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Slope of an indifference curve 
Preliminaries on the meaning of the derivative. 

2

( )
3
xf x x  .  Then   

1 2
32

( ) x
x

f x                             The derivative is used to 

construct a linear function to approximate the function f(x) at a point 0x : 
 0 0 0 0 0 0 0( ) ( ) ( ) ( ) ( ) ( )g x f x f x x x f x f x x f x x         
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2

( )
3
xf x x  .  Then   

1 2( )
32
xf x

x
   .   Let  0 9x  . 

299) 30
3

(9f                  and       
1 2(9) 1 18 37

3 6 3 62
(9)

9
f                      

so that   
37 37 37 5130 9
6 6

(
6

)
2

x xg x                            Let’s see how well g approximates f 

Take x = 9.1. Then    
29.(9. 19.1 30.61995

3
1)f             

37 51(9.1) 30.61667
6 2

(9.1)g    

Take x = 12. Then 
21212 51.4641

3
(12)f                  

37 51(12(1 ) 48.5
6

)
2

2g         

END OF PRELIMINARIES 
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Slope of indifference curve 
Let A and B be two points that lie on the same indifference curve: [ ( )] [ ( )]U A U B  ,  

                                                               (*) 

 Since  is close to B Ax x ,  ( ) ( ) ( )( ) A A B AB U x U x x xU x     

 Since  is close to B Ay y ,  ( ) ( ) ( )( ) A A B AB U y U y y yU y    

 

Thus the RHS of (*) can be written as   

   ( ) ( ) ( ) (1 ) ( ) ( ) ( )
( ) (1 ) ( ) ( ) ( ) (1 ) ( ) ( )

A A B A A A B A

A A A B A A B A

p U x U x x x p U y U y y y
pU x p U y pU x x x p U y y y

      

           

So (*) becomes 
( ) (1 ) ( ) ( ) (1 ) ( ) ( ) ( ) (1 ) ( ) ( )A A A A A B A A B ApU x p U y pU x p U y pU x x x p U y y y             

that is,      0 ( ) ( ) (1 ) ( ) ( )A B A A B ApU x x x p U y y y       which can be written as 

( )
1 ( )

B A A

B A A

rise

run

y y U xp
x x p U y
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Comparing the slope at a point with the ratio  1
p

p  
Look at the case of risk aversion but the other cases are similar. 

 
 at a point above the 45o line, where x < y,  

 

 at a point on the 45o line, where x = y,  
 

 at a point below the 45o line, where x > y,  

Vim Ulm
450 U mn U ma

4 450
A

A YA
U A V4

in in

4slope Ip in absolute value

v x U Y so 4,1 SERE

V Na U'M so C1

slope Ep
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Example.   ( ) ln( )U m m  ,   1
3

p  .   What is the slope of the indifference curve at 

points A = (10,40) and B = (10,10)? 

The expected utility of lottery 
1 2
3 3

10 40
A

 
  
 

 is   

The slope of the indifference curve at point A is equal to 
1 1
3 10
2 1
3 40

(10) 2
1 (40)

p U
p U


    

 .  

The expected utility of lottery 
1 2
3 3

10 10
B

 
  
 

 is   

The slope of the indifference curve at point B is equal to 1 1
3 10
2 1
3 10

(10) 1
1 (10) 2

p U
p U


    


. 

 

A is above 450 line

B is on 450 line

At point A EpU m

40 4

At point B slope of ind curve in absolute value is

Ip 1 I
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(10, 40)
(10,10)
1
3

1Thus  
1 2

A
B

p

p
p
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DEMAND SIDE OF INSURANCE 

o

wealth in good state (no loss)
probability of good state: 1p

wealth in bad
state (loss of x)
probability of 
bad state: p

W

Wx

counter-
insurance: 
you pay in 
bad state and
are paid in
good state

initial situation
no insurance

receive a gift from
insurance company

make a gift
to insurance
company

45   line: full insurance

Proper 
insurance

Over-insurance: your wealth is
greater in the bad state than
in the good state: the payment from
the insurance company exceeds the loss

1W

2W

 

  

W initial wealth

potential loss

NI TIA LU
NI

Insurance

B

E E

of

RESERVATION INDIFFERENCE CURVE
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W = 40,000,  L = 5,000,   probability of loss 
1

50
p   ,   ( ) ln( )U m m   

491
50 50

40,000 35,000
NI

 
 
 

                               49 1
50 50ln(40,000) ln(35,0( 0) 0) 10.5940U NI     

Suppose the consumer is offered  200, 0A AA h d    which would yield a profit of 

1
50200 200 5000 100A pL                       Would she purchase it?  

 

 

Suppose the consumer is offered  50, 100B BB h d   .  

 

  491
50 50ln(39,850) ln(39,950) 10.5953( )U B     

 

1
5050 ( 100) 50 4900 48 0B p L          

135,000
40,000

35,000 4 In 40,000
0.5940

200 5000 700

A 391,80 E UIA In 139,8001 10.5916

A is below the reservation
indifference curve

In 40,000 50 100 lu 40,000 50

10.5953
50 5000 100 48 B is above

res Ind curve



Page 3 of 12 
 

So we must exclude points that are below the indifference curve that goes through NI, called the 

reservation indifference curve, and exclude all those that are above the zero-profit line. The only 

observable contracts are:  

 


