Definition. Contract C is Pareto dominated by contract B if: er B P wreto clau,u‘ue.b 5 C

[ ETUA(R)] > ELUR()] B> c
either 4 cemld it i A
CELU(B)T 2 ECU(O)] ’ ceud
B > PC
(ECOBI>ETUOT B> ¢
> < cu that is, B > c¢
| ECUABYT > ECUA(D] ~ A

by Guy ollor toulrect
Definition. A contract that is not Pareto dominatedl{s called Pareto efficient (or Pareto optimal). Thus

contract C is Pareto efficient if for every other contract D, either

EL UMDY ¢ ECUpIHT

E [U,\(D)l £ E[U;\[tﬂ]

or both.
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7 Pfolo of G‘

1
Example. X =1,000, X" =600, p="" Up(m)= \Jm and U(m)=m.
\ _)
C = (400, 400) 1s Pareto dominated by contract B = (676, 276):
= |Q

E[UP(B)] = éﬁooo—évé -{._2% boo—-27¢ = J\B_;‘_

I'd
E[U,(O)]- 3 [ yomoaoe + 2 Vloo—se, = 17.€

and
| « 2 2D( = .3
B[UB)]= 377" 3 =3 B> C

—
B[, (0] 4eo =| &
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T U4

N

Principal’s indifference curve (P i3 Nk aV(”C)

Agent’s indifference curve (A i risk M_eu}-al_ )

v

OI) +

For the Principal: C >P D E >P ¢ A >P C
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N

Principal’s indifference curve

Agent’s indifference curve

OI) W

For the Agent: C > A E >A <
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A

Principal’s indifference curve

Ags

nt's indifference curve

4

C 13 Parets douwivare

[07’5 So

Op

C ‘.5 wol
For the Principal: C >, D C>,B A=, C As, E Purdx,
FE Lieut
C, A B>, A C>, B D>, C ehfu
For the Agent:
orthe Agent: . g

Thus C is Pareto dominated by E (or £ Pareto dominates C). So C is not Pareto efficient.

Any contract C at which the indifference curves cross cannot be Pareto efficient, because any contract in
the area between the two curves is Pareto superior to (or Pareto dominates) C.
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Thus a contract C in the interior of the box is Pareto efficient if and only if the two indifference curves
(of Principal and Agent) are tangent at C.

Example:

A

Principal’s indifference curve

-+

origin for

the Principal
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Pareto efficient risk sharing

We saw that a contract C = (Wg , WCB) in the interior of the Edgeworth box (0<w® <X and 0<w” < X?)1is

Pareto efficient if and only if the two indifference curves through C are tangent at that point.

e Slope of Principal’s indifference curve at C = (Wg ) WCB) :

e Slope of Agent’s indifference curve at C = (Wg ) WCB) :

Thus the two are equal if and only if

Up (XP=w) D) ()
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Up ($w) = am+b a > o

Case 1: Principal risk averse, Agent risk neutral

Agent’s utility function can be taken to be = / -
g y U, ($w) = w Uy ($w)= 1
' G >
U, ( W, 1

D! (we )

[
—

—_—

Up(X?=wg) _ U,\(wg)
Hence the required equality U’ ' B C) U/,l (w(;) reduces to l) (X Wc ) U X W
C A C

-V

:> XG.: M/C@ = XB— WCB
Vfw') (*)

l
Stuewe fﬁuu'po& () riswe < eavevse )/ \L/
C (&‘8) Ou 4~5°

Since Up is strictly concave, i
’(/('\M For Priva fc’-*Q

Thus (*) is satisfied if and only if

That is, contract C must be on the 45° line out of the origin for the Principal:
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origin for
the Agent

2
(04
i
Al
Principal’s
indifference curve
("
l.")” , Agent’s
indifference curve
>
() °
P v

origin for
the Principal

Case 2: Principal risk neutral, Agent risk averse

Principal’s utility function can be taken to be UP [$ m) - w U ;B () = 1
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1
’l.:_
1

/-\/\/\
| U X -wd)
Hence the required equality UL (X? - B)
P C

Since U, is strictly concave,

Thus (*) is satisfied if and only if

U,we)

t
U’ (w C) reduces to

[}A (MA\
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Thus contract C must be on the 45° line out of the origin for the Agent:

origin for
the Agent

04
Principal’s
indifference
curve
B i3 below
Ko 450 LUw
Fof Acazuf
Agent’s
indifference curve
()I) w

origin for
the Principal
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General principle: when one party is risk averse and the other is risk neutral, the risk-
neutral party must bear all the risk (that is, the risk-averse party must be guaranteed a fixed
level of wealth).

Case 3: both Principal and Agent risk averse

Recall from Week 4 (04A) that (IC = indifference curve)

e at a point above the 45° line, slope of IC is, in absolute value, greater than __i

(~P
.P

e at a point on the 45° line, slope of IC is, in absolute value, equal to —_
I-p

e at a point below the 45° line, slope of IC is, in absolute value, less than P

——

(=P
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S\oru of PI_S ud couw at B = -ili,', (v ey luka Vo-&,.&

[?)\.J lhellow AP.S A48° Liw  so .5'0,7) Y
04

Op

BiJALP-

-

P-slope = absolute value of slope of
Principal’s indifference curve

A-slope = absolute value of slope of
Agent’s indifference curve

At point 4,

At point B,

At point D,

At point C,
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Example. Up(m)=A/m and U(m)=82 - [10 — LJ 2_ 1. Let X9=800 and XB=200. Consider the

100
contract@vG= 400, wB= 100).\Is it Pareto efficient? We have to check if equality of the slopes holds.
=g
U'p(m) = X \> A e eotb S0/ of W ouliou

2)m

5,000

U, (X% -n%)
Principal: UL (XP —wP)

N

I,ooo—4oo
_—

Soovu

IIODQ - 100

C [recer upk
Agent: & u

I

Pureto edFuent

-

S ooco
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The indifference curve of the Principal is less steep than the indifference curve of the Agent at point

(wY= 400, wB= 100): see the following figure

indifference curve
w_ = 400 of the Principal
1

<®

C

W, = 100

T

indifference curve
of the Agent

S

slope of
Principal's
indifference curve

slope of Agent's
indifference curve
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indifference curve
w. = 400 of the Principal
1

\ g W2=100

-

slope of
Principal's
indifference curve

indifference curve
of the Agent

slope of Agent's
indifference curve

Let S = (w° =400, w® = 100) be the contract under consideration and let T = (w2 = 401, w® = 99.7). Then

E[U,(S)]- E[U.(T)] -

E[U,(S)] - E[U,(T)] =

Case 4: both Principal and Agent risk neutral \\C/
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