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the formal logic of individual beliefs (KD45). In particular, the event
that E is not commonly believed need not be itself commonly believed.
Even more strikingly, whereas individuals always know what they be-
lieve, this is not necessarily so at the "common" level: it may well be
that the agents fail to commonly know what they commonly believe.
Call an intersubjective system of knowledge and belief regular when the
logic of common belief and the relationship between common belief and
common knowledge are the same as for the individuals. In this paper
we characterize regularity in terms of properties of individual beliefs
and study its implications for intersubjective consistency conditions on
beliefs.

Integrated epistemic systems that jointly consider knowledge and
belief have been studied in philosophy (Hintikka, 1962; Lenzen, 1978),
artif icial intell igence and computer science (Halpern, 1991; van der
Hoek, 1993; van der Hoek and Meyer,  1995; Kraus and Lehmann, 1988;
Lamarre and Shoham, 1994), economics and game theory (Battigall i
and Bonanno, 1997; Dekel  and Gul,  L997; Geanakoplos,  1994).  The
philosophy and artificial intelligence literature has dealt mainly with
single-agent systems and the focus has been on the possibility of belief
collapsing into knowledge as the result of plausible-looking axioms. In
game theory a study of systems of knowledge and belief arises naturally
in the context of extensive-form games from the attempt to model a
player's beliefs after she observes an unexpected move of an opponent.
Our work ties in with both l iteratures: as in the former, there is the
possibility of a somewhat surprising collapse of belief into knowledge;
the link to the latter is established by the analysis of the assumption
of common belief in no error (of beliefs) which plays a crucial role in
the justification of backward induction for interesting classes of perfect
information games (cf. Ben-Porath 1997; Stalnaker 1996; Stuart 1997),
and in the interpretation of the Common Prior Assumption under in-
complete information (Bonanno and Nehring, 1998c).

The next section provides a road map of the paper by describing
the specific questions that are asked and the results obtained (a vi-
sual summary is given in Figure 3).BV focusing on very simple yet
qualitatively contrasting examples, it is hoped that this section serves
also the purpose of fleshing out the notions of common belief and com-
mon knowledge to readers only minimally acquainted with the growing
literature on interactive epistemology.
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Overview

The following example shows that common belief may be ,,ill-behaved,,

in the sense that it may fail to satisfy the same logic as indiviclual
beliefs.

Example L Individual 7 knows that she is an illegitimate child. lndi-
vidual 2, on the other hand, mistakenly believes that I is a |egitimate
child. He even believes this to be common belief between them. These
beliefs arc rcpresented by state a in Figure 7, where the rectangles
represent the knowledge partitions and the amows represent the be-
lief accessibility relations (common belief and knowledge are defined
formally in Section 3). Let E be the event that represents the propo-
sition "individual 1 is a legitimate child', , that is, E _ {p}. Then, at
state a, although E is not commonly believed (because individuat I
believes herself to be illegitimate), it is not common belief that E is
not commonly believed (due to individual 2,s belief that E is common
belief). Tlius the property of Negative Introspection of Common Be-
lief, denoted by lrllcB FB*E -+ B*-B*8, where B* is the common
belief operator), fails to hold at a. Furthermore, at state p, while E is
commonly believed, it is not common knowledge that it is commoily
believed (because individual 2's knowledge set at 13 contains state a
where E is not commonly believed). Thus the property of Awareness
of common Belief, denoted by AWB (B.E -+ /{* B*8, where 1{* js
the common knowledge operator), fails to hold at 13.

How can one understand the properties of common belief in terms of
properties of individual beliefs? This question is answered by the first
main result (Theorem 5.1) in terms of a condition on individual beliefs
called Caution about Common Belief (CAUCB). An agent is cautious
about common belief at a state if, for any event E,he only believes
E to be commonly believed if he in facl knows E to be commonly be-
lieved, that is, he does not open himself to the "epistemic risk,, of being
mistaken in his belief about what is commonly believed. Note that in
Example 1, individual 2 fails to be cautious in this sense at either
state. Theorem 5.1 shows that common knowledge of Negative Intro-
spection of Common Belief (1{-NICB), common knowledge of Aware-
ness of Common Belief (1{-AwcB) and common knowledge of Caution
about Common Belief fK-CAUcB) are pairwise equivaleirt.

Example 2 In the modification of Example 1 illustrated in Figure 2,
at state a individual 2 still mistakenly believes that individual I is a
Iegitimate child, but no longer believes this to be commonlv believed:
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Figure 1

at state a he consid.ers it possible (accord.ing to his beliefs) that the

true state is B where individual 7 believes herself to be illegitimate'

Here both agents ate cautious about common belief at every state; as

imptied by Theorem 5.7, both l{egative Introspection of commonBelief

and. Awareness of Common Belief are satisfied at every state. (Indeed,

the only event that is commonly believed' at any state is the universal

event so that common belief and common knowledge coincide.)

Example 2 shows that common belief may be well-behaved even in

the case where some individuals believe that others' beliefs are (or

may be) wrong. Theorem 5.2 shows that, gr_ven common knowledge

of caution about common Belief rK-cAUcB), whenever individuals

fail to have common belief in the correctness of each others' beliefs,

this failure must in fact be commonly believed' We refer to this as

Disagreement and. to its complement as Agreemenf. Disagreement is

a severe form of intersubjective inconsistency; in particular, it can be

shown to characterize situations in which agents can make infinitely

profitable bets with each other (see Bonanno and Nehring 1998a')

In Example 2, common belief is not only well-behaved, it even coin-

cides with common knowledge. when does this happen? The answer to

this question is provided in iheorem 5.3 as follows . Let Tc B (for Truth

of Ci,*mon B"ii"y) denote the property that' while some individuals

may have in.orr""t'beliefs, the group is never wrong collect'iuely in the

30 / Grecovto BoNANNo AND Kl.q.us NPnnnc

1 i s
i/legitimate

INroRsue.rECTIVE

1 i s
legitimate

13

ille

1's knowledge

and beliefs

2's knowledge
and beliefs

common

knowledge

and belief

sense that whatever is co
denote the Equiualence c
Theorem 5.3 asserts the
EQgcr and common kr
T C B .

If one adds Agreemen
collapses into knowledge I
encounters an intersubjec
from the single-agent liter
Hoek,  1993;  van der  Hoe
reading Theorem 5.4 as f l
viduais are cautious abou
correct  (whatever  is  comr
between belief and knowl
suggests that the assump
common bel ief is the least

In view of the degeneri
dit ions of Theorem 5.2 (A1
about Common Belief) de

Lo?9



ts

nate

I
I

) l
F I

q

-
\ l

) l
) < l

n

-1
\ t

l l
t l

i F l

-t

INTBRsUnJECTTvE CoNsrsrnNcy oF KxowlnocE AND Bnr,ron / 31

l i s
legitimate

^t

lFl
t (  ) l
| 

-.'F 
I

^/

Figure 2

l i s
r/legitimate

a

1 i s
Iegitimate

{3

1's knowledge
and beliefs

2's knowledge
and beliefs

common
knowledge
and belief

rcliefs) that the

be illegitimate.
t everY state; as
' Common Belief
y state. (Indeed,

is the universa-l
:oincide.)

behaved even in
' beliefs are (or

rmon knowledge

rever individuals
h others' beiiefs,

refer to this as

Disagreement is

ticular, it can be

n make infinitelY

hr ing 1998a.)
lved, it even coin-

n? The answer to

=t,TcB (for Truth

some indiv iduals
collectiuelg in the

sense that whatever is commonly believed is in fact true. Let EQUCB
denote the Equiualence of Common Belief and Common Kno'*^ledge.
Theorem 5.3 asserts the equivalence between common knowledge of
trQu"t and common knowledge of the conjunction of CAUCB and
T C B .

If one adds Agreement to the assumptions of Theorem 5.3, belief
collapses into knowledge for every individual (Theorem 5.4). One thus
encounters an intersubjective version of the "collapse problem" known
from the single-agent l i terature (Hintikka, Ig62; Lenzen, 1978; van der
Hoek, 1993; van der Hoek and Meyer,  1995).  Here,  i t  is  resolved by
reading Theorem 5.4 as follows: if i t is common knowledge that indi-
viduals are cautious about common belief, and if the group is always
correct (whatever is commonly believed is in fact true), then any gap
between belief and knowledge results in disagreement. (This reading
suggests that the assumption of common knowledge of the truth of
common belief is the least plausible.)

In view of the degeneracy uncovered by Theorem 5.4, the two con-
ditions of Theorem 5.2 (Agreement and common knowledge of Caution
about Common Belief) define the strongest plausible integrated inter-
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subjective logic of knowledge and belief.
Figure 3 contains a summary of the results proved in this paper.l
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The following section defines the formal systems of knowledge and
belief in the event-based framework which is common in game theory
and economics. Section 4 clarif ies the relationship between the event-
based and the axiomatic (syntactic) approach. section b contains the
results, while section 6 concludes by providing an assessment of the
three fundamental conditions on individual beliefs as conditions of in-
tersubj ective rationality.

3 fnteractive systems of knowledg" and
bel ief

Let Q be a (possibly infinite) non-empty set of states. The subsets of
Q are called euents. Let l/ be a set of individuals. For each individual

e a r r o w s i n F i g u r e 3 p o i n t o n l y i n o n e d i r e c t i o n .
However, all the results proved are full characterizations.
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