the second-, third- and fourth-highest bids in each auction of WUCA.
We can estimate several different versions of the distributions of valuations (F'(-)), since any pair
of order statistics can identify the parent distribution as we discuss in the previous section. Here,
we use two pairs of order statistics (second-, fourth-) and (third-, fourth-) highest bids and obtain
two different values of F'(-), which provides us an opportunity to test the hypothesis that WUCA
is the IPV. This testable implication comes from the fact that under the IPV, value of F'(-) implied
by the distributions of different order statistics must be identical for all v.2!

Once we show that the IPV assumption holds, then we can combine several order statistics to
identify F'(-) extending Song (2005) to the case of more than three bids observed. This version of

estimator is better than the version that use a pair of order statistics in the sense that we are using

L For detailed discussion, see Athey and Haile (2002).
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more information.

5.1 Distribution of Valuations

In this section, to simplify the discussion, we assume that there is no observed heterogeneity in the
auction. In other words, we impose InV;; = V;;, i.e. I(-) = 0. We also let the mean of V;; equal
to zero and the variance of it equal to one??. First, consider the estimation of the distribution of
valuations using the second- and third-highest bids in each auction. Let (‘72, Vi) denote the second-
and fourth-highest pseudo-bids for each auction ¢ and (v, v¢) denote their realizations. Also let
Uy, = mtin vy and oM = m?x 7> Noting F(v) for v < vy, nor v > vM can be recovered solely form
the data, we impose v = v,, — € and T = v™ + ¢ for some small positive ¢2* and let F*(-) = F(-|v, )
(i.e. we let V = [v,7]) as the model primitive of interest, where F(-|v,7) denotes the truncated

distribution of F'(-) from below at v and from above at T as

F*(-) = F(v|v,0) = m and hence f*(v) = f(v|v,v) =

Then, we obtain the density of 172 conditional on V; denoted by py4(v;|V; = v;) from (3) as

P2 (0]V =) = ) - Z*@;Zgl(v_))f*@))f*@ forv>v>v>uw. (7)

To estimate the unknown function f*(z) (hence, F*(z) = [~ f*(t)dt), we first approximate f(2)
with a member of Fr, denoted by f(k), up to the order K(T):?

Fro= {uo: 120 = (S 0H() +e0olz).0 € Or) (®)
Or = {9 = (V1,... 719K(T)) : Z]K:(?) 19? + e = 1}

22We can do this without loss of generality since we can always standardize the data before the estimation and
also the SNP estimator is the scale- and location- invariant. In the acutal estimation, we estimate the mean and the

variance with other parameters at the same time.
23 Note that v,, is a consistent estimator of the lower bound of V under no binding reserve price and a consistent

estimator of the reserve price under the binding case. Similarly v™ is a consistent estimator of the upper bound of

V.

24 This is necessary for implementation of the estimation. For example, in (9), we need this restriction. Otherwise,
for v; = 7 = v™ with a non-negligible measure, (9) is not defined by construction. As an alternative, we may let
V = [vm, v™] and consider a trimmed (pseudo) MLE by trimming out those observations v < v, +¢& and v > v™ —¢
as common in the literature. Advantages of our approach include that we can use all the observations from the data
and it simplifies derivations of asymptotic properties. Note that this is a separate issue from handling of outliers.
Outliers should be eliminated before the estimation if it is necessary.

25We will suppress the argument 7" in K (T) unless noted otherwise.
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for a small positive constant ¢y and the standard normal pdf ¢(z) where a Hermite series Hj;(z) is

defined recursively as

Hy(z) = (vV2m)~H2e /4,
Hy(z) = (V2r) " Y22e=7/4,
Hj(2) = [2Hj1(2) = /j — 1H;2(2)]/\/3, for j > 3.

This is the sieve space considered originally in Gallant and Nychka (1987). Then, we construct the
sample likelihood based on f(x(-) instead of the true f(-) using (7):

6(F{) (U) = Fiey () )(L = ey (0)) f 5y (V1)
(1 — Fie(vr))? ;

L(fxy; v, 01) = (9)

* (v) * .
where f(K)(-) = WM, = [* fix)(2)dz, and % = f(K z)dz. Noting

that (9) is a parametric estlmatlon problem for a glven value of K one could approximate f ()

with f(-) as the maximum likelihood estimator:

~ K 3 2
f2) = (SIS 0:H)(2)) +eod(z), where (10)
0 = (51,...,@K)—argmax Zt LI L(f(xy; Ut vr)
0O

Now note that actually a pseudo-bid z is defined as the residual in (5) and is approximated as the

residual in (31). Thus, we have another set of parameter 3 to estimate together with 0 as

R ~ 2
1) = (SIS 0H;3)) + s @), (11)
where
2=InV— X' and (B,,g’) = argmaxg pco,. L(f%). (12)

One may think this approach is absurd in the sense that we implicitly assume that the support
of the values is (—o0,00) where the true support is [v,7], which turns out to be not a concern
according to Kim (2006), though. He uses a truncated version of Hermite polynomials to resolve
this issue and shows that there exists one-to-one mapping between function space of the original
Hermite polynomials and its truncated version. These issues are handled in Appendix in details.
In Appendix E, we study the consistency and the convergence rate of the SNP estimator. Finally,

from (6), we obtain the consistent estimators of f*(-) and F™*(-), respectively as

(v) — F(v)
v) —

) ﬁj>
@

(v :7‘70(@) and F*(v) =
f*(v) - (v)

}\j> M)

where F(v =" flz
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We will denote the conditional density identified from the second- and fourth-highest bids by f4
and its estimator by f2|4 for comparison with others obtained from other order statistics. Similarly
we can also identify and estimate f*(+) using the pair of third- and fourth-highest bids. First,
denote (V, Vi) to be the third- and fourth-highest pseudo-bids for each auction ¢ and let (%t,vt)
denote their realizations, respectively. Then, we have the conditional density

- I nt3 5 2 px 5 -
p3u(V|V = v) = 3(1(1 fé*zl)fg( ) forv>v>v>w (13)

from (3). Denote the estimate of f*(-) based on (13) as f3‘4(-):

- 0, . 1 & 3(1 = Fliey (8)) £ (1)
Pt = F) - g O T 2 T s 14

Note that the approximation precision depends on the choice of smoothing parameter K. We can
pick the optimal length of series, K*, following the Coppejans and Gallant (2002)’s method, which
is a cross-validation strategy as used in Kernel density estimations. See Appendix C for detailed

discussion.

Simple Two Step Estimation

Though the estimation procedure considered up to now is a feasible one-step method and may
be more efficient, we rather use a two-step estimation method as follows so that we can avoid the
computational burden involved in estimating [(-) and f(-) at the same time?%. First, we estimate
the following first-stage regression.

InVy; = X/8 + Vi,

Then, construct the residuals for each order statistics as
Uy = Vi — X{5.

In the second step, based on the estimated pseudo values 9, we estimate f(-) as described in the
following section. Note that the convergence rate of B to B (including mean and variance estimates),
which is typically the parametric rate, will be faster than that of ]?to f.27 Thus, this two step
method will not affect the convergence rate of the SNP estimator. This justifies the use of the two
step estimation.

The consistency and the convergence rates of this two step estimator is also provided in the

appendix.

20We may also consider nonparametric estimation of I(-). In this case, a two step procedure will be more relevant.
*"Even for the fully nonparametric case, this is also true if a consistent estimator of I(-) converges to I(-) faster

~

than f(-) to f(-).
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6 Nonparametric Testing

Recall that f2‘4(-) denotes the conditional SNP density estimator from the second- and fourth-
highest order statistics while f54(-) denotes the estimator from the third- and fourth-highest order
statistics. As noted in the previous section, we can test the IPV assumption, since several versions
of distribution of valuations are identified under availability of three order statistics. In particular,
one is from the pairs of the second- and fourth- highest bids and the second one is from the pairs
the third- and fourth- order statistics. Therefore, by comparing f2|4(-) and f3|4(-), we can test the
following hypothesis Hg

Hy : WUCA is an IPV auction (15)
H,y : WUCA is not an IPV auction

since under Hy, there should be no significant difference between fy4(-) and f34(-). Thus, we can

test (15) by comparing the two density functions fy4(-) and f34(-). Under the null we have

Ho @ foa(-) = fa(") (16)

against Ha : fa4(-) # f3a(+)- This result extends Theorem 1 of Athey and Haile (2002) when the
number of potential bidders is known to the case when the number is unknown. We summarize

this result as

Theorem 6.1 In the symmetric IPV model with the unknown exogenous number of potential bid-

ders, the model is testable if we have three or more order statistics of bids from the auction.

6.1 Tests based on Means or Higher Moments

We can test a weak version of (15) based on the means or higher moments implied by fy4 and f3)4

as

H| ,u%“l:,u‘gvlforalljzl,Q,...,J (17)

H) u§‘4#u§|4 for some j =1,2,...,J

v (%

where Mé|4 = fﬁvjfg‘él(v)dv and ,u§|4 = fgvjf3|4(v)dv, since (15) implies (17) and (17) implies (15)

as J — oo. We can compare several estimates of moments implied by f2|4 and f3‘4 and test the
significance difference of each pair by constructing a standardized test statistics. One difficulty is
to reflect the fact that we used pre-estimated functions in obtaining f2‘4 and f3|4 in calculating the

asymptotic variance of each moment estimate.
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6.2 Comparison of Densities Using the Pseudo Kullback-Leibler Divergence
Measure

Here we are interested in testing the equivalence of two densities fy, and f3)4 where these den-
sities are estimated from (11) and (14), respectively using the SNP estimation. A natural mea-
sure to compare fy, and f34 will be the integrated squared error given by Is(fa4(2),f34(2)) =
Jo(faa(z) — f3‘4(z))2dz noting foi4 and f34 have the same support V. Under the null we have
Is(f2a(2),f314(2)) = 0. Li (1996) develops a test statistic of this sort when both densities are es-
timated using a kernel method. Other possible measures for the distance of two density functions
are the Kullback-Leibler (KL) information distance or the Hellinger metric. For testing of serial
independence, it is well known that test statistics based on these two measures have better small
sample properties than those based on a squared distance in terms of a second order asymptotic
theory. The KL measure is entertained in Ullah and Singh (1989), Robinson (1991), and Hong and
White (2005) when they effectively test the affinity of two densities. The KL measure is defined as
Ik = [, (In foja(2) —In f34(2)) foa(2)dz or Ixp = [}, (In f3a(2) — In foja(2)) f314(2)dz which are
equally zero under the null and have positive values under the alternative as shown in Kullback
and Leibler (1951). However, it is noted that the KL information distance is not a proper distance
measure, since it is not symmetric although it still serves as a valid discrepancy measure. Kim
(2006) proposes a variation of the Kullback-Leibler measure which is symmetric and nonnegative

Iskr(Foyas o) = /V (In fora(2) — In foa(2)) Fora(2)dz + /v (In fya(2) — 0 foa(2)) fau(z)dz (18)

which has zero value under the null but is strictly positive under the alternative by construction.

It is also symmetric, Iskr(f2ja; f314) = IskL(f3)4, f2)a)-
We could construct a test statistic as a sample analogue of (18):

Tsicr(Foyas Foa) = /V (In Foya(2) — In Fya(2))dBu(z) + /V (I foya(2) — In foa(2))dBya(z). (19)

Now suppose {5,5}?:1 are the second-highest order statistics. Then, one may expect fv (In ]?2‘4(2) -
In f;)|4(z))dﬁ2‘4(z) N Zthl (ln ]?2\4(5'5) —1In £|4(5t)> but this cannot be true since v; follows the

distribution of the second-highest order statistic not of Fy4. We, however, argue that

1 ~ ~
=50 (0 Aa(@) — n fo()) (20)
is still valid in terms of comparing two densities since under the null, the following object still

equals to zero anyway

/v (In foya(2) — In fia(2)) g (2)dx (21)
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where g(»—1n) (z) is the density of the second-highest order statistic among n.*®> This is true for

any given order statistics. Based on (20).

6.3 Test Statistics I

The idea of using (21) as a valid measure of comparing two densities is in line with indirect inference
literature. It is argued that the parameters of interest can be inferred from some instrumental
models which are possibly misspecified. It is noted that (21) is not a distance measure since it can
have negative values and is not symmetric but still can serve as a divergence measure. We consider

a modification of (21) as a divergence measure of two densities, which is defined by

2
19(fopss fn) = (A [ ) = m a(2) g<”—1=“><z>dz) (22)

for a positive constant A. Using a sample analogue of (22), for A — A, we may propose a test

statistic of the following form using the second-highest order statistics in particular?”
o~ 1 ~ . 2
I9(fa4, f3a) = (AT D teT (1n f24(0t) — In f34(vt+1)>> (23)

where 73 is a subset of {1,2,,...,7 — 1}, which trims out those observations of fA2|4(-) < 01(T) or
fA’3|4(-) < 92(T) for chosen positive values of d1(7T) and 02(7T") that tend to zero as T'— oo. To be
precise, 75 is defined by

T = {t :1<t < T —1such that fo4(%;) > 61(T) and fas(Tps1) > 52(T)} .

This trimming is a usual device in a inference procedure for nonparametric estimations. Even
though the SNP density estimator that we are interested in is always positive by construction
differently from higher order Kernel estimators, we still introduce this trimming device to avoid
the excess influence of one or several summands when fz|4(-) or ﬁ’)|4(') are arbitrary small. (23) will
converge to 19(fa4, f3j4) = Afv (ln faja(z) —In f3‘4(z)) g"~1")(2)dz under certain conditions that
will be discussed later. However, unfortunately, v/7 - I g(j?2|4, f/l\3|4) will have degenerate distributions
under the null similarly as discussed in Robinson (1991) and cannot be used as reasonable statistics.

To resolve this problem, we entertain modification of (23) in the spirit of Robinson (1991) as

2
I (faya, f314) = <AT71_1 >t () (ln f21a(vt) —In f34(5t+1)>>

280f course, this holds for other order statistics, actually for any other distributions. We will be confident with
the testing result if the testing is consistent regardless of choice of the distribution which we are performing the test

based on.
*nstead, we can use other order statistics. In that case, simply replace g(n—1 : n) with g(n—2: n) or g(n—3: n).
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where for a nonnegative constant -y,
ct(y) =1+ if tis odd and ct(y) =1 — if tis even
and T, is defined as’
Ty=T+~ ifTis odd and T, =T if T is even. (24)

We let
I = I'(foa: foja) 1 = T§(faja; Foja), and 1§ = I§(Fopa, fo1a)

for notational simplicity. Now note, for any increasing sequence d(7T'), any positive C' < oo, and 7,

Pr(d(T)T? < C) < Pr(d(T) ‘fg -y )

> d(T)I’ - C) < Pr(‘fg I

holds when T is sufficiently large and (16) is not true in the direction of g (i.e. I > 0). Since the
probability Pr(‘ﬁy’ -r

construct a test statistic of the form

> I’ /2) goes to zero under the alternative as long as fg — I’ one could
P

Reject (16) when d(T)I7 > C. (25)

Therefore, as long as ffj - I?, (25) is a valid test consistent against departures from (16) in the
direction of g. We call a test statistic consistent against one direction of departure from the null
hypothesis if the rejection probability approaches one as the sample size gets large regardless of
the size of that departure. We present the main result of this section in the following theorem. See

Appendix F.1 for the proof. We first assume that

Assumption 6.1 The observed data of two pairs of order statistics {vy, v} and {%t, vt} are ran-

domly drawn from the continuous density of the parent distribution of valuations.

Theorem 6.2 Suppose Assumption 6.1 hold. Provided that Conditions 6-8 in Appendix hold un-

der (16), we have T, = ng — x2(1) for any v > 0 with A= 1/\/572% and & — ¥ =
P

2Vary [In f,‘4(-)]. Thus we reject (16) in the direction of g if T, > Cy where C, is the size a critical

value of the Chi-square distribution.

30Consider s(T) = T%Zthl ci(y) when T = 2m and T = 2m + 1, respectively. It follows that s(2m) =
(Gt Gondm) — 2 — Loand s(2m +1) = 2 (L+9)m+ (1 —y)m+ (1+7)) = 222 = T Thus, by

constructing T, as (24), we have s(T) = 1.
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6.4 Test Statistics II : Simulated Kullback-Leibler Divergence Measure

Even though the test procedure proposed in the previous section is valid, it is a weak test since the
detection of divergence will depend on the choice of g. The optimal test will be obtained when g
equals to the true density of the value distributions. Thus, we consider an alternative test based
on (18). The idea is that even though we do not have data from Fy4 or Fj4, we can still simulate
them using consistent estimators of Fy4 or F3|4 obtained from the SNP estimation. To be precise,

we can approximate ISKL(]?QM, ]?3‘4) in (19) such that

fv(ln J?2\4(Z) —In £\4(Z))dﬁ2|4(2) ~ %25:1 In J?2|4(U§\475) —In J?3|4(U;|473) and
S Faja(2) = In faa(2))dFya(2) & § 30 (In faja(vly,,) — I foua(vy,,)

where {v;‘ 1ot5 ) and {v;“ 1o)5_ are simulated values from ﬁ2|4 and ﬁ3|4, respectively. Then, the

test statistic will be given as the form in line with Kim (2006):

Ifyg(f2|47 f3\4) = ﬁ 23682‘4 cs(7y)(In f2|4(v;\4,5) —lIn f3|4(v>2k|475+1))

5y Tacsy () (P (v, — 10 Foa(vy )

where S, (cs(y)) is defined as T, (ci(v)) replacing T' (t) with S (s), respectively and Sp4 (Ss)4)
is defined as 75 replacing 1" with S and v; with U;I is (v§| 1.¢)» respectively. Under the following

high-level assumptions, the test statistic jif(fm, ]/”;\3‘4) will be asymptotically valid.
Condition 1 I5(fo, f3ja) - Iskr(f2)a: f3)4)

Condition 2 Under the null of (16),
S resyy 0 I Fapa 0315,/ Foa(V3.)) = 0,2(V5)
Zses2|4 es(v) 4(U;|4,s+1)/f3|4(7);\4,s+1)) = 0p,T(\/§)7
25683|4 cs() 4(U;|47s)/f3|4(,u;\4,s)) = Op,T(\/g)

(7) (v3 (

ES€S3|4 Cs\7y) 1N f34 v |475+1)/f3|4(l)§‘47s+1>) =0,

2

~

n (f3

~

(
n(f3
(

)

o~

1
1
1
1

V).

Condition 3 E [|In fo4(-)|*] < 0o and E [|In f34(-)]?] < oo.
Condition 4 ﬁ Zf;ll Pr(s ¢ 82|4) = or (1/\/§> ,ﬁ Zss;ll Pr(s ¢ S3|4) =or (1/\/§>

The notation of o, 7 () and or(-) denotes their dependence on T since f2|4(-) and f/g‘4(~) are
estimated values (not true values) based on the sample of size 7. Conditions 1-4 are simulation
version of conditions in Theorem 3.1 of Kim (2006). Here we note that even though {v;| pdSy

and {v§| 4 8}85:1 are obtained from the estimated distribution functions, not from the true ones, we
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can still treat them as true values (in the asymptotic sense) as long as 132‘4 and F\3|4 uniformly
converge to Fyy and F3)y fast enough, respectively. This property will be obtained by choosing
proper smoothing parameters (lengths of Hermite series) based on the convergence rate result of
Appendix E.3.

Let ¥* = 2Var [ln f.|4(-)] and 3* be its consistent estimator. Finally, we conclude that

Theorem 6.3 Suppose Assumption 6.1 holds. Provided that Condition 1 holds and Conditions 2-/
hold under (16), we have ?g = \/gfi(fg‘él, £|4)/27§*1/2 — N(0,1) as T,S — oo for any v >0
and thus we reject (16) if ’T\ij > ¢, where ¢, is the size o one sided critical value of the standard

normal distribution.

6.5 Parametric Test

Here we consider a parametric test that is easy to implement and possibly more robust numerically.
The proposed test will be valid when one is willing to assume that the SNP representation of the
density is exact at a finite truncation point. This approach is motivated from the observations
that ignoring the truncation and treating the SNP estimator as fully parametric provides often
reasonably accurate tests and confidence intervals as in Eastwood and Gallant (1991) and Fan,
Zhang, and Zhang (2000).

Now let the truncation points given by m = 1,2,..., M. Then estimate densities f2|4(-) and
£|4(-) using two independent samples and obtain the parameters, denoted by, §2|4(m) and 53‘4(m),

respectively. The test statistic that tests the equivalence of two densities becomes

~ -1

A(m) = T(@yy4(m) — O34(m))’ |AVar @ya(m) — Oaa(m))|  (Baya(m) — Oaa(m)).

Note that A/VE“(/G\M(m) —53‘4(171)) = m(52|4(m)) +m(53|4(m)) since two estimators 52|4(m)
and 034(m) are obtained from two independent samples of size T'. Consistent estimates of the
asymptotic variances of §2|4(m) and §3|4(m) are obtained from usual Hessian matrices since the
SNP estimators become the ML estimators by design when we fix m. Once we fix the value of m,

this test is fully parametric and we have
S(m) —a x2(m).
One can run this parametric test for several different choices of m.

6.6 Combining Several Order Statistics

Once we show the several versions of estimates for the distribution of valuations are statistically

not different each other, we may obtain a better estimate by combining these. One way to do this
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is to consider the joint density function of two or more order statistics conditional on a certain
order statistic. Assume that we have the k", k' and k‘éh—highest order statistics, which are the
(n—Fki — D", (n—ky — )" (n—k — 1)t order statistics respectively (1 < k1 < k2 < k3 < n).
Denote the joint density of these three order statistics as §(k1-52:ks: ”)( )3t

~(k1,k2,k3:n) n!
@.0.) = s = o = )10 = = 0 = 1)

X F ()" f(0)[F@) = F(o)]* 2 f@)[F (@) — @)= @)L - F@)

g

where V' denotes the kth- V denotes k' and V' denotes ki"-highest order statistics. Using this
joint density function with (1), we obtain the conditional joint density of the k{" and the k§*-highest
order statistics conditional on the k*-highest statistics as

~ = (k3—1)!
P(k1,k2) ks (’U U|U) (k3—ka—1)!(ka—k1—1)!(k1—1)!

E@)—F@)ks— k21§ @) [F@)—F @)~ *1 -1 @) 1-F(@)]*1 !
[1—F(v)]*s~t

ks—1)!
= ey [(1 = F () F(@lv)f k=t -
= _ —k1—1 , fEP)A=F)[(A-F@v))(1-F(v))]*1~
f(v|v(2€i171'F(U))[( (v|v) — k (k |Ul)) — F(v))|k2h (o)1
= Ta—Fa—1)! (ko k1 —1)1(ky —1)! ( |v)tee f( [v)
[F(Blv) — F(0]v)]FeR) ==k =L £(])[1 — F(0]v)] e~ (ke k)
_g(kg k‘l,k:3 kg k3 1 ('U 'U|U)

(26)
where F'(-|v) and f(-|v)(g(:|v)) are the truncated CDF and PDF truncated at x respectively. The
last equality comes from the joint density of the j-th and i-th order statistics (n > j >1i > 1),

iy gy PO (@) FOP-1 — Pl £) (o)
) = (=11 — i~ Dl(n— ) Heon

where a and b are the j-th and i-th order statistics, respectively by matching j = ks —k1, ¢ = ks — ka2,
and n = k3 — 1. Therefore we can interpret p(x, i), () as the joint density of (k3 — k1)t and
(k3 — ko)t order statistics from a sample of size equals to (k3 — 1). When (ky, ko, k3) = (2,3,4),
(26) becomes

P(2,3)a(@, V1) = 6/ @) @)L ~ F@)][L - F(v)] (27)

Based on (27), we can estimate the distribution of valuations, f(-), similarly with the method
proposed in Section 5.1. The resulting estimator will be more efficient (in some sense) than ]?2‘4()

or f3‘4(-) in that it uses more information than the others.

31'We use this notation §¢ to distinguish it from g¢) so that k; denotes the k" highest order statistics
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7 Empirical Results

7.1 Benchmark Monte Carlo

In this section, we perform several Monte Carlo experiments to illustrate the validity of our esti-
mation strategy. First, we generate artificial data of 7" = 1000 auctions as follows. The number
of potential bidders, {N;}, are drawn from a Binomial distribution with (n,p) = (50,0.1) for each

auction (t =1,...,T). Ny potential bidders are assumed to value the object according to:
In Vi = a1 X1p + a2 Xor + a3 Xat + vy, (28)

where a1 = 1, ag = =1, ag = 0.5, X+ ~ N(O, 1), Xop ~ E:Up(l), X3t = X1t - Xor + 1, and
vy ~ Gamma(9, 3)32. X.4’s represent the observed auction heterogeneity and vy is bidder i’s
private information in auction ¢, whose distribution is our primary interests here. To consider the

case of biding reserve prices, we also generate the reserve prices equation as
In Ry = a1 X1 + o Xop + as Xt + 1,

where 1, ~ Gamma(9,3) — 2. Note that by construction V}; and R; are independent conditional
on X.4’s. An artificial bidder bids only when V}; is greater than R;. Here we assume our imaginary
researcher do not know the presence of potential bidders with valuations below R;. Thus, in each
experiment, she has a data set of X.’s, and the second-, the third-, and the fourth-highest among
actual bidder’s bids. Auctions with fewer than four actual bidders are dropped. Hence, our research
has the sample size less than T' = 1000 on average T' = 680 with 50 repetitions. Our researcher
estimates a1, ag, ag and f(-) (pdf of vy;) by varying the smoothness (K) of the SNP estimator,
from 0 to 7 without knowing the specification of the distribution of v;; in (28).33:34

Figure 1 illustrates a performance of the estimator considered here. By construction, the three
versions of density function estimates for valuations should not be different from each other statis-

tically (one is based on (2"?, 4" order statistics pair, the others are on (379, 4") and (274, 374).)

7.2 Estimation Results

In the first stage regression obtaining the approximated function of the observed heterogeneity part,
[ (z). We used a linear specification for reducing the computational burden of our SNP estimation.

We consider the following covariates: X7 is the vector of dummy variables indicating the make such

32 Note that for X ~ Gamma(9,3), E(X) =3 and Var(X) = 1.
33 For the actual Monte Carlo experiments in this paper, we used the simple two-stage estimation with linear model

because of a computational burden.
34 Among K between 0 to 7, we choose K = 6 because it performs best in this Monte Carlo experiments.
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as Hyundai, Daewoo, Kia or Others; X» is the age; X3 is the engine size; X4 is the mileage; X5
is the rating by the auction house; Xg is the dummy for the transmission type; X7 is the dummy
for the fuel type; Xg is the dummy for the popular colors; X9 and Xig are the dummy variables
for the options. Table 2 presents summary statistics for some of these covariates and several order
statistics over the reserve price.

We estimate {(z) separately for each car make such that [(z) = L, (z) = /8™ where m denotes
the car make and obtain the estimate of pseudo valuations as residuals imposing the restriction
lg(0) = 0 for identification. Thus, we actually use the basis functional form X' BU) _ BgH)
i) +X25(2m) +... +X106%l) for others, m € {Daewoo, Kia and Others}.

Hyundai and use 8 gm) i
Table A1 provides the first-stage estimation results with the linear specification. The signs for the

for

coefficient of age, transmission, engine size, and rating variables look reasonable and are significant,

while the signs for the fuel type, mileage, colors, options, title remaining are not so clear.

Distribution of Valuations (K=6) Distribution of Valuations (K=6)
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FIGURE 1: Estimated density function with
K = 6 for a Monte Carlo simulated data

FIGURE 2: Estimated density function with

K = 6 for the wholedale used-car auction data

Based on the estimated pseudo valuations, in the second step, we estimate the distribution of
valuations using three different pairs of order statistics (2°¢, 4"), (37 4", and (27¢,37?). Figure 2
illustrates the estimated density function of valuations using the linear estimation in the first stage.?”
With these three nonparametric estimates of the distribution, we conduct our nonparametric test of
IPV. Our test statistic indicates that the null hypothesis of IPV is not rejected with 1% significance
level when we compare all three possible combinations of the densities that are estimated from three

different pairs of order statistics. Values for the test statistic is provided in Table 3.3

35 Following the cross-validation strategy explained in Appendix C, we can pick K* for the SNP estimator.
30BEven though the test is valid for any choice of A < 1 asymptotically, it is not necessarily true for finite samples
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TABLE 3. Test Statistic
Specification A B C

Values 0.6824 4.8835 0.9198
Note: 1. A for (2nd-4th) vs. (3rd-4th); B for (2nd-4th) vs. (2nd-3rd); C for (3rd-4th) vs. (2nd-3rd). 2.

Cutoff point for the chi-squared distribution (df=1, 1% significance): 6.6349

As we can note in Figure 2 and Table 3, the estimated value distribution using the pair of
the 27%- and the 37%highest order statistics is quite different from the others. We find that in
the data, the differences between 27 and the 3"%-highest order statistics are quite small in many
observations, which caused this numerical instability. Note that the identification of the value dis-

tribution becomes stronger when the differences between order statistics are wider by construction

of Pp, |k, (V[V) in (3).

8 Implications and Discussions

8.1 Optimal Reserve Price

The key policy issue for the seller is the reserve price. The seller wants to maximize the expected
profit by setting a minimum acceptance price so that only bidders have higher valuations than the
reserve price attend the auction. The optimum depends on the distribution of valuations, which
is our primary interests and derived in previous sections. We are willing to assume the following,
which is implied by the standard regularity condition of Myerson (1981) and assumed in Haile and
Tamer (2003).

37

Assumption 8.1 (p — co)[1l — F*(p)] is strictly pseudo-concave®” in p on (v,v), where cqy is the

cost associated with the auction.
The pseudo-optimal reserve price (without the observed heterogeneity) is characterized by
p* = arg mlz)ix(p —co)[l = F*(p)],

which becomes, under Assumption 8.1,

p* =co+ 1_F*(p*)
f*(p*)
(see Robinson (1988)). The testing result could be sensitive to the choice of A. The table 4 is the case when A = 1/2.
We found similar results with different values of A unless it is too small.
37TA differentiable univariate function ¢(-) is strictly pseudo-concave on X C R if, for all distinct  and y in X,

©(y) < ¢(z) whenever (y — z)¢'(z) <O0.
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One nice feature of the additively separability assumed in (4) is that the equilibrium bidding is
preserved under the observed heterogeneity as In B(V(x)) = I(z) + b(v), where b(v) is the bidding
function under being absence of the observed auction heterogeneity. Thus, the optimal reserve
price also has the simple additive form of the observed heterogeneity part and the pseudo-optimal

reserve price: ")
* _ * 1—F* p*

InP*(X)=UX)+p —l(X)+co+7f*(p )

)

*
Thus, we can estimate P*(z) using the previous estimates of [(-), f*(-) and F*(-) as

~

In P(a) = () + b

where p solves p = ¢ + l}f(;()p ) and ¢ is a consistent estimator of co- It will be very interesting

to compare these implied optimal reserve prices from the distribution of valuations and the actual

reserve prices recorded in each auction of WUCA, since the actual reserve price data is available
in our data set. If a significant difference emerges between these two and a particular pattern is
found in their difference , then it may shed lights on the seller’s strategic behavior or learning over
time in WUCA, if any.

8.2 Bounds Estimation

Until now, we have disregarded the minimum increment of around 30 dollars in WUCA. In this
section, we discuss how to obtain the bounds of the distribution of valuations incorporating the
fact that there exists the minimum increment in WUCA. The bounds considered here is much
simpler than those considered in Haile and Tamer (2003), since in WUCA, by construction, any

order statistic of valuations other than the first highest one is bounded as
b(ln) < U(i:n) < b(zn) + A, foralli=1,...,n—1, (29)

where (i :n) denotes the " order statistic out of the n sample and A depicts some minimum
increment. By the first-order stochastic dominance, noting Gy, ,(v) = Gy, (v — A), (29)
implies

Giimy (V) = G,y (V) 2 Gy, (v = A),

(i:n
, where G.(-) is the distribution of the order statistics. Then, using the identification method

discussed in previous sections, we have
Fy(v) > Fy(v) > Fy(v — A) = Fy(v) — fio(v)A,

where Fy(+), fp(-) are the CDF and PDF, respectively, of valuations based on bids and the last weak

equality comes from the first-order Taylor series expansion. Therefore, we can estimate the bounds
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of F,(v) as
Fy(v) > Fy(v) > Fy(v) = fo(v)A,

where f,(-) the SNP estimator based on the certain observed order statistics of bids, Fy(z) =
frﬁin(b) fb(v)dv and min(b) is the minimum among the observed bids considered.

8.3 Discussions

In this section, we discuss the result of our IPV test. With our estimates, we do not reject the null
hypothesis of IPV in our auction. We can interpret this result as an evidence of no informational
dependency among bidders about the valuations of observed characteristics of a used-car and no
effect of any unobserved (to an econometrician) characteristics on valuations. Our conjecture is
that this situation may arise because each dealer operates in her own local market and there is no
interdependency among those markets, or when a dealer has a specific demand (order) from a final
buyer on hand.?®

If the assumption of IPV were rejected, it could have been due to a violation of the independence
assumption or a violation of the private value assumption. This could happen when a dealer does
not have a specific demand on hand, but she anticipates some demand in near future from the
analysis of the overall performance of the national market since every used-car won in the auction
is to be resold to a final consumer. In this case, a dealer may have some incentives to find out other
dealers’ opinions about the prospect of the national market. With our data, we find no evidence

to support this hypothesis.

9 Conclusions

In this paper, we conducted a structural analysis of ascending-price auctions using a new data
set on a wholesale used-car auction, in which there is no jump bidding. Exploiting the data,
we estimated the distribution of bidders’ valuations nonparametrically within the IPV paradigm.
Using the estimates of the distribution, we developed a new nonparametric test of symmetric IPV
for the case where the number of potential bidders is unknown. Our key idea is that because
any pair of order statistics can identify the value distribution, three or more order statistics can
identify two or more value distributions and under the symmetric IPV, those value distributions
should be identical. Therefore, testing the symmetric IPV is equivalent to testing the similarity
of value distributions obtained from different pairs of order statistics. This extends the testability
of the symmetric IPV of Athey and Haile (2002) when the number of potential bidders is known

38 This can happen when a dealer gets an order for a specific used-car but does not have one in stock or when a

consumer looks up the item list of an auction and asks a dealer to buy a specific car for her.
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to the case when the number is unknown. We can implement our test because the data enables
us to exploit information from observed losing bids. For our identification and estimation, we are
benefited from and extended the work of Song (2005) for identifying and estimating the distribution
of valuations when the number of potential bidders of ascending auctions is unknown in an IPV
setting.

We find that the null hypothesis of symmetric IPV is not rejected with our data after controlling
for observed auction heterogeneity, and therefore our estimation result remains a valid approxima-
tion of the distribution of dealers’ valuations. The richness of our data has allowed us to conduct a
structural analysis that bridges the gap between theoretical models based on Milgrom and Weber
(1982) and real-world ascending-price auctions.

In this paper, we have considered the auction as a collection of isolated single-object auctions. In
future work, we will look at the data more closely in the alternative environments. For example, we
will examine intra-day dynamics of auctions with daily budget constraints for bidders, or possible
complementarity and substitutability in a multi-object auction environment. Another possibility
is to consider an asymmetric IPV paradigm noting that information of winning bidders’ identities

is available in the data.
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Appendix

Pric 025110 062101 069702 075401 076101 |Total
1700
1730
1760
1790 1
1820 1
1850
1880
1910
1940 1
1970 1 1
2000 1
2030 1 1 1
2060 1 1
2090 1
2120 1 1
2150 1
2180 1
2210

Total 5 5 3 3 1
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FIGURE Al: Sample Bidding Log (Opening bid: 1700, Reserve price: 2000, Transaction price:
2210, Total bidders logged: 5)
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TABLE Al: First-Stage Estimation Results (Linear model)

Maker Covariate Estimate Standard Error
Hyundai  Intercept 5.2247 0.094469
(n=1676) Age -0.24388 0.005780

Engine Size (1) 0.7760 0.036711

Mileage (10*%km)  0.00043601 0.002171

Rating 0.1241 0.008193

Automatic 0.28736 0.019231

Gasoline 0.01551 0.038101

Popular Colors 0.05667 0.018439

Best Options 0.24411 0.031633

Better Options 0.11781 0.020955

Daewoo Intercept 5.2821 0.099089
(n=1186) Age -0.33693 0.006244
Engine Size (1) 0.94696 0.047855

Mileage (10*km) -0.010808 0.002683

Rating 0.05077 0.010107

Automatic 0.2430 0.021502

Gasoline 0.3306 0.037409

Popular Colors -0.05506 0.019077

Best Options 0.13444 0.029881

Better Options 0.02440 0.021799

Kia & etc. Intercept 5.2698 0.108150
(n=964)  Age -0.2234 0.006959
Engine Size (1) 0.5731 0.039005

Mileage (10*%km)  0.0054277 0.002572

Rating 0.10036 0.011082

Automatic 0.33469 0.024719

Gasoline -0.19433 0.041421

Popular Colors 0.02781 0.022544

Best Options 0.39472 0.042396

Better Options 0.20618 0.027255
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A Normalized Hermite Polynomials

Here are examples of the normalized Hermite polynomials that we use for approximating the density

of valuations. For j =0,...,9
_ 1 —1g2 _ =z —1z2
H, Eprad , Hoy = —%/ﬂe1 24 -
Hs = 23}% (a:Q\f— \/5) e 1% Hy= ﬁ (x3\@ — 3513\/6) e 1%
_ 1 4 —1z2
Hs = 1= (3V6 — 62*V6 + 2*v/6) e -
Hg = —3— (152/30 — 1023v/30 + 2°1/30) e~ 2*
6027 -
_ 1 2 4 6 -1
Hy = o= (4522v/5 — 15v/5 — 15245 + 26y/5) e 1"

Hg = o= (1052°/35 — 1052v/35 — 212°/35 + 27V/35) e "’
Hy = Jo5it75= (105770 — 420270 + 2102*/70 — 2825 V/70 + 2°/70) e 1%’

0 = somass (9452/70 — 12602° /70 + 37825v/70 — 3627V/70 + 2°/70) e 4%

Note that [°° H?dx =1 and [* HjHpdz =0, j # k.

B Nonparametric Extension: Control on the Observed Hetero-

geneity

Until now, we assume that [(-) belongs to a parametric family. Here we consider a nonparametric
specification of [(-). Assuming the independence of the idiosyncratic factor, v;, on the observables,
X; € X, we can approximate the unknown function {(X) in (5) using a sieve estimation such as
power series or splines. We first approximate the function space £ containing I(-) with the following

power series sieve space Lp
Lop = {I(X)|I(X) = R"TD)(X)'r for all w satisfying [|I||an < 1},

where RF1(X) is a triangular array of some basis polynomials with the length of ki. Here || - ||a~
denotes the Holder norm:

[Vig(z) — Vig(a)]
=su T) + max su < 00,
lgl[a~ 1p l9()] a1taa e = JC#E (lz — 2'||g)" 2

a o 8a1+a2+..4adw
where V g(ﬂf) = W
1 T dg

radius ¢) Al(X) is defined accordingly as

g(z) with ~ the largest integer smaller than . The Holder ball (with

A(X) = {g € A7(X) : lgllar < e < oo}

Thus, we have I[(X) € AJ}(X). Functions in AZ(X) can be approximated well by various sieves

such as power series, Fourier series, splines, and wavelets.
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The functions in L7 is getting dense as T — oo but not that fast, i.e. k1 — 0o as T' — oo but
k1/T — 0. Then, according to Theorem 8, p.90 in Lorentz (1986), there exists a mj,? such that
for R¥1(x) on the compact set X' (the support of X)

k / ~bal
sup |l(z) — R™(x)' g, | < c1k1 o, (30)
zeX
where [s] is the largest integer less than s and d, is the dimension of X. Thus, in what follows, we

approximate the pseudo-value vy; in (5) as
oFl = IV — I, (X3), (31)

where Iy, (z) = RF (z)'7y, .

Specifically, we consider the following polynomial basis considered by Newey, Powell, and Vella
(1999). First let o = (pu1,...,pq,)" denote a vector of nonnegative integers with the norm |u| =
Z?“‘z’l p;, and let x# = H?gl(x]’)”j. For a sequence {u(k)}- of distinct such vectors, we construct
a tensor-product power series sieve as R¥ (z) = (z#(), ..., 2#(F1)) Then, replacing each power z*
by the product of orthonormal univariate polynomials of the same order, we may reduce collinearity.
Note that the approximation precision depends on the choice of smoothing parameter k1. We can

pick the optimal length of series ki as proposed in Appendix C.

C Choosing the optimal smoothing parameters

Instead of using the Leave-one-out method, we will partition the data into P groups, making the
size of each group as equal as possible and use the Leave-one partition-out method. This is because
it will be computationally too expensive to use the Leave-one-out method, since the data size is
so large. We let T}, denote the set of the data indices that belongs to the p* group such that
T, N Ty = ¢ for p # p' and UZIJD:IT ={1,2,...,T}.

C.1 Choosing K*

Coppejans and Gallant (2002) employ a cross-validation method based on the ISE (Integrated
Squared Error) criteria. The ISE is defined for h(z), a density estimate of h(z)

ISE(h) = / R2(2)d — 2 / h(@)h(z)dz + / h(x)de = My — 2M) + M.

39We will suppress the argument T in k; (T), unless otherwise noted from now on
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To approximate the ISE in terms of p*(v]v), we again use the cross-validation strategy with the

data partitioned into P groups. We first approximate M) with
- - A ~ 5 2
= e 6(F (1) (V) — Flae)(v)) (Flaey (V) — Fiaey(0)) f (1) (0)
M(1><K>=/<p*K<vrv>>2=/< &) e e L L) I
(Fry) (W) = Flaey (v)

where f, K)( ) denotes the SNP estimate with the length of the series equal to K and F( K)(2) =
I 1 (k) (t)dt. For My, we consider

M) (K) = %Zf 1 ZteTp A*p, (Vt|ve) )
Fy (ry(01)—F), (K)(vt))( , (K)(v) (1) () i, (1) (Bt)
=72 ZteTp (Fp.(10)®)—F, K><zt>)3 ’

where fp K)( ) denotes the SNP estimate obtained from the sample excluding p** group with the
length of the series, K and F f fp K (t)dt. Noting Ms) is not a function of K, we pick
* such that
K* = arg}r{nin 1\7(1)(}() — 2]\//.7(2)(K).

C.2 Choosing kj

We can use a sample version of the Mean Squared Error criterion for the cross-validation as
SMSE(]) = Zt (X)) = (X)),

where I(-) = R¥(-)#. We again use the Leave-one partition-out method to reduce the computa-
tional burden. Namely, we estimate the function I(-) from the sample after deleting the p** group
with the length of the series equal to k1 and denote this as lAp’kl(-). As a next step, we choose kJ
such that 4

* : 1 7
ki = argmin 7 Yoot Siery I Vi = by iy (X2))? (32)
1

noting that

SMSE(I) = fzt () = 1(X)P?
1 T

1) —
= (X)) —InV, Ls- InV,][InV; — (X 1T1V1X233
= TX [[(X;) —InVi)* + fg[( )—nt][nt—(t)HTt;[nt—(t)] (33)

where the second term of (33) has the mean of zero by construction and the third term of (33) does

not depend on kj.

49Here we can find &} for a particular ¢ or find one for over all 4. In latter case, we take the sum of the minimand
in (32) over 3.
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D Alternative SNP Estimators

The proposed specification of an approximating function in (8) can suffer from instability, which
can be resolved by using a truncated density version of the specification experimented in Fenton
and Gallant (1996) as

fratzi0) = (S 0H2) + o)) [ £, 4 (34)

for a small positive constant ep. Replacing f(x)(z;0) in (9) with its alternative (34) and solving
(12), one can obtain estimator denoted by frg(-). Fenton and Gallant (1996) argue that the
estimation based on (34) is much more efficient computationally and is more stable. Moreover, it
is less sensitive to the choice of starting values.

Alternatively we can entertain the specification proposed in Kim (2006) where a truncated
version of the SNP density estimator with a compact support is developed, which turns out to be
convenient for deriving the large sample theories. Instead of defining the true density as (6), we

follow Kim (2006)’s specification by denoting the true density as

£(2) = W3(2)e 2 + eoi(2)) /v b(2)dz (35)

where V denotes the support of z. Kim (2006) uses a truncated version of Hermite polynomials to

approximate a density function f with a compact support as
2
Er={1: 5600 = (S 050() o)) [ o)z < or ), (36)

where O = {9 = (V1,..., k(1)) : Zsz(lT) 19? +e = 1} and {w;x(z)} are defined following Kim
(2006) as follows. First we define Wik (2) = H;(2)/4/ [,, Hf(z)d:p that is bounded by

sup |w;k(z)| < sup|H;(z)|/ min/ Hj?(v)dv < CH
2€V,j<K 2EV J<K Jy

for some constant C' < oo, since [, H f(z)dz is bounded away from zero for all j and |H;(2)| <
H uniformly over z and j. Denoting WK(Z) = Wik (2),...,Wkk(2)), further define Qg =
IS WK(Z)WK(,Z)’ dz and its symmetric matrix square root as Q_Wl/ ®. Now let

WE(2) = (wik(2), ... wrk(2)) = QW™ (2) (37)

then by construction, we have [J, WX (2)W*(2)' = Ix. Then these truncated and transformed

Hermite polynomials are orthonormal

/ w?K(z)dz = 1,/ wik (2)wpk(2)dz = 0,5 # k
% %
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from which the condition Z]K_(?) 192 + eo = 1 follows since for any f in Fp, we have fv fdz = 1.
Now define ((K) = sup,¢y, ||[W¥(z)|| using a matrix norm || A|| = V/tr(A’A) for a matrix A, which
is the Euclidian norm for a vector. Then, we have ((K) = O(v/K) as shown in Lemma G.1. If the
range of V are sufficiently large, then fv H 2(2)dz ~ 1 and Qp ~ Ik and hence wjx ~ H; which

implies immediately
sup,cy HWK(Z)H A SUp,cyp Z]K:1 H? <V KH?2=0 <\/E) .

Now the SNP estimator is obtained by solving

]/”\2‘4 = argmax — Zt (I L(f;vp,vp) (38)
feFr
6(F —F 1— F(v; ,
= g & 37, 1 00 = P01 = FGONG)
feFy (1= F(v))
where we define F'(z f f(2)dz. The above maximization problem can be written equivalently

o= .,5 O = argmax — In L(f(-,0K); v, v1).
foa = f(,0K),0k ege@ n; 0r); U, vr)

E Large Sample Theory of the SNP Density Estimator

The following section shows the one-to-one mapping between functions in Fr and F,. Based on
this equivalence, our asymptotic analyses will be based on Fr.
E.1 Relationship between 7 and F,

Consider a specification of the SNP density estimator with unbounded support as in Fr,

f(z,0) = (H'(2)0)” + cog(2) (39)

where H)(2) = (Hy(2), Ho(2), ..., Hi(2)) and H;(z)’s are Hermite polynomials constructed re-

cursively. Now consider a truncated version of the density on a truncated compact support V based
n (39),

(HE)(2)'0)* + eog(2)

f(z,0) = )

1(z,6) fv(H(K)(z)’H)Zdz + € fv &(z)dz
Let B be a K x K matrix whose elements are b;;’s where b;; = 1/fv dz fori =1,...,K
and b;; = 0 for 7 # j. Recall that WJ(Z) = B 1HE)(2), Qw = fv W (2)/dz, and
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WE(z) = Q_W1/2WK(2) = Q_Wl/QBle(K)(z). Using those notations, we obtain

< (H)(2)6) + eog(2) _ G HP () HE) (2)0 + cog(2)
Jo(HE)(2)0)2dz + €0 [, p(2)dz 0 [, HE)(2) HE) (2)/dz0 + € [, (2)dz
(BRI Q? B-LH (2) HI) (2Y B-1Qu Qi BO + €0 (2)
0'B [, BTLHF) (2) HE) (2) B dzBO + € [,, (2)dz
O BQIEWE ()WE () QB0 + eop(z)  0/BQIZWE ()W (2) Q2 BO + e (2)
OB [, W" ()W (2)deBO + € [, $(2)d> B 0 BQEQBO + € [, ¢(2)dz

Now let 6 = Q%QBG and e = €0/ [, #(z)dz. Then, we simplify*!

F(2.0) = 0 WK(Z)WK(ZZ’E +§0¢(z) / J, d(2)dz
9 9 + €0

= (WD) +70) [ oz (@)

by restricting a8 +7% = 1 such that 6 € ©,,. Note that (40) coincides with the specification we
consider in F,, of (36). This illustrates why the proposed SNP estimator is a truncated version of
the original SNP estimator with unbounded support. It is also noted that the relationship between
the (truncated) parameters of the original density and the (truncated) parameters of the proposed

specification is explicit as 0= Q%2B9.

E.2 Consistency of the SNP Estimator

Here we impose the following regularity conditions. We develop our discussion when [(-) is non-

parametrically specified, which nests the parametric case.

Assumption E.1 {(Vy, Xy),...(Vpi, X))} are i.i.d. for all i and Var(Vy;|X) is bounded for all i.

Assumption E.2 (i) the smallest and the largest eigenvalue of B[R (X)R* (X)'] are bounded
away from zero uniformly in ky; (ii) there is a sequence of constants (y(k1) s.t. sup,ey ||R¥ ()| <
Co(k1) and k1 = ki(T) such that Cy(k1)?k1/T — 0 as T — oo, where the matriz norm ||A| =

\/trace(A’A).

Under Assumption E.1 and E.2 (which are variations of Assumption 1 and 2 in Newey (1997)),

we obtain the convergence rate of I(-) = R*(-)'# to I(-) in the sup-norm by Theorem 1 of Newey

I Throughout the Appendix, we will suppress the indicator function 1x(-) denoting the truncation in the truncated

density function to make notation simple.
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(1997), since (30) implies Assumption 3 in Newey (1997) for the polynomial series approximation.
Theorem 1 in Newey (1997) states that

sup
reX

A _ [l
(@) = 1@)| = Op(Colk ) VR VT + k™ 1.

Noting (y(k1) < O(kq) for power series sieves, we have

sup |I(z) — l(m)‘ = max {Op(ki’m/\/f), Op(k:ifhl]/d””)} =0, <Tmax{3%/2_1/2’(1_[71]/d’“)”}) (41)
zeX
with k1 = O(T”) and 0 < » < 1.

The convergence rate result of (41) implies that by choosing a proper s, we can insure that
the convergence rate of the second step density estimator will not be affected by the first step

estimation. Comparing (41) and (56), we find that it is required that for any small 6 > 0,
max{T/2-1/2 (1= 11]/do) =
max{T—1/2+“/2+5,K(T)—S/2
step density estimator is not affected by the first step estimation. Moreover, the asymptotic distri-

— 0 or — C' < oo to ensure that the convergence rate of the second

butions of the second step density estimator or its functional is not affected by the first estimation
step, which makes our discussion a lot easier. This is noted also in Hansen (2004) when he derives
the asymptotic distribution of the two-step density estimator which contains the estimates of the
conditional mean in the first step. This result will be immediately obtained if we consider a para-
metric specification of observed auction heterogeneities since we will achieve the /T consistency

for those finite parameters.

E.3 Consistency and Convergence Rate of the SNP Estimator

We derive the convergence rate of the SNP density estimator obtained from any pair of order
statistics. Denote (g¢,7¢) to be a pair of ki-th and k- th highest order statistics. We derive the
convergence rate of the SNP density estimator when the data {(g¢,7¢)}{_, are from the true values
(after removing the observed heterogeneity part), not estimated ones from the first step estimation

due to the reason described in the previous section. First, we construct

ko — 1)! F _F ko—k1—1 1—F ki1—1
g — 2= DU (@) = Fr))> o 10— Fla) )y
(ke — k1 — 1)I(ky — 1)! (1 — F(ry))k2—1
where f € Fp. Then the SNP density estimator fis obtained by solving
~ 1 —rp
[ = argmax T Yot M L(f(, 0); ) (43)
fefr
or equivalently f: f(z,@K), Ok = argmax % Z?zl InL(f(-,0);q,71).
0O
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>From now on, we will denote the true (truncated) density function, by fy(:). To establish the

convergence rate, we need the following conditions

Assumption E.3 The observed data of a pair of order statistics {(q:, 1)} are randomly drawn

from the continuous density of the parent distribution fo(-).

Assumption E.4 (i) fo(z) is s-times continuously differentiable with s > 3, (ii) uniformly bounded
from above and bounded away from zero on its compact support V, (iii) f(z) has the form of
fo(z) = h?co( z)e” /2 4 eo(z /fv z)dz for arbitrary small positive number €.

Note that differently from Fenton and Gallant (1996) and Coppejans and Gallant (2002), we
do not require a tail condition since we impose the compact truncated support.

Now recall that we denote (g, 7¢) to be a pair of kj-th and ks- th highest order statistics
(k1 < kg). We first derive the convergence rate of the SNP density estimator when the data
{(qs,71)}_, are from the true residual values (after removing the observed heterogeneity part).
Though we use a particular sieve here, we derive the convergence rate results for a general sieve
that satisfies some conditions. According to Theorem 8, p.90, in Lorentz (1986), we can approximate
a v-times continuously differentiable function h such that there exists a K-vector v that satisfies

sup (=) = R¥(2)'vxc| = O(K %) (44)

where Z C R% is the compact support of z and R¥(2) is a triangular array of polynomials. Now

note fo(z) = hfco (z)e /2 + ¢ 07 ¢ - and assume hy,(z) (and hence fp(2)) is s-times continuously
differentiable. Denote a K-vector 9K = (V1K,-..,Vkx)’. Then, there exists a 0 such that
sup |hp, (2) — 622/4WK(2)'9K‘ = O(K~*) (45)
z2€V

by (44) noting hg,(z) is s-times continuously differentiable over z € V , V is compact, and

{ez2/ Yw;k(z) ¢ are linear combinations of power series. (45) implies that

sup hfo(z)efzz/4 — WE(2)05| < sup e * /" sup hyy(2) — ez2/4WK(z)/9K =O(K™%) (46)
zeV zeV k9%

from sup, e *°/4 < 1. Now we show that for f(z,0x) € Frp, sup,cy |f(2) — f(2,0K)| = O (C(K)K™*).
First, note (46) implies

WE (20, — O(K™) < hyy(2)e > * < WE(2) 0k + O(K %)
from which it follows that

(WE(2)0x — O(K—))* — (WK (2)0k)

IN

n2 (2)e "2 — (WE(2)0k)° (47)
(WE(2)0x + O(K—))* — (WK (2)/0k)

IN



assuming WX (2)'0k is positive without loss of generality. Now, note that

Sup (W (2)6] < sup [WE )16l = O (¢(K)) (48)

by the Cauchy-Schwarz inequality and from H9H2 < 1 for any € € ©,, by construction. Now applying

the mean value theorem to the upper bound of (47), we have

sup.cy | (W (2) 0 + O( ) = (WK (2)05)°| = sup.cy | (2W (20 + Ok ) O(K )]
< supey [2W (21| O(K %) + O(F %) = O(C(K)K )

where the last result is from (48). Similarly for the lower bound, we have

sup |(W5(2)/0x — O(K )" - (WK (2)0x)*| = O (K)K ™).

>From (47), it follows that sup,cy ’h?co (z)e /2 — (WK(Z)IQK)2) = O(((K)K~*) and hence

sup | fo(z) — f(z.601)] = O (C(K)K ). (49)

zeV

Now to establish the convergence rate of the SNP estimator, a pseudo true density function is

introduced where the pseudo true density is given by

* _ ! n* 2 ¢(z)
fie(z) = (WHE(2)0%) +60W

such that for L(f(-,0); qs, ) defined in (42), 6} = argmaxy F [In L(f(+,0); q:,7)]. To simplify nota-

tion, we only consider such case that ks — k1 — 1 =0 and let L(f(-,0); q,7¢) = (1—(};@;?23’“91);;‘7(?,9)‘

Then we have
0% = argmax E [ln Z(f(, 0); qt,rt)] (50)
6

and fx = argmax, x ST In L(f(-,0); qi, ) from (43).

Now define Q (0) = F {T(qt, o) In L(f(-,0); g, ’r’t)} where 7(q¢, ;) is a trimming device (an indi-
cator function) that excludes those values g, > U — ¢ and ¢, 7 < v+ &. This trimming device is
required by construction of our density estimators. We denote V. = [v + &,7 — ¢|. We let Apin (B)
denote the smallest eigenvalue of a matrix B. Then, we impose the following high-level condition

that requires the objective function is locally concave at least around the pseudo true value.

Condition 5 We have (i) Amin (—%Bgé%?) > 01> 0 for 0 € O if |0 — 0% = o(C(K)~2) or (ii)

2 — .
Ain (3520 > €y - C(K)2 - 0 — 05|~ otheruise.
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This condition needs to be verified, which could be difficult since Q(6) is a highly nonlinear
function of 6. Kim (2006) shows this condition is satisfied for the SNP density estimation with

compact support.

Lemma E.1 Suppose Assumption E.4 and Condition 5 hold. Then for the O in (45), we have
10k — 05| = O (K—*/2) and

sup |fo(2) = fic(2)] = O (C(K)PK /). (51)

VEV,

Proofs of lemmas and technical derivations are in Section G. Lemma E.1 establishes the distance

between the true density and the pseudo true density. Now the stochastic order of H@K — 0% H is de-

rived. Define @T( 0) = T t 1 lnL(f( 0); q¢,r¢) and note @T(H) = % Zthl 7(qt, 1) lni(f(-,@); qt,Tt)
by definition of V and 7(g¢, 7). Then we have

Qr(0) = Q)| = o, (1124247 (52)

for all sufficiently small § > 0 as shown in Lemma G.6 later. Now for ||§ — 0% | < o(ny), we also

SUPgeco

have

su Qr(6) = Qr(80) = (Q(O) = Q)| = 0 (T /2H0/20) - (53)

||o— 9K||<o n7),0€07
as shown in Lemma G.7 later. From (52) and (53), it follows that

Lemma E.2 Suppose Assumption E.4 and Condition 5 hold and suppose % 0. Then for
K(T)=0(T"), we have ‘A =0, (T_1/2+0‘/2+5),

Therefore, we have

subev, [ F(2) = fic(2)| = supscy, | (WH() Ox — 03)) (W5 (2) B + 05) )|

—~ 54
< Ci (supaey WX (2))* [Bx - 03| = 0 (c(5)2) 0 (271201249) (54

since [|0]|* < 1 for any 6 € O7. Finally, we obtain
sup | F(2) = fo(2)] < sup | F(2) = fic(2)] + sup |ic(2) = fo(2)| (55)

z2€EV: 2€Ve 2E€Ve

= O(CUR)) 0 (T71/202/250) 4 0 (¢(R)PK12).
We summarize the result in Theorem E.1.

Theorem E.1 Suppose Assumptions E.3-E.J and Condition 5 hold and suppose ((K)?K/T — 0.
Then, for K = O(T®) with o < 1/3, we have

sup..v, [ F(2) = fo(2)| = O (C(K)?) o, (T71/25/27) -0 (1)K —7?) (56)

for arbitrary small positive constant §.
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F Asymptotics for Test Statistics

F.1 Proof of Theorem 6.2

To prove Theorem 6.2, we need the following lemma that establishes the conditions for fg — I’
P

First, we let E4[-] denote an expectation operator that takes expectation with respect to a density
g. In the main discussion, we have let g(-) = g1 (.) for the test but g(-) could be a pdf of
any other distribution for the validity of the test as long as the specified conditions are satisfied in

lemmas.

Lemma F.1 Suppose Assumption E.3 is satisfied. Further suppose (i) Jaja and f3)4 are continuous,
(i1) Eg Hln f2|4H < oo and E, Hln f3‘4H < oo, (i)t ZZ;I Pr(t ¢ 7,) = o(1). Further suppose
(i)
1 ~ ~
> c(y)In <f2|4(vt)/f2|4(vt)> 7’ 0 and

Tw -1 teTp

> aly)n <J?:J>|4(5t+1>/f3\4(5t+1)> - 0,

Tv T telz

then we have fg N
P

Proof. Note that

71 2rers (1) 10 foa(B)
- ﬁ 2ot oad(1+ ) In foja(Br) + ﬁ t even (1 =) In f214(01) + Op (ﬁ I lpe(t ¢ ’]’2))
= 3(1+7)Eq [In fou ()] + 0p(1) + 5(1 = 1) Eg [In fou ()] + 0p(1) + 0p(1)
= By [In fo4(v;)] + 0p(1)

by the law of large numbers under Condition (i) and by Condition (i) and since {7;};_, are iid.

Similarly we have
1 - ~
T 1 Y over, () In fa4(Vi1) = Egln f314(0e41)] + 0p(1)
gl
and thus noting A— A, by the Slutsky theorem
P

I¢ — r (57)

since Ig(f2|4, f3ja) can be expressed as I9(fy4, f3)4) = (A - Ey[In fa4(v) — In f3‘4(5t)])2. Condition

(iv) implies fg — ffg — 0 applying the Slutsky theorem. Combining this with (57), we conclude
P

fg — I’ =

D
Now we prove Theorem 6.2. We impose the following three conditions.
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Condition 6 3~ cu(1)In (Joa(3)/fa(3)) = 0 (V) and 3> ei(y) In (Fa @ri1) / Foja(Brn) ) =
teTz teTz
op (\/T).

Condition 7 71 /' Pr(t ¢ To) = o (T7V/?).
Condition 8 E, [|In f2‘4(i7t)\2] < 00 and Ey [|In f3‘4(5t)|2] < 00.

Considering the powers of the proposed test, we may want to achieve the largest possible order
of d(T") while letting d(T)fg preserve the some limiting distributions under the null. In what follows,
we show that we can achieve this with d(7") = O (T"). Suppose Condition 6 holds, then it follows
immediately that

fg—jfgzop(l/\/f)

for all v > 0. This implies that the asymptotic distribution of TE’ will be identical to that of TI~§7
under the null, which means the effect of nonparametric estimation is negligible. Now consider,
under the null fy, = f34

ﬁ Siery () (I f24(3r) — In f3|4(5t+1))
= % >0 (ln f214(0t) — In f2|4(5t+1)) + T _1 - In faja(01) — Cm‘%ﬁm In fo14(Vmax 0+1)  (58)
+ 0 (75 TI Prlt ¢ o))

where Q = {t: 1 <t <T —1, t even}. First, we are willing to choose v > 0 and look into what
happens when v = 0 afterwards. Now suppose Conditions 8 hold. Then, under the null of (16), we

have
ZQ (In fo4(Ve41) — In foru(0)) — N(0,%) and (59)
EZ (In f314(Dr11) — In f34(21)) — N(0,%)

f
f

where ¥ = E, [(ln fo1a(Vt41) —In f2|4(5t))2} and the same variance replacing fo4 with f34 are equal
to 2Varg[In fo;4(-)] or 2Varg [In f4(-)] by the Lindberg-Levy central limit theorem under the null.
Therefore from (58) and (59), we conclude that under Conditions 6-8,

\/TT71_1 Zte’]‘g ct(7) <1ﬂ ]/0\2|4(5t) —In ﬁ’>|4(5t+1>>

= VT Sier, () (0 fal@) — In foa(Fin)) — N(0,29°5)
;
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under (16) for any v > 0 noting fy4 = f34 under the null. Finally, for any S =%+ op(1), we

conclude that
1 ~ ~ ~1
\/TiT 7 >t ct(V) (ln f214(0t) — In f3|4(Ut+1)> /V2yEe - N(0,1)
N

and hence chg2 — x2(1) with A = 1/(\@72%) and A = 1/(\/57?3%) Possible candidates of 3
will be

S1=2 (XL, (0 Fu@))? ~ {F XL, fou(@)} ) or
£y =2 (XL, (0 Fra@))? ~ {+ X0, 0 Foa@)}

or its average 33 = (31 +35)/2. All of these are consistent under Condition 8 and under Condition
(iii) and (iv) of Lemma F.1 and (16).

F.2 Primitive Conditions for the SNP Estimators

In this section, we show that all the conditions for Lemma F.1 and Theorem 6.2 are satisfied for
the SNP density estimators of (38) and (14). Here we should note that Lemma F.1 holds whether
or not the null (fa4 = f3|4) is true while Theorem 6.2 is required to hold only under the null. We
start with conditions for Lemma F.1. First, note Condition (i) is directly assumed and Condition
(ii) in Lemma F.1 immediately hold since fo4 and f3)4 are continuous and V is compact. Condition
(iii) of Lemma F.1 is verified as follows. For 61(7") and d2(7") that are positive numbers tending to

zero as T — 00, consider

i1 Pr(t ¢ T,) A
< Y05 Pr (foa(@) < 01(T) or fau(Bi) < 0(T))

T-1 —~ ~
< 55 Pr(1Faa(B) = fopa(@)] 4 01(T) 2 foa(@) ox | foga @) = Foa (Foen) |+ 82(T) 2 fya(@ien)

- sup | Foa(2) = foa(2)| 4+ 01(T) = fopa(ih)
<Y br| VL _
=1 or 51618 ‘f3|4(z) - f3‘4(z)‘ +62(T) > f3)4(Vt+1)

(60)
and hence as long as sup,cy, ‘£|4(z) - f2|4(z)‘ = 0p(1), sup,cy ]?3‘4(,2) — f314(2)| = 0p(1), 01(T) =
0(1), and 62(T) = o(1), we have ++ ST Pr(t ¢ To) = o0,(1) since foja and f3)4 are bounded away
from zero. Therefore, under o« < 1/3 —26/3 and s > 2, the condition (iii) of Lemma F.1 holds from
Theorem E.1.
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Condition (iv) of Lemma F.1 is easily established from the uniform convergence rate result.

Using |In(1 + a)| < 2|a| in a neighborhood of a = 0, consider
T.,l—l > te, ct(7)In <f2|4(5t)/f2|4(5t)>‘

< (14 7) sup.y [In foa(2) = In foa(2)] < (1+7) sup,ey 2
= O (C(K)?) 0, (171/2+0/240) 4 O (¢(K 2K ~12)

f2|4(2)—1?2\4(2)

2 61
f2‘4(z) ( )

from Theorem E.1 and fl( -) is bounded away from zero. Thus, T — E ct(y) In (]?2‘4(5t)/f2|4(5t)) =
teT;

0p(1) under o < 1/3 —2§/3 and s > 2 with K = O(T*) noting ((K) = O <\/E) Similarly we can

show ﬁ > et ct(7) 1n(£|4(5t+1)/f3‘4(5t+1)) = 0p(1) under o < 1/3 —2§/3 and s > 2.
Now we establish conditions for Theorem 6.2. Again Condition 8 immediately holds since fy)4
and f34 are assumed to be continuous and V' is compact. Next, we show Condition 7. >From (60)

and the Markov inequality, we have

751 Lot Pr(t ¢ ) ]
< sup,ey (f2\4( 7 ) o1 Lo By Hf2|4 — foa(vp) + 61(T )‘ } (62)
+Supey (f3‘41( 7 ) 71 L1 Eg Hf3|4 Urv1) = f3a (Vi) + 02(T )H

and hence —+; ST Pr(t ¢ To) = 0,(1/VT) as long as

sup ‘J?m(z) - f2|4(2’)‘T = Op(T_1/2 ), sup ‘f3\4 f3|4(2))7 = OP(T_1/2)7 (63)
z€eV z€V

61(T)" = o(1/v/T), and 6o(T)™ = o(1/+/T) noting f2a(+) and f34(-) are bounded away from zero.
Note N -
SUP,cy) f2|4(2) _ f2‘4(Z) =0, (T(—1/2+3a/2+5)7) +0 (T(l—s/2)a7) and

T

SUP, ey ﬁ;|4(2) _ f3‘4(2) =0, (T(—1/2+3a/2+5)7) +0 (T(1—5/2)a7)

from Theorem E.1 and ((K) = O (\/E) letting K = O (7). In particular, we choose 7 = 4
and hence (63) holds under a < 1/4 —26/3 and s > 24 1/4a. 61(T)" = o(1/V/T) and 6o(T)" =
0(1/v/T) hold under §;(T) = O(Tfé) and (7)) = o(Tfé). Therefore, under o < 1/4 —26/3, s >
2+1/4a, 61(T) = O<T_%), and 02(T") = O(T_%), we finally have ~1+ ST Pr(t ¢ ) =o <1/\/T>

Condition 6 remains to be verified. One can verify this condition similarly with Kim (2006).

F.3 Proof of Theorem 6.3

We let Iskr = Isir(fous faa), 15 = I3 (foju, faja), and I3 = I5(faja, f3ja) for notational simplicity.
Now note, for any increasing sequence d(S), any positive C' < oo, and -y, we have

Pr(d(S)I5 < C) < Pr(d(S)|I5 — Isxr| > d(S)Isxr — C) < Pr(|I) — Iskr| > Isxr/2)
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when S is sufficiently large and (16) is not true (i.e. Igxy > 0). Since the probability Pr(\ff —
Iskr| > Iskr/2) goes to zero under the alternative as long as f:? — Iskr (as T',S — o0), which
P

is Condition 1, the following is a valid test
Reject (16) when d(S)I5 > C.

The larger the order of d(5) is, while d(S )./T\f preserves the limiting normal distribution with zero
mean under the null, the test statistic will have higher powers. Here we show that we can achieve
this with d(S) = O (\/§> From Condition 2 under the null, it follows immediately that

j;S - ff = opT (1/\/§)

for all v > 0. This implies that the asymptotic distribution of \/§IA7 will be identical to that
of \/glf7 under the null, which means the effect of nonparametric estimation is negligible. Now

consider, under the null fo4 = f3)4,

B = 5t Sy o) (10 fp(0,) — 1 a0
+ ﬁ 2 se8y4 Cs(7) (111 f31a(v3,5) —1In f2\4(v§\475+1)>
- % dsco (ln foa (V34 611) —In f2|4(v;|4’8)> + % o foia(V3ia,1)
- Cm%jlm) In fopa (V314 smax 0.11) T 507 s (ln 314 (V34 041) —In f3|4(v§l4’s))
i % In f3a(v5,) — %ﬂh) In f314(034 max 041)

+ Op,r (ﬁ S Pr(s ¢ 32|4)) + Opr (ﬁ S5 Pr(s ¢ 53|4))

(64)

where @ = {s:1 < s <8 —1, s even}. We are willing to choose v > 0. From Conditions 3, it
follows that

\/%W 2iseQ (m Fa1a(V3)4641) —In f2\4(”5‘\4,s)> — N(0,%") and (65)
\/ﬁ > s (ln f3\4(U§|47s+1) —1In f3‘4(v§‘47s)> — N(0, %)

where X equals to 2Var [ln f.|4(-)] by the Lindberg-Levy central limit theorem under the null.
Therefore, combining (64), (65), and Condition 4 under the null, we conclude that

VSIS = VSIS + 0pr(1) — N(0,49°57) as T, S — oo
for any v > 0. Finally, we conclude that \/gf:?/%/f]*% 7 N(0,1) as T, S — oo for any S

¥*+o0p,r(1). Primitive conditions for high-level assumptions of Conditions 1-4 can be given similarly
with Section F.2.
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G Technical Lemmas and Proofs

G.1 Bound of the Truncated Hermite Series
Lemma G.1 Suppose WX (z) is given by (37). Then, sup,cy [|[WX ()| = ((K) = O(VK).

Proof. Without loss of generality, we can impose V to be symmetric around zero such that v+v = 0.
Then, the claim follows from Kim (2006). =

G.2 Proof of Lemma E.1

Proof. In the following proof, we treat e¢g = 0 to simplify discussions since we can pick ¢y arbitrary
small but still we need to impose that f(-,6) € Fr is bounded away from zero.

Now define Qg = F [T(qt,m) In L( fo; qt,n)} where L( fo; qi,74) = (17(53%;)(112;)_,@12@@) with Fy(z) =
f; fo(z)dz. Then, by definition, 0% = arggnax Q(0). Consider

argmin Qo — Q(0) = argmax Q(6)
0 0

which implies that among the parametric family {f (z,0) : 0 = (¥1,...,9x)}, Q(0%) will have the
minimum distance to Qo noting for all § € Op, Q(0) < Qo from the information inequality (see
Gallant (1987, p.484)). First, we show that

Define F(z,0k) = [ f(z,0k)dz and consider

Qo — Q(0k) = O(K™%). (66)
Qo — Q(Ok)| < E mM

L(f(-,0);qt,7t) ]
fO(Qt)

UACTLZ) H tr {Uﬁ =g )

+E [(1@ — 1) 7(aere) %H

T(Qt, Tt)

In In

1 — Fo(q) H

< FE ,T
= [T(Qt t) 1_F(Qt79K)

In

by the triangular inequality. We bound the three terms in (67) in turns.

(i) Bound of the first term in (67)

Now denoting a random variable Z to follow the distribution with the density fo with the
support V and using |In(1 4 a)| < 2]a| in a neighborhood of a = 0, consider
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B [r(gi,m1) ‘ln I H E[ T _1H

fq
:vafzeK |fo(z) — ( )|9n k1+1n)( )dz
(=

(n— n)
=2J,° “;K ) ﬁf hpo(2)e /4 + WHE (2 HK‘ ‘hfo /4—WK(Z)/9K‘dz
2
(n—kq+1: n) Z) /F (z) 2 hy, (Z)eiZ /4 +|WK(Z)’9K|

Note

Etho( 22/4‘/W] \/[ (Z)e= 212/ fo(Z )} (68)

since 0 < h?co(z)/fo(z) < 1 for all z € V by construction and note

E[[WX2)0x| [V Fo(Z)] < \JE [0 WE@WE(2Ybx/ fo(2)] = \[icbic = 10k <1 (69)

(n—kq1+1:n) /
since ||0x||*> < 1. Also note SUp,cy 2 1f(z 9(;)) fold) oo since gkt () and fo(-) are

bounded from above and since f(z,0f) is bounded away from zero. From (46), it follows that

E{|In (folar)/ (g 050))]] = O (K—) and similarly B[ (fo(re)/f(re. 050))]] = O (K ™).

(ii) Bound of the second term in (67)

For some 0 < a < 1, note

Bl|Fo(ar) = Flae, 0x)l| = B [| [ fo(2) = f(z0x)d]|
< Ellg—v)|folag + (1 —a)v) — flag + (1 — a)v,0k)|]
< (@ —v) E|folag: + (1 — a)v) — flag + (1 — a)v, 0x)]],

where the last inequality is from 7 > ¢; > v. Using the change of variable z = aq; + (1 — «)v, note

Ellfolag + (1 - a)y) - f(Oé(Jt + (1 —a)y, k)]
’z2/4+WK(z eK‘

a)(v—uv) n— n) fol
SSUPzeV‘hfo(Z /A )f (=) Lgn—tattin) (2) /T (2 ’ : e dz
—z /4+WK(Z) GK‘

T 1 n7k1+1:n) /7"”‘0(2 ¢
fﬁ o (2)V/ fo(2) V fo(2) dz

where the second inequality is from (1 — «)(7 — v) > 0. Note

< sup,ey ‘hfo(z e = /A — WE (2) 0k

e~ *# /4+WK(Z HK‘

v 1 _(n—ki+1mn) )hfo(z
[ Aghnn ) o e
_22/4 WK (z)'0 |
(n—k1+1: n) / ‘hfo ‘H K
< sup g fO Ef [ \/fO(Z)

z€V
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by (68) and (69) and hence
E[|Fo(ar) — F(qr, 0x)[] = O(K™7). (70)
1-F(qt,0K) 1-F(q:,0K)

Now using [In(1 + a)| < 2|a| in a neighborhood of a = 0, note
< C- Elr(q,m) [Fola) — Flat, 0x)|]

since F'(q,0k) < 1 and hence from (70), we bound the second term of (67) to be O(K~%).

(#ii) Bound of the third term in (67): Similarly with the second term of (67), we can show that
the third term to be O(K~*).

>From these results (i)-(iii), we conclude |Qp — Q(0x)| = O (K~*). It follows that

E [T(qt,rt) ’lnL‘)(q’f)H <2F |:T(Qt7rt) ‘M

0< Q) - Qx) < Q) — Qo+ C1K > < 1K™ (71)

where the first inequality is by definition of 0} = argmax Q(#), the second inequality is by (66),
0

and the last inequality is since Q(0%) < Qo from the information inequality (see Gallant (1987,

p.484)). Now using the second order Taylor expansion where 0 lies between a 6 € O7 and 0%, we

have

Q%) — Q(0)

20(9 2Q
~53030)(0 — 03) — 10 — 03 G0 — 03) = —4(0 — 03 G0 — 30

(72)

since %(G*K) =0 by F.O.C of (50). Picking 6 to be 0, from (72) and Condition 5, we conclude

Q(0%) — Q0K
Q%) — Q0K

)

)
since Q(0%) —Q(0k) > Amin ( 3 8989, ) |0k — 0%]|*. However, the case of (73) contradicts to (71)
if s > 2, which means (71) implies ||} — x|l = o (((K)~?) under s > 2 and hence

> Cullfx — 0% if |0% — 0| = o (C(K)7?)
> O (UK) ) |10k — 0% > O (¢(K)™*) otherwise (73)

Q05 — Q(0k) > Callox — 0| (74)
Together with (71), it implies C1 K~ > Q(0%) — Q(0x) > C4 ||k — 0% |* and hence under s > 2
105 = 05l = O (K—1?) (75)

as claimed in Lemma E.1. Finally note |0 — 6%/ = o (((K)~?) as long as (75) holds under s > 2.

Now consider
supev, | (2 0c) = £ (2, 05)] < sup-ey, || (WF (2)0)" = (WK (2)05)%

< sup,ey, |WH(2) 0k — WE(2)'0% || sup.ey, [|[WE (2)' 0k + WE(2)0%]||
< sup.cy [[W )] 102 = Ol supacy [ W5 ()| (105l + 105 1) = O (c(k 25 ~+12)
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from the Cauchy-Schwarz inequality, (75), sup.¢y, ||W*(2)|| < ((K), and 10]1> < 1 for any 0 € ©,,.
It follows that

SuszVE ’fo( ) fie(@)] < sup.ey, [fo(2) — f(2,0K)] +sup.ey, [f(2,0k) — f(2,0%)|
<O((K O (C(K)2K=*/?) = O (C(K)*K*/?) .

G.3 Uniform Law of Large Numbers

Recallthatwehavedeﬁned@T( 0) = T i 11nL(f( 0); qr,rt) andQ(&):E[r(qt,rt)lnz(f(-,e);qt,n)].

Here we establish a uniform convergence with rate as

Supgeo, |QT(0) — Q(H)‘ =0, (T*1/2+a/2+5)
following Lemma 2 in Fenton and Gallant (1996).

Lemma G.2 (Lemma 2 in Fenton and Gallant (1996)) Let {O1} be a sequence of compact subsets
of a metric space (©,p). Let {st4(0):0 € ©; t=1,...,T; T =1,...} be a sequence of real valued
random variables defined over a complete probability space (2, A, P). Suppose that there are se-
quences of positive numbers {dr} and {Mr} such that for each 6° in ©p and for all 0 in np(0°) =
{0 € Or : p(0,0°) < dr}, we have |sr(0) — se(0°)] < 7Mrp(0,0°). Let Gr(r) be the smallest

number of open balls of radius T necessary to cover Or. If sup P { ’Zle (sTe(0) — E [sTt(Q)])‘ > e} <
0€O
I'r(e), then for all sufficiently small € > 0 and all sufficiently large T,

P {Supge@T ST (s74(0) — E [sTt(é’)])‘ > aMTdT} < Gr (edr/3) Tr (eEMrdr/3) .

First denote a set 7¢ that contains (g, r¢)’s that survive the trimming device 7(-). Now de-

fine sy (6) = %T(qt,rt)lnz(f(',ﬁ);qt,rt). Then, we have Qr(6) = ST s74(f) and Q() =
Zt 1 E'[s7¢(0)]. To entertain Lemma (G.2), in what follows, three conditions are verified.

Lemma G.3 Suppose Assumption E.4 holds. Then, |s7.(0) — s1¢(0°)] < C+((K(T))? |6 — 6°].

Proof. First note that

I F(q,0) — F(ry, 0)k2=*k1=1(1 — F(q,, 01 f(q, 0
L(f(.ﬁ);qt,rt):T(qt,rt)( (g1,0) — F( ()1)_F(Tt’(9))k2_l(q )" f (g1, 0)

where we denote F(z,0) f f(z,0)d
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Now note if 0 < ¢ < a < b, then |lna—1Inb| < |a—b|/c. Since f(z,0) is bounded away
from zero for all # € O¢ and z € V, F(r,0) and F(q,0) are bounded away from one (since
maxry < max g < v —e¢for q,ry € ), and g > ry for all t, we have 0 < C' < Z(f(-,&);qt,rt) for
all g, e € 7¢. It follows that

|s7e(0) — s74(6°)] < ’E(f(-,@); G, Tt) — z(f(‘a 0°); at, T’t)’ /nC.
Consider
L(FC,0)sa70) = LU0 )| < CulFlars0) = far,0°)
=0 ‘WK q)'0 + WK(qt)’GO‘ ‘WK(qt)’H - WK(qt)’GO‘
< Crsup.cy [WE )] (161 + 1071 supey [[WE (2) | 10— 0°]) < Cac(K)? 0 — 0°]
where the first inequality is obtained since F'(ry,6) is bounded above from one, 0 < F(q,6) —

F(r¢,0) <1,and 0 < F(gq,0) <1 for all t,rt € 7¢. The last inequality is obtained from ||0]| < 1 for
all 0 € Op and sup,cy, [|[WE(2)|| = . It follows that

[s7¢(0) — s74(0°)| < C2C(K)* 10— 0°]| /T
|

Lemma G.4 Suppose Assumption E.J holds and ((K) = O (KC) Then,
Pr{|SL. (511(0) = Elsre(0)])] > e} < 2exp (<26 /T (32 K(T) + $C)*).

Proof. Wehave 0 < C; < f(z,0) < C'QKQC—i—egf ‘i(( ) by construction and since f(z, #) is bounded
away from zero. Moreover 0 < F(g,0) < 1,0 < F(rt,ﬁ) < 1,and 0 < F(q,0) — F(r,0) < 1 for
all (qt,7¢) € 7¢ Thus it follows that %Cg < sm(0) < %2( In K + %04 for sufficiently large
K and for all (g, r:) € 7¢. Hoeffding’s (1963) inequality implies that Pr(|Y; + ...+ Y| >¢€) <

2exp (—262 / Zthl(bt — at)2> for independent random variables centered zero with ranges a; <

Y; < b:. Applying this inequality, we obtain the result. m

Lemma G.5 (Lemma 6 in Fenton and Gallant (1996)) The number of open balls of radius 0
required to cover Or is bounded by 2K (T)(2/5 + 1)K(1)-1,

Proof. Lemma 1 of Gallant and Souza (1991) shows that the number of radius-0 balls needed to
cover the surface of a unit sphere in RP is bounded by 2p(2/§ + 1)P~1. Noting dim(0r) = K(T),

the result follows immediately. m

Applying the results of Lemma G.3-G.5, finally we obtain

Lemma G.6 Let K(T) C- T“ with 0 < a < 1 and suppose Assumption E.J holds. Then,
SUPgeo, Or(0 )) 1/2+a/2+6)'
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Proof. Let My = C10 (K*) = CoT*®, d, = 4T~~~ and p(0,6°) = || — 6°||. Then from

Lemma G.2, we have

Pr < sup
0O

_ 2
<40 - To(SCLUT(C-Da+8 | )T 1 oy, (—2 (552) /T (b2 K(T) + }02)2>

2?21 (sT¢(0) — E [sTt(H)])’ > ETQB}

applying Lemma G.3, Lemma G.4, and Lemma G.5.
Note 4C - TO‘(G%T(%_UMB + 1)1 is dominated by C3TT(2X=De+B)(T*=1) for sufficiently
large T and note T (%2{ In K(T) + %02)2 is dominated by T (%2( In K(T))z. Thus, we simplify

Pr { sup |3, (s7¢(0) — E [sTt(H)])‘ > TP
0cOr
< Cyexp (In (ToT (G- DatB) T -1)) _ 22 720-26+1 )/ (9¢ 1nK(T))2)
= Cyexp (alnT + ((2¢ — Da+ B) (T — 1) InT — 2E272=28+1 / (¢ 1nK(T))2)

for sufficiently large T'. As long as 2aa—28+1 > «, %TM%BH/ (2¢ In K(T))2 dominates aIn T +
((2¢—=1)a+pB) (T*—1)InT and hence we conclude

Pr< sup
0cOr

provided that QTH > 3 > a. By taking 8 = % + %a — d (the best possible rate), we have

S (sru(0) — E [STt(e)])‘ > ETQB} =o(1)

~

Qr(0) — Q)| = sup

6cOr

sup
6cOr

ST (57u(6) — B [sm(0)])] = op(T7 3+ 3049)
for all sufficiently small § > 0. =

Lemma G.7 Suppose (i) Assumption E.4 holds and (m)w — 0. Let np = TP with o <
B, <1/2—a/2—9,
SUD|19_p3, || <o(ny).0cor |QT(0) = Qr(0%) — (Q(F) — Q(e}}))‘ = op (nT—1/2+e/240).

Proof. In the following proof again, we treat ¢g = 0 to simplify discussions since we can pick €
arbitrary small but still we need to impose that f(-,0) € F is bounded away from zero.

Now applying the mean value theorem for 6 that lies between § and 6%, we can rewrite

~

Qr(6) — Qr(03) — (Q(6) ~ QUER)) = Qr(6) — Q(O) — (Qr(B) — Q)

A _ (76)
— (0(Qr(®) - Q(@)/60') (0 - 05).
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Now consider for any 8 such that H§ — 0% || <olnp),

0Qr(0)/90 — 9Q(6)/00 (77)
o[ Y& fa) Of(a,6) Fla0) 0f(q,0)
I (T S F(q,0) 90 b 1— F(g,0) 00 ])
1L 1 3f(an0)
' <T S fla,0) 00 ) (79)

r(qt7 Tt)

1 9f(q.9)
T(Qt,?“t)f(qt7fé) o0

-F

1 Z f(rtag) af(rhAé) f(rtv’é) af(rtaa)
(ke —1) | = = — E |r(q,r = . 80
(ke )(thll—F(rt,G) o6 T g 09 (50
We first bound (78). Note % = 2WHE (g )WH(X;)'0 and define
f(Qt,a) K K¢ \7g f(Qtag) K K/ \p
Mry = (g, 7)) ————=W" (@)W (q)'0 — E |7(qt, ) ———=W" (qt)W" (¢1)'0
l—F(qt,Q) 1—F(Qt79)
noting % Zthl - J I(Q?Ef%) of glg’g) = % Zthl r(qt, rt)%%g’g) by construction. Considering that
- ts - ts
Mry is a triangular array of i.i.d random variables with mean zero, we bound (78) as follows. First
consider
Fan®) " :
Var [Mri] = E [MrM,] < B |r(ar) | =22 ) (WH(q)0) W (@)W ()| (81)
1-— F(qt, 9)

The right hand side of (81) is bounded by

4
B ) L W ()W 0|

2,0)* n—k1—1:n
< SUp,ey, (M) Sup,cy 9( =l )(Z) fv WK(Z)WK(Z)/dZ

F(2,0) — fo(z)’4 + sup,cyp f0(2)4) Ik

< Cl : <Supz€V5

since 1 — F (2,5) is bounded away from zero uniformly over z € V. and since g("~*1—11)(z)
f(2.0) = fol2)| <
F(2.8) — F(2030)| Fsupcy, [£(2.050) — fo(z)] = O (CLP?) (ofarz) + O(K /%)) and hence

is bounded away from above uniformly over z € V.. Finally note sup,cy,

SUPzev,

we have

Var [MTt] < CQC(K)S (0(774711) +0 (KﬁQs)) I + Csl < Cylg
under ((K)® (o(n7) + O (K~2)) = o(1) which holds as long as s > 2 and —4f3, 4+ 4o < 0. Now

note

B (| M/ VT ) < Vi (Var [Lod) < /Gt (Tx) = O(VE)
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and hence (78) is O, (\/ K/ T) from the Markov inequality. Similarly we can show that (80) is also
0, (VEIT).

Now we bound (79). Define Ly = (VW - F [r(qt,rt)VW]). Then, we
can rewrite (79) as 24 ST, Lry. Noting again Ly is a triangular array of i.i.d random variables

with mean zero, we bound (79) as follows. Consider

Var [LTt] =F [LTtL/Tt] <F

£(a.0)

N\ 2
7(qe, Tt) (W> WK(Qt)WK(Qt)I]

_ 1 K K, V| <« glnTRimm () K K (.
=F [T(Qtart) f(qt,g)W (@)W* (qr) ] < Supey, f(z,@') fv WH(2)WH(2)dz < Cy1k
since g(~F1=1m)(2) is bounded from above and f (z,bv) is bounded from below uniformly over
z € V.. It follows that

B (HZL LTt/\/TH) < Vor (Var [Lrd]) < /Crtr (Ixe) = O(VE).
Thus, we bound (79) as O, <\/K7/T ) from the Markov inequality. We conclude
|0G.(@)/00 - 0Q(@)/26|| = 0, (VE/T)

under s > 2 and —4f3, + 4a < 0. Thus, noting O, (N/K/T) =0, (T*1/2+°‘/2+5) for K = T% and

sufficiently small §, we have

Qr(0) - Qr(0x) — (Q(0) - Q(5))|

SUPHO_G% || <o(nr).0€0r
O(Qr(8) = Q(0))/90) 5D g |1 <ofuryc0, 10— O]

< SUP||g—g; || <o(ny).0c0r
= 0, (T 1/2a/2+9)

from (76) applying the Cauchy-Schwarz inequality. m

G.4 Proof of Lemma E.2

Proof. Similarly with Kim (2006), we can show H@K — 0% || = 0p(T™") = 0, (T~1/2+2/249) " The

idea is that the convergence rate contributed iteratively by the local curvature of @T(H) around 07
can be achieved up to the convergence rate of the uniform convergence of @T(Q) to Q(#) and hence
we can obtain the convergence rate of o,(T~1/2+%/2t9) A formal proof is as follows.

>From Condition 5 and (72), similarly with (73), we note that

Cr- 10— G5l i 11 — 0%l = o (¢(K)?) (82)
Cy-C(K) 72|10 — 0% otherwise.

O O
= =
*N*
|
O O
==
ALY
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Denote k = 1/2 — a/2 — ¢ and ngp = o(T~"). We derive the convergence rate in two cases: one is
when 797 has the equal or a smaller order than o (C (K )_4) and the other case is when 7 has a
larger order than o (C(K)™%).

1) When nor has equal or smaller order than o (¢(K)~*), which holds under o < 1/5:

Now let do17 = +/2ng7- For any c such that Cic? > 1, it follows

Pr (HEK - 9?{“ > C50T)
<Pr SUP||g_g1_||>chor feOr Qr(0) > @T(%{))
< Pr (supgeo, |@r(0) — Q6)] > nor )
+Pr ({supge@T Qr(0) — Q(Q)‘ < 770T} N {SUP||970;(
< Pr (supge@T Qr(0) - Q(Q)‘ > 770T) + Pr (SUP||979;(||2c50T,ee®T Qo)
— P+ P,

(83)

>cdor,0601 @Tw) > @T(e%)})
> Q(0k) — 2770T>

Now note P; — 0 from (52). Now we show P, — 0. This holds since Q(f) has its maximum at 6%
To be precise, note

Q%) — Q) > C1 |6 — 9}}H2 > 2Clc2n0T

and hence

SUP 19—z | seoor veor @O) = QOk) < —2Cic*ngr if (|6 — 05| = o (C(K)~?)
SUP) |93 || >cbor OO Q(0) — Q%) < —C3((K)~* otherwise.

Therefore, as long as C1c? > 1 and ((K)*nyp — 0, we have P, — 0. ((K)*nyr — 0 holds under
a < 1/5. Thus, we have proved ||§K — 0%|| = 0, (T~"/?).

Now we refine the convergence rate by exploiting the local curvature of Q7 (6) around 07 . Let
My = n""6or = o (n~ /D)) and 617 = /iy = o (T~(*/2+%/4)). For any c such that C1c? > 1,
we have

e (i )

S Pr SupaoTZHG_a);(HZC&lTﬁE@T QT(Q) Z QT(HF{))

< Pr SUP;o1>||0—07 || >cd17.0€Or ‘QT(H) - Qr(fx) — (Q(0) — Q(Q%))’ > 771T)

SUDs 1> |9—0% || >ed11,0€0 1 Qr(0) — Qr(0%) — (Q(0) — Q(H*K))‘ < 771T}
N\ SUPs4> [|0-0% || 2esrr pc0r @T(0) 2 QT(G%)}
<Pr <SUP50T2||9*9}}H2051T,9€@T QT(H) - QT(H?() - (Q(Q) - Q(Q%))’ > 771T>

+Pr Sup50T2||979}H2051T,9€@T Q(H) > Q(HF() - 771T>

=P+ P

+ Pr (84)
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where*? P; — 0 from Lemma G.7 and Py — 0 similarly with P> noting

2
SUPsr>|0-05 || >c617.0c07 Q(0) — Q(0x) < —Cic*mp

by (82) and since [|§ — 05| = o (((K)~?) for any 6 such that dor > ||6 — 0% || > ¢S17 under a < +.
This show that H/Q\K - G*KH = 0,(T~(#/2+#/9)) " Repeating this refinement for infinite number of

times, we obtain
H@K — 0%” = Op(T—(H/2+f€/4+f€/8+---)) = 0,(T7") = Op(T—1/2+a/2+6)

under o < 1/5.
2) Now we consider when ngp has larger order than o (((K)™*) (which holds under a > 1):
Let o7 = 0 (C(K)™2) TP for B > 0. Then, from (83), we have

Pr (Hb\K - Q*KH > CSOT)
< Pr (supgee, |Qr(6) — Q(6)| > nor) + Pr (sup_,
=P+ P,.

>cdor,0€0 T Q(@) > Q(‘%{) - 2TZOT)

Again note Py — 0 from (52). Now we show P, — 0. Note from (82),
SUD g 1ochop 06y Q(6) —~ QUOF0) < ~CoC(K) 28— ]| < o (C() ) 77

since [|6 — 0% > o (¢(K)~?) for any 6 such that || — 6% || > cdor. It follows that P, — 0 as long
as ((K)*T~Pnyp — 0, which holds under

B>5aj2—1/2+6 (85)

and hence the convergence rate will be o, (do7) = 0p (T_O‘J“B ) Now we refine the convergence rate

by exploiting the local curvature of @T(H) around 07 again. Let 7, = T~Sor = o0 (T_((O‘_B)J““))

0n(8) — 0n(0%) — (Q(O) — Q(G}))‘ < 1, implies, for any @ such that don >

42
Note sups, > o073 ||2ct1, 0con
16 = 0%l = cdin,

~ M T S50, o5 || 2esin 0\co,, (Q0) — QOK))
< Qn(0) — Qn(fk) < ny, + SUPs0, > ||0—0% || co1n.0€01 (Q(O) — Q(0%))
and hence we obtain

SUPs, > [0-05|[2ein 0e0, @n(0) = QuOk) < M +5UPs, > 005 |[2c81,0.0c0, (QO) = QUUK))-
Therefore,

Pr (Sup%nZH@—@}{HZCislnﬁE@n Qn(e) - Qn(@?{) > 0) < Pr (supéonZHG—@}(HZcémﬂe@n Q(G) > Q(Q*K) — 771n)> from
which we have obtained the third inequality.

56



and &y = N (T*((a*ﬁ)/2+ﬁ/2)). Then, from (84), we have

Pr (H@K - Q%H > Cng)
< Pr (sup5,, 2 0_gs, [2ur0c0r | @r(0) = Qrl0F) — (Q(0) = QL)) > Ty )

+ Pr SUDs. > || 0-63 || >co1r.0€07 Q) = Q(k) — 51T)
=P3+ Py

(86)

where P3 — 0 from Lemma G.7. Now we show Pj; — 0 similarly with P». Here again we need to
consider two cases:

2-1) When 817 has equal or smaller order than o (¢(K)~?), which holds under 8 < 1 —3a—§
and hence from o > 8 and (85) it requires 1/5 < a < 1/4. Under this case, note

sup QO) - Q) < ~C1 19 = 0 |* < ~C1é51r = ~Cr%ijay
Sor>||0—0%||>cd17,0€0
if |0 — 0%l = o (¢C(K)~?)
SngoT2||9*0;("chlT79€@T Q) — Q%) < —CoC(K)72||0 — 05| < —C2¢(K)~* otherwise
by (82) and hence Py — 0 under Cy¢® > 1 and ¢(K )%y = C(K) 47T 007 = C(K)%o0 (T7+T7) —
0, which holds under 8 < 1/2 — 3a/2 — 0. Repeating this refinement for infinite number of times
(noting that for any 6 such that 5,7 > |6 — 0%, we have ||§ — 0% || = o (¢C(K)™?)), we obtain

H/éK B 07{ _ op(T_ (Llimoo (Ele H/2l+(a—5)/L>>) _ op(Tf"””)

and hence the effect of nyp’s having larger order than o ({ (K )*4) disappear ( @ goes to zero as
L goes to infinity)). This makes sense because the iterated convergence rate improvement using
the local curvature will dominate the convergence rate from the uniform convergence.

2-2) When 17 has bigger order than o (C(K)~?), which holds under 8 > 1/2 — 3a/2 — § and
1/4<a<1/3:

In this case, we let ng = SOTnT_7 for some v > 0 and hence we require 8 > . From (86), we

Pr ( PK - H}H > Cng)
< Pr (SUD5, 2 10_gy. | ey 0o |Q(0) = Qr(0k) = (QUO) = Q0| > Ty )

+ Pr SupgoTZHG*H}||2051T79€@T Q(0) = Q) — ﬁlT)
= P3 + Pro.

note

We have seen that P3 goes to zero since 1,y = T_"‘EOT and by Lemma G.7. Now we verify Pys goes to
zero. From (82), to have Pgy — 0, we require that ¢(K) 2817 have a bigger order than 77,7 and hence
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we need v < 1/2 —3a/2 — . Now we improve the convergence rate again using the local curvature
by defining 7oy = T "617 = o0 (7~ (@=B+1+)) and Sor = Viar = o (T~(@=B+7)/24%/2)) " Then,
similarly with before, at the end, we will obtain H@K — 0%|| = 0p(T™") as long as do7 has equal
or smaller order than o (C (K )_2). The tricky case is again when SQT has a bigger order than
0 (C(K)J), which happens when § —~ > 1/2 — 3a,/2 — § but applying the same trick, at the end,
we will obtain the same convergence rate of ||0x — 0% = 0p(T'™") as long as a < 1/3. Combining

these results, we conclude that under a < 1/3, we have
10k = 05|l = 0p(T ") = 0p(T~1/2H0/249),

This result is intuitive in the sense that ignoring d, we obtain o(¢ (K)™2) = o(T~%) = T-/3 at
a = 1/3 and hence when « > 1/3, there is no room to improve the convergence rate using the local

curvature. ®
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