I $10 $50 $110
We don't have to reduce the probability to zero: 1 1

1 1
4 2 4
3
Take away some of the probability of $50, say 1, and spread it between a lower

amount, say $15, and a higher amount, say $90:

($1o $15 $50 $90 $110j

For this to be a mean preserving spread we need

($1o $15 $50 $90 $110j



Write L >¢, M to mean that L dominates M in the sense of second-order
stochastic dominance.

Definition. L >¢p M 1f M can be obtained from L by a finite sequence of mean -
preserving spreads, that is, if there is a sequence of money lotteries

(L,L,,...,L ) (with m = 2) such that:

DL =L,
)L, =M
(3) foreveryi=1,....m—1, L, —,,c L.,

Theorem. L >gp M ifand only if E[U(L)]> E[U(M)] for every strictly

increasing and strictly concave utility function U.
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BINARY LOTTERIES

Lotteries of the form [$px iypj with p fixed and x and y allowed to vary.

y

A

A
Yal g
B
Ys .
>»
XA XB X

We want to draw indifference curves in this diagram.
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Case 1: risk-neutral agent
utility
A

» money
Let A and B be such that E[U (A)] = E[U (B)]:
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U(m) is strictly concave:

Case 2: risk-averse agent

utility

A

—3 money

Ya

tYA + (1_ t) yB
Ye

tx, + (1—t)X;

> X

Suppose that E[U (A)] = E[U (B)]

Want to show that
E[U (C)]> E[U(A)](=E[U(B)])
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A
A
Ya
C

tyA+(1_t)yB

Ys i B

; >
XA \ XB

tx, + (1-t)x;

E[U(C)]=

The indifference curve must lie below the straight-line segment joining A and B.
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Y
(prulml')ilitv_\," 1 —p)

A
YA
tya + (1 —t)yg |---- C=tA+(1-t)B
ElU(C)] > u
.UB ..... ; E(.’ —
' x
e —~ " [
) A B ' (|)r()|mhi|i(y P)

tra+(1—t)zp
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Case 2: risk-loving agent

Y
(pruh;\hility 1 —p)

N

YA

tya + (1 —t)yp

yB

I

L

0 I A T rRB = (pr()lmhilily P)

tra+ (1 —1t)xpg
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Slope of an indifference curve

Preliminaries on the meaning of the derivative.

2

X '
f(x)=x *73 . Then F'(x)= The derivative is used to

construct a linear function to approximate the function f(x) at a point Xo:

A g(x)
f(x)

’X

X
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= 3.Then 2Jx 3 - Let X, =9,

f(9)= and F'O)=

so that 9(X) = Let’s see how well g approximates f
Takex=9.1. Then f(O.D)= 9(9.1) =

Take x = 12. Then T(12)= 9(12) =

END OF PRELIMINARIES
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Slope of indifference curve
Let A and B be two points that lie on the same indifference curve: E[U (A)]=E[U (B)],

(*)
e Since Xg isclosetox,, U(x;)=
e Since y; isclosetoy,, U(ys)=
Thus the RHS of (*) can be written as
So (*) becomes
that is, which can be written as
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Comparing the slope at a point with the ratio

Look at the case of risk aversion but the other cases are similar.

Utility Marginal utility
U(m) U'(m)

N N

Utility Marginal utility

U'(my)

L"’(IN-J )

money money
0 > >
m ma mo m

e at a point above the 45° line, where x <Y,

e at a point on the 45° line, where x =y,

e at a point below the 45° line, where x >y,
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1

Example. U(m)=In(m) = p =3 What is the slope of the indifference curve at

points A = (10,40) and B = (10,10)?

IS

The expected utility of lottery A:[lo 40} i

1 2

3 3

The slope of the indifference curve at point A is equal to

i 2
3 3

The expected utility of lottery B:[lo 10} is

The slope of the indifference curve at point B is equal to

Page 12 of 13



y (1-p)

0 | |

45 degree line

A= (10,40)
B = (10,10)

pzé

Thus _r 1
10 | l1-p 2

10 / X (p)

slope —(1/2) slope -2
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