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INrnooucr toN

The possibi l i ty that agents may react discontinuously to continuous changes in their

environment does not seem to have been suff iciently investigated in the l i terature.

Intuit ion suggests that continuously changing causes should produce continuous effects.

As a consequence, i f  a sudden jump occurs in some observed variable, one tends to assume

that a discontinuous change must have taken place in one of the factors determining the

level of that variable. With the advent of catastrophe theory (Thom, 1972;Zeeman,1977)

the occurrence of discontinuit ies in smoothly evolving systems has come to be recognized

as a not  un l ike ly  and non-patho log ica l  phenomenon.  As Dodgson (1982,  p .414)  observes,
"economics has been regarded as a l ikely area for the application of catastrophe theory but,

despite interest among economists, few applications have emerged, and these have tended

to be speculat ive in nature". '  The general view among economists is probably that the types

of discontinuit ies envisaged by catastrophe theory arise only in rather complex and

ar t i f ic ia l  models ,  that  is ,  that  they are economica l ly  un in terest ing.  One of  the purposes of

this paper is to show that "catastrophes" can arise "natural ly" in very simple and standard

mode l s .
We cons ider  the case of  a  monopol is t  who se l ls  to  a  large number  o f  consumers who

differ in their reservation price for the commodity. We provide a simple and useful charac-

terization of prof i t  maximization based on the hazard rate function associated with the

d is t r ibut ion o f  reservat ion pr ices.  Th is  enables us to  g ive a  s imple geometr ica l  i l lus t ra t ion

of  the nature o f  the d iscont inu i t ies  ment ioned above.

The poss ib i l i ty  o f  d iscont inu i t ies  ar is ing f rom p lur imodal i ty  o f  the prof i t  funct ion in  the

case of  monopoly  has been shown before in  the l i te ra ture (Wal ters ,  1980;  Formby et  a l . ,
1982; Dodgson, 1982). 'These authors, however, have restr icted their attention to the case

of "convex-kink demand curve" and have not gone beyond the analysis of the effects of

changes in costs with a f ixed demand curve. Furthermore, no direct appl icat ion of the
c lass i f ica t ion theorem of  catast rophe theory  has been g iven. r  F ina l ly ,  the poss ib i l i ty  o f
"perverse"  ad justments  has not  been invest igated.

'A l ist of approximately forty references on applicati t-rns of catastrophe theory to economics can be
obta ined f rom the author .  For  a  length ier  d iscuss ion of  catast rophe theory  than the one g iven in  th is
paper ,  see Bonanno and Zeeman (1986) .
:The poss ib i l i ty  o f  non-patho log ica l  d iscont inuous responses to  changes in  o ther  p layers '  s t ra teg ies in

ol igopoly was pointed out by Roberts and Sonnenschein (1977).
rDodgson 's  paper  (1982)  is  somewhat  an except ion.  The author ,  however ,  res t r ic ts  h is  a t tent ion to  the

cusp catast rophe (see F igure 5(c)  )  and does not  ment ion the other  poss ib i l i t ies  i l lus t ra ted in  F igure 5 .
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The paper is organized as fol lows. In the fol lowing Section we describe the model and in

Section II I  we apply the classif icat ion theorem of catastrophe theory. Final ly, in Section IV

we give an example of "perverse" adiustments to changes in demand. Section V contains

some f inal remarks and a conclusion.

I I .  THe Moprr -

We consider the case of a monopolist who produces an indivisible good (e.g. washing

machines) and sel ls to a large number N of consumers. Each consumer buys at most one

unit of the good and consumers differ in their reservation price for the product (the

maximum price they are wil l ing to pay for one unit of i t) .  By a convenient choice of

(monetary) units we can assume that the maximum reservation price is 1. Let

l : [ 0 ,  1 ]  - R

be the density function of reservation prices and

F:  [0 ,  1 ]  -  [0 ,  1 ]

be the corresponding cumulative distribution function.a Thus, for each p e [0, 1],

F(p) : proportion of consumers with reservation price < p

Therefore , I  -  F(p) is the proport ion of consumers whose reservation price exceeds p and

who, therefore, are wil l ing to buy the product at price p. Hence the demand function facing

the monopolist is given by

D ( p ) : N [ 1  - F ( p ) ]

(Note that, since F is non-decreasing, D is non-increasing).

Let the cost function of the monopolist be given by

C ( q ) : K + c q  ( 5 )

w h e r e K > 0 i s f i x e d c o s t , c > 0 i s m a r g i n a l c o s t a n d q d e n o t e s o u t p u t . T h e m o n o p o l i s t ' s
profit function is therefore given by

n ( p ) :  N  ( p  -  c )  [ 1  -  F ( p ) ]  -  K

The f irst-order condit ion for prof i t  maximization can be writ ten as

p - c : * r r ,

rA possib le interpretat ion of  the model  of  th is Sect ion is  g iven in the Appendix

( 1 )

(2)

(3)

(4)

(6)

( 7 )
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( 8 )

is  the hazardrate funct ion (see,  for  exarnp le ,  Ross,  1984,  p .  168)  and g ivesthe consumers

with reservation price between p and (p + dp) as a proport ion of the consumers who are

wi l l ing to  buy at  pr ice p . 'Thus i f  the monopol is t  increases h is  pr ice f rom p to  (p  + dp) .

I \Oh(p)  per  cent  o f  h is  customers wi l l  s top buy ing.5 The character izat ion o f  pro f i t  maximi -

zat ion g iven by (7)  a l lows us to  draw some in terest ing conc lus ions.

F i rs t  o f  a l l ,  the shape of  the demand funct ion D depends on the proper t ies  o f  f ,  s ince D" :
- l ' .  Thus D is str ict ly concave (str ict ly convex) i f  and only i f  I  is increasing (decreasing) and

is  l inear  when I  is  constant  (see F igure 1) .6

, ln general,  the profi t  function can have any shape. In fact, since the hazard rate function

uniquely  determines the d is t r ibut ion F (and thus the dens i ty  f ) ' , *e  can concent ra te  on the

la t ter  and generate  any number  o f  so lu t ions to  the f i rs t -order  condi t ion (7)  by choos ing the

hazard ra te  funct ion appropr ia te ly .  An example is  g iven in  F igure 2 .

tHence the f i rs t -order  condi t ion (7)  has a very  in tu i t ive  in terpreta t ion.  Let  pg be the in i t ia l  pr ice and
DO :  D(pO) :  N[1 -  F(pO)]  the cor responding demand.  Let  the pr ice be increased by Ap.  Let  a  be the
propor t ion o f  consumers who s top buy ing because of  the pr ice increase.  Then

o :D(Pd -  D(Po + LP) -  F(Po + aP) -  F(Po)
D(pd I  -  r (po)

There fo re  the  change  in  p ro f i t s  i s  g i ven  by

An  :  ( l  -  a )  Ap  DO -  a  DO (pO -  c ) .

A t  a  p ro f i t  max imum,  L ,n  :0 .  i . e .

L p + p O - c : 6 p / a

N o w ,

, , *  F(pO + Ap)  - r (po) I
AP*o Ap

P O - c : r / h ( P g ) .

"Thus  I )  changes  shape  a t  the  modes  o f  l .

' S e c ,  f o r  e x a m p l e .  R o s s  ( 1 9 8 4 .  p .  1 6 9 ) .

l i m Q :
Ap-o Lp 1 -F (po )

: -t' q-A-: h(po)
1 - F(po)

Thus a necessary  condi t ion for  pg to  maximise prof i ts  is
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FIGURE 1

The density function is the beta distribution with parameters
a:2 and p : 3. The corresponding c.d.f. is given by

F(p) :3p+ - 8pr + 6pz.

D E C E M B E R

f(p) :72 p (r -  i l2

D(p) :  N  (1  -  p )J  (3p  +  1)
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FIGURE 2

The hazard rate.function is given by

h(p) : r/ (- e6ps + 513.8p4 . eep.6p3 7 tyz !p2 -.37r.5p
+ S'g.Z). The corresponding density and c.d.f. functions are

given by

,  iP  ,  ,  t 'P  .
f(p): h(p) expl-\ '  ngau l  and F(p) :  1 - expl- 

\-  
h(u)du I respectivelv'

' o  " o

I

I
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It  can be showns that  i f  p  sat is f ics  the f i rs t -order  condi t ion (7) ,  then

d r
dp h(p) = 0 i m p l i e s z " ( p )  < 0

Thus the po in ts  a t  which the l ine o f  equat ionz:p  -  c  in tersects  the graph of  the funct ion 1 /

f t (p) ,  where the la t ter  is  decreas ing,  are loca l  maxima of  n ' .0

Secondly, the characterization given by (7) makes comparative stat ics results

geometrical ly simple to analyze. Consider f irst changes in costs with a f ixed demand

function ( i .e. a f ixed hazard rate function lr).  As Figure 3 shows, an increase in marginal

cost (represented by a paral lel downward shif t  of the l ine of equation z:P - c) may give r ise

to a discontinuous increase in price. Thus even i f  the demand and cost functions are

smooth, the profi t-maximizing price - and the corresponding output - may be discon-

t inous functions of the cost parameters. We shall  show in the fol lowing Section that such

discont inu i t ies  may be unavoidable .

Consider now a change in demand uti th a f ixed cost function. Again, as shown in Figure
4, a smoothly evolving demand may give r ise to large and discontinuous adjustments in the
monopol is t 's  pr ice and output .  In  Sect ion IV we shal l  g ive an example where the
adjustment  is  somewhat  surpr is ing"

So far we have shown that a monopolist may react to small  and continuous changes in

the env i ronment  (demand and/or  cost  condi t ions)  wi th  large and d iscont inuous

ad justments in price and output. In the next Section we apply catastrophe theory to classify

the poss ib le  types of  d iscont inu i t ies .

(e)

Let

p O - c : I / h ( p d  ( i )

Now, / ' ( p0 ) :  w l -21 (p0 )  -  ( p0  -  c ) f '@d f  .  Thus  r " (po )
and mul t ip ly ing each s ide by h  (pg) / [1 ' -  F  (p9) ]  and

I I I .  TnE  C less r r r cAT IoN  THeoneu  op  Ca res rRopHE Tu ronY

n ' .  P  x  T1  x  T2 -  P

(p ,  t l , t 2 )  -  n (p ,  t 1 ,  t 2 )

( 1 0 )

be the monopol is t 's  prof i t  funct ion,  where P,TIandT2 are subsets  o f  the rea l  l ine.  The

decision variable is the price p, while /1 and t2 are parameters which define the

environment. In order to highl ight the dif ference between decision variable and

'Let  pg be such that  zr '  (Pd :0 ,  i .e .

>  0  i f  and on ly  i f  - t '@o)  > / (pO)  + (p0 -  c ) f ' lpo l
us ing ( i )  th is  is  equiva lent  to

- lh (po) f  >  n '@o)

w h i c h  c a n n o t b c t r u e u n l e s s  h ' ( p O ) < O . f t r u ,  f t ' @ 0 ) : 0 a n d  h " ( p O ) > 0 i m p l i e s  n " ( p O ) < 0 .  N o t e t h a t t h e
converse  o f  (9 )  i s  no t  t rue .

" T h e p o i n t s a t w h i c h t h e l i n e o f  
e q u a t i o n  z : p -  c i s t a n g e n t t o t h e g r a p h o f  t h e f u n c t i o n  l / h ( p ) a r e

po in ts  o f  i n f l ec t i on  o f  the  p ro f i t  f unc t ion .
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FIGURE 3
Ihe hazard rate function is the same as in Figure 2. The
abscissas of the large dots are the global maxima of the

profi t  functions nr(p): (p - c)D(p) - K.

environment, we shal l  wri te f t t l ,  tz(p). We shal l  mainly think of /1 as a demand parameter

and t2as a cosl parameter. The demand and cost functions wil l  in general be identi f ied by

more than one parameter each. Let demand be identi f ied by ft  parameters and cost by z

parameters. Then changes in demand and cost over t ime can be expressed by two functions

g1:  [0 ,  1 ]  r  R f t

/ 1  -  9 1  ( 1 1 )

g 2 : 1 0 ,  l l  -  R m

t2  -  g2$2)

and we can consider l1 as "the demand parameter" and

to analyze how the monopolist responds to changes

/2 as "the cost parameter". We want

in  cost  and/or  demand.
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( 1 5 )

FIGURE 4
A smoothly evolving family of (the reciprocal of) hazard rate
functions giving rise to a discontinuous adjustment in price.
The abscissas of the large dots are the global maxima of the

profit function ny(p) :1p - c)Dy@) - K.

Let

M(t l ,  t2)  :  argmax f t ty ,  t2(P)
p

:  lpP /  ot l ,  t2@) > nt . r ,  t r (p ' ) ,  for  a l l  p 'eP|

be the set  o f  pro f i t -maximiz ing pr ices when the env i ronment  is  g iven by ( / t  , t2) . lngenera l ,
f t t l ,  tzwi l l  have a un ique g lobal  maximum at  a  un ique po in t  pe P and so M(/1 ,  /2)  w i l l  be a

s ing le ton.  However ,  in  spec ia lcases nt l , tzmay have two g lobal  maxima at  the same leve l

a t  two d i f ferent  po in ts  p I ,  p2 and in  th is  case M(t l , tZ)  :  lp l ,  P2 l "  Moreover ,  such spec ia l

cases may be unavoidable, because perturbations one way may raise one of the two maxima

to be the un ique g lobal  maximum, whi le  per turbat ions the other  way may ra ise the other
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maximum, caus ing a d iscont inous jump as shown in  F igure 5  (b .  c ) .  S ince T1 x  T2 is  two-

d imensional ,  a  fur ther  complex i ty  can ar ise wi th  three g lobal  maxima at  the same leve l ,  as

shown in  F igure 5  (d) ,  but  th is  is  the wors t  poss ib le  case,  as ind icated by the theorem below.

Let  M' i  (a  subset  o f  P x  T1 x  T)  be the graph of  the cor respondence M(t1 ,  t2) :

M > t '  -  { t p ,  r t , Q )  e P  x  T y  x  T 2  /  p  e M ( t f  t i l l ( 1 4 )

Fina l ly ,  le t  W be the se i  o f  pro f i t  funct ions (10)  which are smooth. r0  We endow W wi th

the Whi tney C-- topology (see Zeem an.  I977) .  We can now sta te  the re levant  c lass i f ica t ion

theorem of  e lementary  catast rophe theory  due to  Rene Thom.

THEOREM (Thom, I972;Zeeman,1977) .There ex is ts  an open dense subsetV of  W such

tha t  i f  n  eV ,  t hen  t he resu l t i ng .equ i l i b r i um se t  M" ' de f i nedby  (14 )  l s  a two -d imens iona l

surface, which is local ly equiualenttt  at each point to one of the graphs shown in Figure 5.

Furthermore, the discontinuit ies of M': '  are structural ly stable, that is, they cannot be

el iminated by small  perturbations of n.

Notice that in fact M't '  is a surface-with-boundary, and that the boundaries occur

whenever  the the prof i t -maximiz ing pr ice var ies  d iscont inous ly  wi th  the env i ronment .  In

F igure 5  the d iscont inu i t ies  are ind icated by ver t ica l  l ines (which are not  actua l ly  par t  o f

M " ' ) .

Not ice a lso that  s ince V is  dense in  W,  a  funct ion in  Wwhich does not  be long to  Vcan be

approx imated arb i t rar i ly  c lose ly  by a  funct ion in  V and,  fur thermore,  s ince V is  open,  i f

z e V then every srnal l  perturbation of n'  also belongs to V. Thus "almost al l"  prof i t  functions

belong to  V.

Case (a)  o f  F igure 5  is  the in tu i t ive  s i tuat ion that  one would expect  to  observe:  the prof i t -

maximiz ing pr ice var ies  cont inuous ly  wi th  var ia t ions in  demand and costs .

Case (b)  o f  F igure 5  is  the counter in tu i t ive  s i tuat ion o f  "unavoidable"  d iscont inuous

response:  despi te  the fact  that  demand and cost  condi t ions vary  over  a  cont inuous range,

we observe,  essent ia l ly ,  on ly  two ext reme po l ic ies  (h igh pr ice- low output ,  low pr ice-h igh

output ) ,  ra ther  than a cont inuum of  po l ic ies .  The two ext reme po l ic ies  are separated by a

l ine (a  curve)  in  the ( t t ,  tZ)  space which is  ca l led the Maxwel l  l ine.  Th is  is  the set  o f

env i ronments  a t  which the prof i t  funct ion has two g lobal  maxima at  the same leve l .  As we

move away f rom th is  l ine,  on ly  one of  the two maxima remains a  g lobal  maximum, whi le  the

other  becomes a loca l ,  but  not  g lobal ,  maximum (which of  the two remains the g lobal

maximum depends on the d i rect ion o f  movement  away f rom the Maxwel l  l ine) .  Therefore,

demand and cost  condi t ions represented by two po in ts  on e i ther  s ide o f  the Maxwel l  l ine

may be so c lose as to  be a lmost  ind is t ingu ishable ,  yet  they g ive r ise to  very  d i f ferent

equi l ib r ium pr ices,  p  1  and p2.

' "The smoothness assumpt ion is  not  a  s t rong one,  s ince every  cont inuous funct ion can be
approx imated arb i t rar i ly  c lc lse ly  by a  smooth funct ion.  In  o ther  words,  smooth funct ions are dense in
the  space  o f  con t i nuous  f unc t i ons :  see  H i r sh  (1976 ,  t heo rem 2 .4 ,  p .47 ) .
" "Local  equ iva lence"  means that  for  each p e  P there is  an embedding T1 x  T2 c  R2 under ly ing a
pro ject ion T1 x  T2 x  P*  R2 t  R that  throws a ne ighbourhood of  p in  M" '  d i f feomorphica l ly  onto one
of  the graphs shown in  F igure 5  (see Bonanno and Zeeman,  1986) .  Thus the way that  M' r '  s i ts  over
T1 *  T2, re t lcc t ing the d iscont inu i t ies  o f  the opt imal  pr ic ing po l icy ,  is  por t rayed qual i ta t ive ly
accurate ly  by the way the graphs l ie  over  the hor izonta l  p lanes in  F igure 5 .
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Case (c)  o f  F igure 5  represents  the " threshold  o f  po lar izat ion" :  here the Maxwel l  l ine

ends in  a  po in t  which marks the onset  o f  po lar ized pr ic ing po l icy  in  a  gradual ly  changing

environment. The graph arises from the cusp catastrophe (see Thom , I972 and Zeeman,

lg77) .  Before the threshold  the monopol is t  reacts  to  changes in  demand/cost  condi t ions

wi th  a  cont inuous spect rum of  pr ices,  but  a f ter  the threshold  the monopol is t 's  pr ic ing

pol icy  is  sp l i t  in to  two,  p1 and pg.  The midd le  cho ice p2 is  no longer  observed.

Case (d)  o f  F igure 5  is 'character ized by a  Maxwel l  l ine which is  Y-shaped and at  the

ver tex o f  the Y the three reg ions represent ing essent ia l ly  three d i f ferent  pr ic ing po l ic ies

meet .

In  the next  Sect ion we g ive a  s imple example o f  the d iscont inu i t ies  shown in  F igure 5 ,

which furthermore has some surprising features.

IV. AN Exeltple

Since the way in which changes in costs can produce discontinuous adjustments in price

and output  has been shown geometr ica l ly  in  Sect ion I I  and has been the ob ject  o f  invest ig-

a t ion before in  the l i te ra ture (Wal ters ,  1980;  Formby et  a1. ,1982:  Dodgson,  1982) ,  we shal l

g ive an example where the d iscont inu i t ies  are assoc ia ted wi th  changes in  demand.  In  order

to  s impl i fy  the expos i t ion.  we shal l  assume that  the costs  o f  product ion are zero or ,  equ iva-

lent ly ,  that  the monopol is t  maximizes revenue;  however ,  our  resu l ts  are ent i re ly

independent  o f  th is  assumpt ion.  Let  Dt@) be the demand funct ion a t  t ime / .  The example

we cons ider  is  one where demand decreases cont inuous ly  over  t ime,  that  is

t "  > t '  impl ies Dt@) < Dt,@) for al l  p,  and Dy'  *  py ( 1 s )

In  par t icu lar ,  we shal l  cons ider  the s i tuat ion where (15)  is  determined by a  genera l  impove-

rishment of consumers, which, however, is not uniform in the sense that the r ich classes

shrink proport ionately more than the poor classes (this could be the effect of a tax, for

example) .  An example is  g iven in  the tab le  in  F igure 6 ,  where a propor t ion o f  consumers in

each income bracket  moves to  the immediate ly  preceding bracket ,  but  a t  a  decreas ing ra te :

50 per  cent  o f  the r ichest  c lass,  37.5 per  cent  o f the second r ichest ,  and25 per  cent  and 12.5

per  cent  o f  the remain ing two,  respect ive ly .

I f  th is  is  the case,  we would expect  the monopol is t  to  react  by cont inous ly  reduc ing h is

pr ice over  t ime.  Ins tead we show that :

( i )  the reduct ion in  pr ice may be d iscont inous,

( i i )  somewhat  more surpr is ing ly  the monopol is t  may not  react  a t  a l l  to  changes in

demand (constant  pr ice over  t ime) ,

( i i i )  even more surprisingly, the monopolist may react with a sudden increase in price

fo l lowed by a  po l icy  o f  constant  (h igh)  pr ice.

Since we shal l  translate the changes in the distr ibution of income i l lustrated in Figure 6

in to  changes in  the d is t r ibut ion o f  reservat ion pr ices,  we have in  mind a model  o f  the type

descr ibed in  the Appendix .
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FIGURE 6
Between time 0 and time 1, 500/o of the consumers in the
bracket 80-100 have moved down to the bracket 60-80,

37.5010 of those in the bracket 60-80 have moved down to
the preceding bracket,250lo of those in the 40-60 bracket
have moved to the 20-40 bracket and 12.50/o of those in

the 20-40 interval have moved down.

Consider the fol lowing two-parameter family of density functionsr2

f a , b @ ) : a i f 0 < p < l

b i f l < p < I

' 'The corresponding mean and var iance are given by

( 1 6 )

,: T
,: T

.  b + ( I - b ) t
Pf a, A@)dP : -a-

@ -  u)2  la ,  u  @)  do  :b  *  ( t - -  b ) t2  -  u '
3
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where
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( 1 8 )

( 1 7  )

Figure 7 i l lustrates the function fo. 6 f.or 0 < b < 1' < a.

f  a ,  b@)

FIGURE 7
The density function f a, b(il. Given a and b,l rs

determined and equal to (1 - b)/(a - b), so that the two
shaded areas are equal.

Let Fs,6 be the corresponding family of cumulative distr ibution functions and let Da,6

be the cor responding fami ly  o f  demand funct ions (g iven by (4) ) .  Then

,  r - b
L : -

a - b

D a ,  b ( p ) :  N ( 1  -  a p )  i f  0

N(b -  bp)  i f  I

< p < l

< p  < l
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Suppose the init ial distribution (at t ime zero) is uniform, that

a 0 : b 0 : l

I t  is  easy to chdck that (15) is sat isf ied i f

at, '  > ay, s.nd b{ < by and not both equal

DECEMBER

is,  a t  t ime zero

( 1 e )

(20)

(2r)

In  F igure 8 ,  s tar t ing f rom ag -  b0:1 ,  a  movement  over  t ime wi th in  the shaded area in  the

South, East or South-East direct ion implies that demand is decreasing over t ime due to a

general impoverishment of consumers, as explained above.r3

I

FIGURE 8
The arrows denote the directions along which demand

decreases over time due to a general (non-uniform)
impoverishment of consumers.

The monopol is t 's  prof i t  (and revenue)  funct ion is  g iven by

f t a .  b (P ) :  P  Da .  b (P )

where Da, b is given by (18). Figure 9 shows the possible shapes of the function fta, b.

I t  can be seen f rom Figure 9  that  the set  o f  opt imal  pr ices cor responding to  the po in t  (a ,  b)  is
given by

' r l t  is  easy to  check that  a long such a path mean income 4 and the var iance a (see footnote 12)  decrease
ovcr  t ime.
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(22)

(23)

M ( a ,  b ) :  l l t Z l

I t t2 ,  t / (2a ) l

Irr  (za)l

if. b > a-I

if. b : a-l

if. b < a-I

Thus the Maxwel l  l ine is . the curve of  equat ion

b : a - T

N/(4a)

Nb/4

1 )(a

As explained in Section I I  I ,  the Maxwell  l ine is the set of environments (a, b) atwhich the
profi t  function na, b(p) has two global maxima at the same level (cf.  Figure 9(b) ).Thus, as
the Maxwell  l ine is crossed, the profi t-maximizing price jumps discontinuously (cf.  Figure
9(a, c) ).  The Maxwell  l ine has a vertex at (1, 1) (outside the shaded area, the set M(a, b) is a
singleton and therefore the monopolist 's reaction is continuous). Figure 10 reproduces

na, b(P) na, b(P)

N/ (4a ) :
: Nb/4

0  I  I - b [
2a  a : -bz

(a) Case -l- > !
4 a 4

1  1 - b ! .
2 a  a - b 2

(b) Case I
4a

_ b
4

na, b(P)

Nb/4
N/(4a)

0 1  1 - b l
E 742

(c) Case J-
4a

FIGURE

< b
4

9
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Figure 8 with the addit ion of the Maxwell  l ine. Furthermore, we have denoted the profi t
maximiz ing pr ice by p" ' ( thus p" '  (a ,  b) :  M(a,  b)  when the la t ter  is  a  s ing le ton, i .e .  a t  po in ts
not  on the Maxwel l  l ine) .  Cons ider  the three paths in  F igure 10,  a l l  sat is fy ing condi t ion (15)
(demand cont inuous ly  decreas ing over  t ime due to  a  reduct ion in  consumers '  income
which affectb the r ich proport ionately more than the poor).

A long path (1)  in  F igure 10 the monopol is t  reacts  d iscont inuous ly  to  the decrease in
demand: at f i rst he does not change his price (p" '  :  l /2) and then he suddenly adjusts his
price downward discontinuously (when the Maxwell  l ine is crossed) and from then on
fol lows with a continuous reduction in price over t ime.

Path (2) in Figure 10 has the surprising feature that, although demand is constantly
decreasing over t ime, the monopolist does not react at al l :  his price remains constant over
t ime and equal  to  I /2 .

Path (3) in Figure 10 shows an even more surprising feature: at f i rst the monopolist reacts
to continuous reductions in demand by continuously reducing his price and then,
suddenly, he increases his price discontinuously and maintains a high price from then on.
This behaviour is even more surprising considering the fact that the r icher classes are
shrinking at a higher rate than the less r ich ones. The reason for this surprising reaction is
that the reduction in demand due to the general (non-uniform) impoverishment of
consumers creates a confl ict of pol icy for the monopolist:  the monopolist can either reduce
his price in order to maintain as many of his original customers as possible or he can try to

FIGURE 10
The arrows denote the evolution of demand over time

along three alternative paths (1)-(3)

P" '  :  l / (2a)
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maintain a high profi t  margin, thereby forcing most of his original customers to drop out.

The f irst pol icy requires continuous reductions in price and a point comes where the price

has to be set so low that the alternative pol icy of sel l ing an exclusive good to the smaller and

smal ler  r ich c lass now becomes more prof i tab le .  Hence the d iscont inuous upward jump in

price. Note that intermediate pol icies are not prof i table: the monopolist 's pricing pol icy is

po lar ized between a low pr ice-h igh output  one and a h igh pr ice- low output  one.

V.  ReHrnnt (s  AND CoNct-us loNs

In the example given above the demand function Da, b is a continuous but not smooth

function of p. This implies that also the profi t  function fta, brs continuous but not smooth.

We chose th is  example because of  i ts  s impl ic i ty .  However ,  the k ink in  the demand funct ion

occurs at a local minimum of the profi t  function (see Figure 9) and the minima of the profi t

function are irrelevant from our point of view. Therefore we can choose a smooth approxi-

mat ion o f  (18)  (c f .  footnote 10)  and obta in  the same resu l ts .  We can then invoke

catastrophe theory to assert that al l  suff iciently close smooth approximations of (18) would

yield the same quali tat ive results.

In  the example o f  the preceding Sect ion we on ly  had changes in  demand over  t ime.  I f  we

now a l low a lso costs  to  vary  (when the cost  funct ion is  g iven by (5)  ) ,  then by the c lass i f i -

cat ion theorem of  catast rophe theory  we know that  the set  o f  opt imal  pr ic ing po l ic ies  must

look ( loca l ly )  l i ke  F igure 5  (b  or  c) .  I t  is  wor th  not ing,  however ,  that  the c lass i f ica t ion

theorem as stated in Section II I  refers only to two generic parameters, not necessari ly a cost

and a demand parameter .  Thus we can apply  i t  d i rec t ly  to  (a  smooth approx imat ion of )  the

model of section IV where the parameters are a and b. We can then conclude that the global

shape of. M't '  is equivalent to that of Figure 5(c).

The c lass i f ica t ion theorem sta ted in  Sect ion I I I  a lso te l ls  us that  a  more compl icated

behav iour  may ar ise,  namely  that  i l lus t ra ted in  F igure 5(d) .  Such behav iour  cou ld  ar ise '  for

example,  w i th  a  fami ly  o f  three-s tep dens i ty  funct ions,  ra ther  than the more s imple two-

s tep funct ions cons idered in  Sect ion IV.  In  such a s i tuat ion,  the monopol is t  would

essent ia l ly  be fac ing three c lasses of  consumers:  the poor ,  the moderate ly  wel l -o f f  and the

r ich.  As consumers dr i f t  f rom one c lass to  the next ,  the monopol is t  might  f ind i t  opt imal to

change h is  pr ice d iscont inuous ly ,  so as to  se l l  most ly  to  one of  the three c lasses. 'o

Wi thout  the c lass i f ica t ion theorem of  catast rophe theory  -  in  par t icu lar  that  par t  which

te l ls  us that  the d iscont inu i t ies  ar ise gener ica l ly  and are s t ructura l ly  s tab le  -  the example o f

sect ion IV would be less in terest ing.  Catast rophe theory ,  however ,  jus t i f ies  the c la im that

s i tuat ions o f  th is  sor t  are  not  un l ike ly  and,  i f  they occur ,  they do so in  a  s t ructura l ly  s tab le

way,  that  is ,  they cannot  be e l iminated by changing the spuc i f ica t ion o f  the model  s l ight ly .

' ' The  case  o f  F igu re  5 (d )  i s  bes t  unders tood  as  a  sec t ion  o f  the  bu t te r f l y  ca tas t rophe .  Fo r  more  de ta i l s .

s e e  B o n a n n o  a n d  Z e e m a n  ( 1 9 8 6 ) .
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F', '(y) : I f*@)au (i i i)

I
l o

Assume tha t  each  consumer  i s  w i l l i ng  to  spend  a t  mos t  a  f rac t i on  s  e  [0 ,  1 ]  o f  he r  i ncome on  the
good  (s  does  no tva ryac ross  consumers ) .  Thus  a  consumerw i th  i ncomey  has  a  rese rva t ion  p r i ce  fo r
the good equal  to sy,  that  is ,  she wi l l  buy the good i f  and only i f  the pr ice is  less than sy.  Normal ize
income so  tha t  sE  :  1 .  Le t

l r : [ 0 ' 1 ]  * R  ( i v )

be def ined by

f ( p ) :  ( r / s ) f " , ( p / s )  ( v )

a t  t
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AppeNorx

One way of  th inking about the model  of  Sect ion I I  is  as fo l lows.  Suppose the incomes of  the monopo-

l is t 's  potent ia l  customers l ie in the range IO, E]  and let

/ " : [ 0 , 8 ]  * R  ( i )

be the density function of income with corresponding c.d.f.  given by

F" '  :  [0 .  E]  -  [0 ,  1 ]  ( i i )

where

a n d

F(P) :  F " ' (P /s )  ( v i )

Then  (v )  and  (v i )  co r respond  to  (1 )  and  (2 ) .

The fo l lowing s i tuat ion,  based on Gabszewicz and Thisse (1979),  provides a concrete example.
Consumers  have  iden t i ca l  p re fe rences  bu t  d i f f e ren t  i ncomes .  Le t  J  :11 ,2 ,  .  .  . ,  N l  be  the  se t  o f
consumers ordered according to increasing income. Thus consumerf+1 is  r icherthan consumerl .  The
income of  consumer I  is  denoted by y(D I f  consumer I  does not  buy the product ,  her ut i l i ty  is  g iven by

u(0. Y( i ) )  :  uoY1),  uo > o (v i i )

whi le  i f  she  buys  one  un i t  o f  t he  p roduc t  a t  p r i ce  p ,  he r  u t i l i t y  i s  g i ven  by

u(r,  v( i ) -p) :  ut  [vU) -  p l ,  ut  > uo (v i i i )

Then  the  rese rva t ion  p r i ce  o f  consumer l ,  deno ted  by  r ( l ) ,  i s  tha t  number  wh ich  so lves  the  fo l l ow ing

cqua t ion  w i th  respec t  to  p :

U (0,  y( i )  )  :  u(  r ,  y( i )  -  p)

T h u s .  u s i n g  ( v i i )  a n d  ( v i i i ) ,

( ix)
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r( l)  :  s .v( l)

where

0 < s : ( U t - U g ) / U t < l  ( x i )

Thcn  (a l t e r  a  no rma l i za t i on  o f  i ncome  wh i ch  ensu res  t ha t  sy (N )  :  l )  f o r  each  p  e  [ 0 ,  1 ]

F ( p )  :  " \ i e l  / . r ' ( l )  <  p / s f  ( 1 / N )  ( x i i )

( w h e r e  d , , 1  d c n o t e s t h e n u m b e r o f  e l e m e n t s  i n t h e s e t A ) .  I f  t h e n u m b e r o f  c o n s u m e r s i s v e r y l a r g e , t h e
s t c p  f u n c t i r n  I : ( p )  c a n  b c  a p p r o x i m a t e d  b y  a  c o n t i n u o u s  f u n c t i o n  ( t h e n  l :  F ' a l m o s t  e v e r y w h e r e ) .
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