NC\A) topfcf Asymme’:v"c iuforwuetion aud Adverse Selechion

Probability and conditional probability

Finite set of states S =1{s,,5,,....5,} . Subsets of S are called events.

Probability distribution over S:

fFor < [ o
S, S, .. S, Wy L=l e,
P P D, Csp. =1
v
Denote the probability of state s by p(s). Z F,) =1
J=
Given an event £ c S, the probability of £ is:
e, if E=¢

P(E)=+

\Z p(ed  if E:#ﬁ

Seg

E
Denote by —£ the complement of £ S .

‘LC&Q Elee slates iw S tlgt are uobt iw E
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Example

S:{aabacadaeafag} A:{aﬂcﬂdﬂe} B:{aﬁe’g}

—A={bted —B= 1b,c,4 F3

Given
a b ¢ d e f g
1 2 g L 6 1 3
14 14 14 14 14 14
_ 1 L.e (& _ L, .32 - =
P(A) ,4_'1' 0+ |4+|4_ \4 P(B)_ 14 —|:1. 14 (4
_ _ & _ 9
AnB=%«}  PANB)= { + & = o
[ ¢ 3 = _”_
AUB:EQ,CIA,’,?} P(AUB)Z .;I—Z'_+O+I—4.+TZ+‘4- | 4n
_ 8 o ? _
Note: for every two events E and F: P(ALB) = P(R)+PIB)-P(ANB) = 2 e ¢
PEUF)= PIE) + PIF) — P(enF)
(7

—

P[A|B> — P(%c\,cl.l/(}\{q,lzlge;o}fl)l —_ P(An%> _ 4 >

P(-€) = 1- P(E)

—

P(B> 10 o




We denote by p|F) the probability of £ conditional on F and define it as:

P(E|F :P(ng) QSSuMua P(F'>='=O
PfD‘yal’)f&“'y dE Lanl‘“keva.g o)u or %:v(u) F

Ched S8 iedd Befoeg)

Continuing the example above where | 0 L & L 3
14 14 4 14 14 14

=1 P(ANB) =3 +4=%

8
14 »

P(A)=4+0+L+8=2 PB)=L+32+3

Praney _ 7
P(A|B)= o
Pim)
P(BNA) PLA -
P(B| 4)= (BAA ~ (Angy & _ 7
The conditional probability formula can also be applied to individual states: | 4
PIP) -2 5 ¢ E G4—
F-$s) o5 By—d T PEY
P(F\E\‘ﬂ’(sl@ o P it Sef s ULy P(E) +0
- P(E)
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We can think of p(4 E) as a probability distribution on the entire set S. Continuing the example above

b ¢ d
where S={a,b,c.d.e.f,g}, A={a,c,d,e} and | | (c) - { N P(sothat P(4)=15)

14 14 4 14 14 14
\ - .
P () & _ 13 a b c d e f g
= —"% | £ [to+1+6=8
[3 . 9 0 @ L — 0 0
PR pelA):  —
Shortcut to obtain the revised or updated probabilities:
Initial or prior probabilities. Note that here they all have the same denominator. a b c d

I5 70 5 10
100 100 100 100

Information or conditioning event: ' = {a,b,d}

STEP 1. Set the probability of every state which is not in F' to zero: a b ¢ d
0 \/
STEP 2. For the other states write new fractions with the same numerators as before: a b ¢ d
15 70 10 _
= =0 = (G +70 +10=
@5
STEP 3. In every denominator put the sum of the numerators: 15+70+10=95. Thus the a b ¢ d
updated probabilities are: 15 70 0 10
95 95 95
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|
EXAMPLE 2. Sample space or set of states: {a,b,c,d,e, [}. ; é— — 0 ,8; —2-'-
20 20 22 20 20
Initial or prior probabilities: a b ¢ d e f
3 3 1 421
20 10 20 5 10
Information: lF ={a,b,d ,eL}
STEP 0. Rewrite all the probabilities with the same denominator: a b c d e f
0 0
STEP 1. Change the probability of every state which is not in F to zero: a b c d e f
0 0
STEP 2. Write new fractions which have the same numerators as before: a b c d e f
3 6 o ¥
- - 0~ T 0
STEP 3. In every denominator put the sum of the numerators: a b ¢ d f
3+6+8=17. 3 6
P(VF) (|2 = 00 = o0
17 17 17
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ADVERSE SELECTION
Akerlof on market for second-hand cars

Utility-of-money of a potential seller who owns of a car of quality g¢:

m+u(q)  if does not sell the car Ulg) = vlig of & cor of guaily
U(m) = ) CI, to Elu owuer of sl
m if sells the car
o Car
Thus, if her initial wealth is /¥, she will sell the car a price p only if:
LD‘QFOVQ -SQQC u}‘.{«b - \/\/o + U (7) wi uﬁ'ua ;'o &J,Q ;/‘
af ter Scle i
af pre p - Woe + P w°4'P = W":"u&}’) -€
¢ p2uly)
Utility-of-money of a potential buyer who does not own a car: — |
V) {m if does not buy a car
m) = . : el of cor of
m+v if becomes owner of a car of quali Vig) =V ©
(@) quality ¢ @ ek, 4 ho Fla
Thus, if his initial wealth is ¥, he will but a car of quality ¢ at price p only if: poreura louyer
before purcher U hy Wo W(-@L\«Q h buy o
cfhey purdiese (- : Wo — p + \/[6}’) Wo-p + ‘//”}) z Wo
O(.} f’/:w p 0 e. ‘0/‘ \/{'(\7> 2 )
Assume that, for every quality g, v(q) >u(g) >0 {

%OHA ‘w\/m ewd sellers Mwﬂ

are Visuk wveulrel



Vig) > ulg)

What if there 1s asymmetric information: only the owner knows the quality ¢g?

Publicly available information:

Quality ¢ best: 4 B C D E worst: F
Nur;b;:r of 120 200 100 240 320 140 Tolt%
Proportion |20 206 i 240 320 4o
[ XS lize 120 (120 H2o U20
v(q) (seller) 720 630 540 450 360 270
u(q) (buyer) 800 700 600 500 400 300
Buyer: if a car is offered to me at price p should I buy it?
‘ $800 $760  Pboo & Soo %400  &300
Dt?“‘l\/-h (1o 2 06 100 240 320 [40
G (Y

———— —
—_ —_— A— 2 (20
120 (20 120 120 ©




