moz\}e% LOTTERIES )
Measuring risk aversion
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How to identify risk aversion: U"(x) <0
Can there be more or less risk aversion?

Even the same utility function, the degree of risk aversion of an individual varies with
her level of wealth. ~50 5S¢ Wo-50 Wy 50 _ L
M -

I : [

2 "i >
U(x)=+/x . Initial wealth: 7. ELL] = Wo

What is the Wssociated with this lottery? It depends on ;.
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R, = $25
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Suppose that Suppose that VVOZLOOO | - < 950 [,650
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Thus she is less risk averse when her wealth is $1,000 than when her wealth is $50.

We compared two related lotteries given some fixed preferences (i.e. a fixed utility

function).
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Now fix a lottery L and consider different preferences (that is, different utility

functions).

Take the risk premium of the lottery as a measure of the intensity of risk aversion.

o 0 100 bt
Initial wealth: 50. Wealth lottery: L=|, | B[L]=50 ¢hewege 18 o

_ / 7ix + &

o [U(x)=x then, as we saw before, the risk premium is the solution to

V30-R= 5 whichis |[R=%25

%K_J
~B[U(L)]
£
e If her utility function is |U(x) =In(x+1) ECving = "i ul1) + 2 fulior)
= 2.307¢
{u(5o-R +1) = 2. 307¢
R L= 3 4’Dv q 5
Thus the utility function In(x+1) embodies more risk aversion then the function \/; relative to
0 100
lottery ( L1 ] But perhaps there is another lottery relative to which the function x displays
2 2

more (or the same) risk aversion than the utility function In(x +1)?
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RISk Averse Persow

Graphical representation of the risk premium:

utility - ( — >

U (prtli-pyxa) = p TP s e
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£ LU= pUL) +l-pUioe ;

QL = E[L] _ CL
4¥S
pre:/..‘\,w of ’{DU’ery L
’ money

ECLY = pxavli-p)xe

U[CLS = EZV(L)]
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A more concave utility function is associated with a larger risk premium for the same lottery:

XI Xz
N L - ( )
utility . ] P - p
utility function V

ELCLT = pxi+ (-p) Ky
U(x,) =V (x,)

expected utility — __y & - utility function U

(same for u and v) /
Ux)=V(x)

R AV

« N
R /lw, U

oo ° money
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V(E‘:LI—RLU »
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(2) Check that the risk premium is a meaningful measure, that is, that it is invariant

to an allowed transformation of the utility function.

_($x1 $x, .. $x,

]9 E[L]:p1x1+p2x2+‘”+pnxn
b P - P,

Utility function USx). BUL)]= P V(%) 4 p V(x2) ¢ -+ p, Vlx, )

R,, solution to @(EUJ _R) = E[U@

Now let V' (x) =aU(x)+b with a>0 p Vixd+ p, Vixa) oot P, vix, )
I

R, solution to V(E[Ll‘r& = E[\/(L)]

\_/—\/\/
7 \\
/U(EEL]’R>*% P (q ) +b)+ P QU(M)+5)+ “+ P, (e L(x) +l¢>
N\ I
W(x f AV 4 p A Vlka) + LA +p - 41,)
g__v_\_/
1

V(E[L]-R)=E[V(L)] ifand onlyif U(E[L]-R)=E[U(L)]. Hence Ry, =Ry
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Definition. Utility function U embodies more risk aversion that utility function V if

R, >R

vL for every non-degenerate money lottery L.

Short of trying every possible lottery, is there a way to determine if U embodies more

risk aversion than V? -

I
__ U
U (XY
4+

Arrow-Pratt measure of risk aversion: A

First, let us verify that it is a meaningful measure, that is, that it is invariant to an allowed

transformation of the utility function

Let Wfor every x > 0 with a > 0. Vi(x) = and V"(x)=
| ‘ D %) U "1y
\/f(x):aU[x) —\/[K) :—/O(—~/—/ = = .
” V1) d V' U'(x)
V"[x): c. U (%) N
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Examples.

U(x)=1x|=x* U(x)=In(x)
Ultk) = L ey = L
2% |
[/”/X)“ )cl U'(x): —;‘l
= 4‘),\;; P ;\;?—
4 toy =
T A x3 _ _,L i
Ao =- = - 2K X

z WX <

Note that both display decreasing risk aversion as x increases

Theorem. Let U(x) and V(x) be two strictly concave functions. Then the following

conditions are equivalent:

1. R, >Ry, for every non-degenerate wealth lottery L

2. A, (x)> A4,(x) for every x> 0.
r— —J
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