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This paper suggests a way of formalizing the amount of information that can be conveyed to each player

along every possible play of an extensive game. The information given to each player i when the play of the
game reaches node ,r is expressed as a subset of the set of terminal nodes. Two definitions are put forward, one
expressing the minimum amount of information and the other the maximum amount of information that can
be conveyed without violating the constraint represented by the information sets. Our definitions provide

intuitive characterizations of such notions as perfect recall, perfect information and simultaneity.
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l .  In t roduct ion

What information is, or can be, conveyed to the players during the play of an
extensive game? A partial answer to this question is implicit in the notion of an
information set: if two decision nodes x and y belong to the same information set
of player i, then player I does not know whether she is making a choice at x or at

/. However, in the notion of an information set one cannot find an answer to
questions such as: (i) Who informs a player when it is her turn to move? (i i) Does,
or can, the play of an extensive game lollow a well-defined temporal structure? (i i i)
Is a player given (or can she be given) any information when the play of the game
reaches a decision node that belongs to another player? (iv) What is the content of
the information given to the players during every possible play of the game?

In this paper we do not deal with the problem of who gives the relevant
information to each player.l Instead we suggest one way of formalizing the

Conespondenrc kr: G. Bonanno, Department of Economics, University of California, Davis. CA 95616,
USA.

* The author is  grateful  to Mamoru Kaneko and an anonymous referee for  helpfu l  and construct ive
comments on the f i rs t  draf t  of  th is paper.  The usual  d isc la imer appl ies.

I  One possib i l i ty  is  that  there is  an outs ide agent (a referee or  umpire)  who provides di f ferent  p layers
wi th d i f ferent  amounts of  informat ion as the play of  the game unfolds.
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information that is conveyed to the players along every possible play of an extensive

game. With every node / and every player I we associate a subset of the set of

terminal nodes representing what player i knows when node t is reached. The

interpretat ion is  that  i f -when node /  is  reached-player  i  's  in format ion is  g iven

by,  say,  the set  {zr ,zz,zs,z. } ,  then p layer  i  is  in formed that  the p lay of  the game

so far  has been such that  only  terminal  nodes z l ,  Z) ,  Z5 or  zu can be reached.

If / is a decision node that belongs to information set / l of player l, we define

player i 's information at I as the set of all the terminal nodes that can be reached

from nodes in h. lt seems that, as long as a player's information at her decision

nodes is a faithful representation of her information sets, there is a lot of freedom

concerning the specification of her information at decision nodes of other players.

We put forward two different ways of dealing with this degree of freedom, i.e. we

suggest two alternative definit ions of information, denoted by N,(l) and Ki(/) '

respectively. The first represents the situation where each player is given the

minimum amount of information, while the second represents the situation where

each player is given the maximulr? amount of information compatible with the

structure of  the game.

One of the advantages of our definit ions is that they provide an intuit ive

characterization of such notions as perfect recall, perfect information and

simultaneity. This wil l be shown in Sections 3 and 4. Another advantage of our

approach is that it suggests a new way of thinking about the solutions of an

extensive game. For  example,  in  Bonanno (1991) the not ion of  a rat ional  prof i le  of

beliefs is introduced and it is shown that it gives rise to a refinement of the notion

of  subgame-perfect  equi l ibr ium.2

2. Preliminary definit ions

This section introduces the notation and defines some functions that wil l be used

throughout the paper.

Fix a finite extensive form.3 Let X be the set of decision nodes, Z the set of ter-

minal nodes and T:XU Z. (ln general, we shall denote a decision node by x or y,

a terminal node by z and a generic node-decision or terminal-by / ') Let xs be

the root of the tree and, for every node /*x6, let n, be the immediate predecessor

of  / .  For  every le  1(where 1 is  the f in i te  set  of  p layers) ,  f  is  the set  of  decis ion

2 A bel ief  of  p layer I  is  def ined as a funct ion B;  that  associates wi th every node 1 an element of  the

se r  K i ( / ) .  The  i n t e rp re ta t i on  i s  as  f o l l ows .  Suppose  K1 ( ) - l z1 ,4 , z r )  and  f i ( x ) - a3 .  Then  when  node  /

is  reached, p layer I  knows that  the play of  the game so far  has been such that  only terminal  nodes 21,

i r  or  z8 can be reachecl  and she actual ly  bel ieves that  zr  wi l l  be the f inal  outcome. A prof i le of  bel iefs

is a l is t  of  bel iefs,  one for  each player.

3 An extensive form is an extensive game without the payoff functions. The notion of extensive game

was introduced by Kuhn (1953). We shall adopt Selten's (1975) formulation of it. The details of this

definition, as well as a generalization of it, can also be found in Dubey and Kaneko (1984).
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nodes of player i, Hlis the set of information sets of player i and, for every h e H,,
Ci(ft) is the set of choices of player i at h.

For  every teT, let  eQ)gZ be the set  of  terminal  nodes that  can be reached f rom
t ( i f  t  €  Z,  then 9( / ) :  { / } ) .  For  example,  in  the extensive form of  F ig.  l ,
0 (x) : {zo, zr, zo, Zt} .

c 1

z7

c12

z2

F i g .  t .

We shal l  omi t  the proof  of  the fo l lowing lemma, s ince i t  is  an immediate conse-
quence of uniqueness of plays in extensive forms:

Lemma l. Fix on orbitrory extensive form. Then:
(a) if node t is a successor of node x, 0(t) e d(x);
(b) t"f t ond w are such thot t+w qnd neither t is a predecessor of w nor w is a

predecessor  of  t ,  then 0Q)n0@):b.

For every information set i, we denote by 0*(h) the set of terminal nodes that

z6z5z3
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can be reached f rom nodes in h:0*(h) :U.r . r ,d( ; ) .  For  example,  in  the extensive
form of  F ig.  l ,  lxo,xr l  is  an in format ion set  of  p layer  2 and d*({x6, ; r } )_
t =  -  |
I  4 2 , 4 t i  1 " 5 ,  < " 6 J .

Recal l  that  a choice c at  in format ion set  h= {x t , . . . ,xr , }  is  a set  of  edges
c ' : { ( x r ,  ! r ) , $y ! z ) , . . . , ( x , , , , ! , r ) } ,  whe re  nodey l  i s  an  immed ia te  successo r  o t ' node
rk (k  :  l ,  . . .  ,  m).  Def ine

p(c)  :  0  (  yr )  U 0 (  y)  U . . .  U 0 (  y , , , ) ,

that is, p(c) is the set of terminal nodes that can be reached from nodes in ft
by following the edges that constitute choice c. For example, in the extensive form

9{  
F ig .  l ,  p ( c ) : l z r . , z r , z r ,Z6 ,Z7 ,Ze ,Z rc } .  No te  t ha t  i f  heH1 ,  t hen  0 * (h ) :

Ur .c , tnt  / t (c) .

3. The first definit ion of players' information

The def in i t ion g iven in th is  sect ion has the fo l lowing i r r tu i t ive content .  At  the root
of the tree all players have the same information, represented by the set of all ter-
minal  nodes.  A p layer  is  g iven new informat ion only when one of  her  in format ion
sets is reached (in which case the information she receives is represented by the set
of terminal nodes reachable from that information set) or when a terminal node is
reached (in which case the information she receives is represented by the singleton
set  conta in ing that  terminal  node).  In  other  words,  p layers are g iven new informa_
t ion only when necessary:  to  advise them that  they have to move or  to advise them
that the game has ended. The definit ion also takes into account the fact that a
player's knowledge may change even if the player is not given any new information:
af ter  she has made a choice at  one of  her  in format ion sets,  she wi l l  know that  the
outcome of the game is restricted to the set of terminal nodes that can be reached
by that  choice.

Def ine the funct ion N:1x T-22 (where 2z denotes the set  of  subsets of  Z)  by
the fo l lowing condi t ions (we shal l  wr i te  N,( r )  instead of  l / ( r ,  l ) ) :

(1) For every player i e 1, set l/,(xo):Z (recall that xs is the root of the tree).
(2)  For  every terminal  node zeZ and for  every p layer  i  e  1,  set  Nr(z) : {z} .
(3)  I f  node x+4,  belongs to in format ion set  l r  o f  p layer  i ,  set  N,(x)  :0*(h) ,  that

is' Ni(r) is the set of terminal nodes that can be reached from nodes in ft.a
(4) If x*xs is a decision node that does nol belong to player i while 2., belongs

to information set I of player i and c is the choice at h that leads from z.r to ,,, set
N,(x):1t(c) (recall thar ftx denotes the immediate predecessor of x and 4(c) is the
set of terminal nodes that can be reached from /r by following the edges that con_
st i tu te choice c) .

a I t  fo l lows that  i f  - r  and y are two nodes that  belong to informat ion set  l i  of  p layer l ,  then
.Ni(.r) = N;("r,).
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(5)  F inal ly ,  i f  x*xc)  is  a decis ion node that  does ro l  belong to p layer  i  and a lso
zr . ,  does not  belong to p layer  l ,  set  l / , (x) : l / , (n , ) .5

The above condi t ions def ine a unique non-empty subset  of  Z for  every i  e l  and
te Z.n As an i l lust rat ion consider  the extensive form of  F ig.  l .

By  (1 ) :  N r ( xo )  :Nz (xo )  - -  Z  :  { 2 r , 2 ,2 ,24 ,24  25 ,2 .6 ,  21 ,26 .  Ze ,Z111 ,Z r1  } .

By  (4 ) :  N r ( x r )  :  p ( c t )  :  { zyz2 ,4 } ;  N r ( xz )  :  p ( c ) :  {Zc , zs , ze ,4 } i

N1(x3)  = p(c)  :  lzs,  ze,  zrc l .

B y  ( 3 ) :  N z ( x r ) - N z ( x z ) : l / z ( r : ) : d * ( { x 1 , x 2 , x 3 } )

( -  -  I:  \ ? . 1 ,22 ,23 ,  Z4  Z5 '  26 ,21 ,26 ,  Zg ,  Z r c ] '  .

By  (3 ) :  N r ( x+ ) :d ( r+ )  :  l z s , zo ,4 | ;  N r ( x : ) : d ( x5 )  :  l zg , zn ] ; .

By  (4 ) :  Nz (x+ ) :Nz (xs )  :  p ( c ) :  l z z , z t , z5 ,Z6 ,Z1 ,z , ) , ^g l .

B y  ( 5 ) :  N r ( r o ) - N r ( x r )  = \ z t , z t , z t | ;  b y  ( 4 ) :  N ' ( & ) : p ( c 1 ) :  { z s , z r , } .

By  (3 ) :  Nz (xo ) :Nz ( ; r r )  : 0 * ( l x6 , x1 l ) :  { zz , \ , 25 ,26 \ .

B y  ( 2 ) N r ( { , ) : l r : ( z ; ) : { z . i }  f o r  a l l  j : 1 , 2 , . . . , l l .

This  example can be used to s t ress an important  point  of  in terpretat ion of  the
def in i t ion of  p layers '  in format ion g iven above.  I f  x  is  the immediate predecessor  of

,y  and N,(x)+Ni(y) ,  then the suggested in terpretat ion is  that ,  as the p lay of  the
game moves from node x to node y, player I is given new information, except for
the case covered by (4) ,  namely the case where x is  a decis ion node of  p layer  i  and
y is  a decis ion node of  another  p layer .  In  th is  case p layer  i  's  in format ion changes,
rol because player i is given new information, but sirnply because the player knows
what  act ion he took.  The a l ternat ive in terpretat ion (a p layer 's  in format ion changes
only if he is given new information) is subject to the following crit icism. Consider
the extensive form of Fig. I and the two paths from xe to xo and from x0 to x7.
Along the first path, player 2's information changes twice (when node x' is reached
and when node x6 is  reached),  whi le  a long the second path p layer  2 's  in format ion
changes three t imes (at  node xr ,  a t  node Jq and at  node x7) .  I f  we interpret  a
player's change of information as determined by the fact that the player is necessari-

s I t  fo l lows that  i f  decis ion node y is  a successor of  node x and none of  the nodes on the path f rom
x to y belongs to p layer I ,  then Nr(x)=N,() , ) .

6 This can be proved by induction, as follows. First of all we show that if J, is an immediate successor
o f  x a n d N , ( x ) i s a n o n - e m p t y s u b s e r o f  Z , t h e n s o i s N i ( f ) .  l f  y e Z , l 4 ( y ) =  \ y l + g , b y ( 2 ) .  I f  y b e l o n g s
to informat ion set  l t  of  p layer i ,  { (y)  = e*(h)+f i ,  by (3) .  I f  x  is  a decis ion node of  p layer i  whi le y is
a decis ion node of  another p layer,  N;(y) :  p(c ' )+0,  where c is  the choice of  p layer I  that  leads f rom x
to y.  Final ly ,  in every other case Ni(y)  =ru,(x) ,  by (5) .  To complete the proof  i t  is  suf f ic ient  to note that
Ni$1)-Z and that  there is  a unique path f rom 16 to any other node.
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ly given new information, then, by looking at the tree, player 2-having been in-
formed that his second information set has been reached-can deduce that if he did
not  receive the in format ion embodied in  l /2(xa) ,  then he must  be at  nodex6,  whi le ,
i f  he d id,  then he must  at  node x7.  On the contrary,  according to our  in terpreta-
tion, player 2 wil l not be able to distinguish between nodes xo and x7, since his in-
format ion at  nodexo is  d i f ferent  to  what  i t  was before (at  nodeJ2),  not  because the
player has been told anything, but simply because he knows that he took action c^.
AJ'ter taking action c6 player 2 knows that the outcome of the game is restricted to
the sel p(c) but does not know whether the next piece of information that he will
r ece i ve  i s  {q \ ,  { zn } , l z r c }  o r  { z r , z t , zs , zo } . '

Lemma 2.  For  every node t  and every p layer  i ,0( t )gN,( l ) .

Proof .  We prove th is  by induct ion.  We f i rs t  prove that  i f  r  is  an immediate suc-
cessor  of  r  and d(x)qNi(x) ,  then d(r )e Ni( l ) .  I f  /  is  a terminal  node,  then
P( l ) - l / i ( l ) : { l } .  I f  node  I  be longs  to  i n fo rma t i on  se r  f t  o f  p l aye r  i ,  r hen
N i  ( / ) : 0 * (h ) )e ( ) .  l f  I  sa t i s f i es  cond i t i on  (4 ) ,  t hen  N i ( r ) : p ( c ) )d ( l )  (whe re  c  i s
p layer  i 's  choice that  precedes t ) .  F inal ly ,  in  every orher  case,  14( t )= l / i (x) .  By
Lemma 1,0(t) e d(x) and by our supposition 0(x)e Nii;r '). To complere the proof
we only need to recal l  that  N,(xo) :O(xd:2.  t r

Note that when the play of the game reaches node l, the set of outcomes that are
sti l l  possible is d(l). Thus Lemma 2 says that the information that player I has when
node / is reached is correct, although it may be imprecise (it may be a proper
superset  of  B( l ) ) .

The following proposition gives a partial characterization of the notion of perfect
recal l .  n

Proposition l. An extensive form with perfect recoll satisfies the following proper-
ty: if node t is a successor of node x, then, for every player i, N,(l) e Ni@). In
other words, ql every node eqch plctyer has at leqst qs much information as she hod
before thqt node was reached.

Proof . Fix an extensive form with perfect recall. By transitivity of inclusion it is suf-
f ic ient  to  prove that  i f  y  is  an immediate successor  of  x ,  then ly ' ' (y)gNi( r ) ,  for
every p layer  i .  We shal l  consider  a l l  the possib le cases.

i  A l tcrnat ivc ly one could make the def in i t ion of  Ni( l )  coarser by dropping (4)  and er tending (5)  to
evcry decis ion node that  does not  belong to p layer l .  I t  is  easy to check that  a l l  the resul ts e iven in th is
sect ion are t ruc also for  th is coarser def in i t ion.

3 An extensive form is said tohave perfecr  recot t i f  i t  sat is f ies the fo l lowing property:  for  every p layer
I  and for  every two informat ion sets I  and g of  p layer i ,  i f  one node xeg comes af ter  a choice c at  f t ,
t hen  eve ry  node  1eg  comes  a f t e r  t h i s  cho i ce .
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Case l: x belongs to information set /r of player i and y belongs to information

set g of player i. Let c be the choice at h that leads from x to y. By perfect recall,
f o r  eve ry  ueg ,0 (u )e  pG) .  S ince  N ; ( x ) :Uauc , * rp (d )  (whe re  C , ( f t )  i s  t he  se t  o f
choices at  h) ,  and l / r ( -y)= 0*(d:U, , . r  91r ; ,  i t  fo l lows that  N,(y)St(c)SN.(r ) .

Case 2: x is a decision node of player i, while y is not. Then, either
Nr(y)= 0(y) :  {y}  ( i f  y  is  a terminal  node) or  Ni (y)=p(c)  ( i f  y  is  a decis ion node),
where c is  p layer  i 's  choice that  leads f rom x to y .  Since 0(y)gp(c)e N,( r ) ,  i t
follows that l/,(y) S l/ i(x).

Case 3:  Nei ther  x  nor .y  are decis ion nodes of  p layer  l .  Then i f  y  is  a decis ion node,
r y r ( y ) :N i ( r )  by  (5 ) ,  wh i l e  i f  y  i s  a  t e rm ina l  node ,  N i ( y ) : e ( y ) : { y } .By  Lemma
l ,  0 ( y ) c0 (x ) ,  and  by  Lemma 2 ,  0 (x )  e  l / , ( x ) .

Case 4: x is not a decision node of player i, while -y is. Consider the path from
the root to x. If none of the nodes on this path belongs to player i, then l/,(x):
Ni (xo)  =Z>Ni(y) .Otherwise,  le t  /  be the last  node on th is  path that  belongs to
player I and let c be the choice at I that precedes x. Let u be the immediate successor
of  /  on th is  path.  Then,  N;(u) :  t t (c)  and N,(x)  :  14(u) .  By per fect  recal l ,
Ni (y)  Ep(c) .  t r

The extensive form shown in Fig. 2 is one with imperfecl recall and yet it satisfies
the property  of  Proposi t ion 1.  Hence the converse of  Proposi t ion I  is  not  t rue. '

F ig .2 .

' H e r e w e h a v e : N 1 ( 4 1 ) = & ( x o ) - N : ( x r  
) - N : ( x z ) = Z , N r  ( x r ) - N r ( r l ) : { ; r , z : , : q } , N 1 ( x 2 ) - N 1 ( x . ) =

I ;+, ;s, ;e l, N2 (x3 ) = N2 (-ra ) - { ;2, zr, z,r, :s }.

4 l

z6z 5z4z3z2z 1
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Define an extensive form to be simultaneous if every play crosses all the informa-
t i on  se t s . l 0

Proposition 2. An extensive form (with or without perfect recall) is simultaneous
if and only if it satisfies the following propertyi if node x belongs to player i, then
lVi(x): Z. Thal is, when a player has to move she knows as much os she did at the
root oJ,the tree (her information has not improved since the beginning oJ'the game).

Proof  .
Necessity. Fix a simultaneous extensive form. Choose an arbitrary information

set  / r .  S ince every p lay crosses h,  e*(h)  =2.  Thus,  i f  / r  belongs to p layer  i ,  for  every
x e h, N;(x) : /,.

Sufficiency. Consider an extensive form satisfying the property that, for every
player i and for every node r that belongs to player i, l / i(x)=^Z. Suppose that the
extensive form is  not  s imul taneous.  Then there ex is ts  a p layer  i ,  an in format ion set
h of player i and a terminal node z such that the play to z does not cross ft. Then
f o r  e v e r y  y e h ,  z * d ( y ) .  H e n c e ,  z 4 U , . n 0 ( y ) : d * ( / r ) .  S i n c e ,  f o r  e v e r y  y e  f t ,
ry i (y) :0*( / t ) ,  i t  lo l lows that  Ni (y)  is  a proper subset  of  Z,  a contradic t ion.  t r

A characterization of the notion of perfect information is given in the following
proposi t ion.  F i rs t  of  a l l ,  note that ,  according to the def in i t ion of  in format ion g iven
in th is  sect ion,  i t  is  not  t rue that  in  extensive forms of  per fect  in format ion at  every
node a l l  the p layers have the same informat ion. l l

Proposition 3. An extensive form with perfect recall has perfect inlormation if and
only (, qt every decision node, the player whose turn it is to move knows at leqst
as nruch as every other player, lhat is, if and only if it satisfies thefollowing proper-

ty: i.f node x belongs to player i, then Nr(x)e N1$) for oll jel.

Proof  .
Necessity. In a game of perfect information, if ft is an information set, then

h : l x l  f o r  some  noden .  Hence  0 * (h )=d (x ) .  I t  f o l l ows  tha t  i f  xbe longs  to  p laye r

I, Ni(r) :0(x). By Lemma 2, 0(x) S Ni (x) for every player 7.
SuJficienc'y. Consider a game with perfect recall that satisfies the property ol

Proposition 3 and assume there is a player i and an information set ft of player I
such  tha t  h : | x r . . . ,X , , , 1  ,  w i t h  z>2 .  Le I  w1  be  the  immed ia te  successo r  o f  r r 0  on

' "  I t  can be shown that  in a s imul taneous game ni l l r  perJect  recal lwhere every p layer has at  least  two

choices at  every informat ion sct ,  i t  must  be thc casc that  every p laycr has eract ly  one informat ion sct .
"  Consider,  lor  example,  a per lect  informat ion game wi th thrce players,  three decis ion nodes (one

Ior  each playcr)  and t ivo choices at  every decis ion node. Then at  the second decis ion node ( immcdiate
succcssor of  the root)  the playcr who has just  moved and the player wrrose turn i t  is  to ntove have more
in fo r rna t i on  t han  t hc  r ema in i ng  p l aye r .
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the path f rom x6 to xp (k :1, . . . ,  m).  Let  cp be the choice at  the root  to  which edge
(r , ,wr)  belongs ( in  fact ,  i t  must  be co:{ (xo,r r ) } ) .  By the def in i t ion of  extensive

f o r m ,  k * k ' i m p l i e s  c p * c 1 , , a n d ,  b y  ( b )  o f  L e m m a  l ,  0 ( w p ) l \ 0 ( w p ) : A .  l f  x o

belongs to player i, then Jrr comes after choice cl and x2 com€s after choice c2, with

c1#{ '2,  contradic t ing the hypothesis  of  per fect  recal l .  Thus xs belongs to some
player  j  + i .  Now, for  each k :  l ,  . . . ,  m,  N 1(w t )  = 0 (w r ) .  In  fact ,  i f  node l r , (  does not

belong to p layerT,  th is  is  t rue by def in i t ion of  Ni ,  s ince p(c1) :0(wr) .  I f ,  on the

o the r  hand ,  w*  be longs  to  i n fo rma t i on  se t /o f  p l aye rT ,  t hen  i t  mus t  be / : {w1  } ,
because if there were a D+wkthat also belongedtof, then by perfect recall u would
have to come after choice c1 and this would imply that u would be a successor of
wp-contradicting the definit ion of extensive form (no play can intersect the same
informat ion set  more than once) .  By Proposi t ion 1,  N;(xr)gN;(wr) :0(w).
However, Nr(xr) is a superset of d(x')U0(x) (both non-empty sets) and, by Lem-
ma l ,  0 ( x )e  O(wr )  and  d (w l )  A0 (w) :0 .  Hence  0 (x ) f i ? (w r ) : g . I t  f o l l ows  tha t
it cannot be N;(x1 )e Ni(xr), contradicting the hypothesis that at node x1 player I
knows at least as much as every other player. n

Note that  i f  per fect  recal l  is  not  assumed,  then Proposi t ion 3 is  fa lse:  any one-
person game with imperfect recall satisfies the property of Proposition 3.

4.  The second def in i t ion of  in format ion

Whi le the def in i t ion of  in format ion g iven in the previous sect ion represents the

nin imum amount  of  in format ion that  must  be g iven to each p layer  dur ing any p lay

of the game, the definit ion given in this section represents the maximum amount of

in format ion that  can be conveyed to the p layers. l2  I ts  in tu i t ive content  is  as

fo l lows.  As before,  ( i )  a t  the root  of  the t ree a l l  p layers have the same informat ion;
(i i) i f z is a terminal node, every player is informed that the game ended at that node;
(i i i) i f node x belongs to information set ft of player i, then player i is told that ft

has been reached. The new feature is the following: if node -rr does not belong to
player I and all the information sets of player i ( if any) that are crossed by paths

starting at Jr consist entirely of nodes that are successors of x, then player I is in-

formed that node x has been reached (the justif ication for this rule is that later on,

at  any of  her  in format ion sets,  p layer  i  wi l l  be able to deduce that  the p lay of  the
game must have gone through node x; hence player i might as well be told at the

t ime when;r  is  reached).  When the above condi t ion is  not  sat is f ied,  p layer  i  's  in for-

mation at x either does not change, or at most reflects the choice made by player

i  a t  the immediate predecessor  of  x ,  i f  that  node belonged to p layer  i .

l l  The quest ion of  whether the def in i t ion given in th is sect ion indeed represents the maximum amounr
ol  in l 'orrnat ion that  can be given to the players is  d iscussed in detai l  in  the appendix.
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First  a new piece of  notat ion.  For  every node le f  and for  every p layer  ie I , le I
H,( t )  be the subset  of  H;  ( recal l  that  H, is  the set  of  in format ion sets of  p layer  l )
d e f i n e d b y t h e f o l l o w i n g c o n d i t i o n :  h e H ; ( t )  i f  a n d o n l y i f  t h e r e i s a n o d e  y e  h t h a t
i s  a  successo r  o f  l .  De f i ne  t he  func r i on  K :  I  xT -2 /  bv  t he  l o l l ow ine .  cond i t i ons . l r

( l ' )  For  every i  e  I  set  K,(x) :7.
(2 ' )  For  every zeZ and for  every p layer  i  e  1,  set  KiQ): \z l  .
( 3 ' )  I f  heH , ,  t hen  fo r  eve ry  xe  h  se t  K ; ( x ) : 0 * (h ) .
(4 ' )  I f  xgP,  ( recal l  that  P/  is  the set  of  decis ion nodes of  p layer  l )  and e i ther

Hi(x) :0 or ,  for  every he Hig) ,0*(h)g d(x)  ( that  is ,  every node in f t  is  a successor
o f  x ) ,  t hen  se t  K ; ( x ) : 0 ( x ) .

(5 ' )  I f  x€4 and the condi t ion g iven under (4 ' )  is  not  sat is f ied ( that  is ,  there ex-
is ts  an he H1$) and a node ye f t  such that  y  is  not  a successor  of  x)  and 2. ,  ( the
immediate predecessor of r) is a decision node of player i and c is the choice of
player i that leads from 2,, to x, then set Kr(x)--p(c).

(6') Finally, in every other case set Kr(x) : Ki(x,).

Lemma 3 .  Fo r  eve ry  i e I  and  te  7 ,0 ( t )e  K iQ)  S l { ( / ) .

Proof. Since (l ')-(3') are identical to (l)-(3), (5') implies (4), and (6') implies
(5) ,  i t  fo l lows f rom (4 ' )  that  Kr( l )+N,( l )  impl ies Ki ( t ) :0( t ) .  By Lemma l ,
d(r )EN,( r ) .  t r

For example, in the extensive form of Fig. 1 we have that Kt(t):0(l) for every
node / and K2(t):tt1r171 1o, every node t*x5, while, by (4'), Kz@):
0 (xt) : lzn, zto\ .

The characterization of perfect recall and simultaneity obtained for N are true
also for K.

Proposition l'. An extensive form with perfect recall sotisfies the following proper-
ty: t"f y is o successor of x, then, for every player i, Ki(y)e Ki@).

Proof. In order to adapt the proof of Proposition I to the function K we only need
to show that if x is not a decision node of player i and y is an immediate successor
of  x  that  belongs to in format ion set  / r  o f  p layer  i ,  then Ki (y)gK,(x) .  Three cases
are possib le:  ( i )  , ( r (x) :0(x) ;  ( i i )  z ,  belongs to in format ion set  g of  p layer  i ,  c  is  the
choice to which edge (2, ,x)  belongs and K,(x) :p(c) ;  ( i i i )  z ,  does not  belong to
p laye r  i  and  K1 (x ) :K i@, ) .Case  ( i )  r equ i res  0 * (h )ed (x ) .  S ince  K i ( y ) : 0 * (h ) ,  i I
follows that K1(y) E &(x). In case (i i), since / comes after choice c, by perfect
recal l  every node in f t  comes af ter  choice c.  Hence Ki(y)gp(c) :Ki$) .  F inal ly ,
consider  case ( i i i ) ,  where z,  does not  belong to p layer  i  and K;(x)  :  K i (n, ) .Then we

r r  With an argument s imi lar  to the one used in footnote 6,  i t  can be shown that  ( l ' ) - (6 ' )  def ' ine a
unique non-empty subset  of  Z for  every i  e/  and /€ f .
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can apply to ltr the same reasoning as above: if either (i) or (i i) above applies to r'
then the proof  is  complete.  I f  case ( i i i )  appl ies to 2, ,  then consider  the immediate
predecessor of z, and proceed the same way. Eventually either case (i) or case (i i)
appl ies,  because Ki@i:Q(xd.  t r

As before,  the converse of  Proposi t ion l ' is  not  t rue (c f .  the extensive form of
Fig.  2) .

Proposition 2'. An extensive form is simultaneous if and only if it satisfies the

following propertyi if x is a decision node of player i, then K;(x):7.

Proof .  S ince for  every x€ P,  ,  K;(x)  =14(x) ,  Proposi t ion 2 ' fo l lows f rom Proposi -
t i on  2 .  I

What becomes different is the characterization of the notion of perfect informa-
tion. With the definit ion given in this section perfect information games are those
where at every node all the players have the same information.

Proposition 3'. An extensive form with perfect recall hss perfect inf ormation if and
only i f  for  every teT and for  every i , je I ,  K iQ)=K;( t ) .

Proof .
Necessity. In a game of perfect information, if ft is an information set, then

h- lx l  for  some node x.  Hence 0*(h) :9(x) .  Fur thermore,  for  every p layer  i ,  i f
geH;(x) ,  then g-- t ry \ ,  where y is  a successor  of  x .  Hence,  by Lemma l ,
0 * (g :e (y )e  0 (x ) .  l t  f o l l ows  tha t  K ; ( x ) : 0 ( x )  f o r  a l l  i .

Sufficiency. Consider a game with perfect recall that satisfies the property of
Proposition 3'and assume there is a player i and an information set /r of player I
such  tha t  h : l x r , . . . ,X r , l  .  w i t h  m>2 .  Le t  u  be  the  un ique  node  tha t  sa t i s f i es  t he
fo l l ow ing  p rope r t i es :  ( 1 )  u  i s  a  p redecesso r  o f  xp ,  f o r  a l l  k :1 , . . . ,m ;  (2 )  no  suc -
cessor  of  u sat is f ies ( l ) .  Such a node u ex is ts  because the root  sat is f ies property  ( l )
and the number of nodes is f inite; it is unique because of uniqueness of plays in ex-
tensive forms. Let wp be the immediate successor of u on the path from u to xp
(k :1 , . . . ,m) .By  de f i n i t i on  o f  u ,  t he re  mus t  ex i s t  k  and  k ' such  tha t  wp iwp , .  Le t
c be the choice (at the information set that contains u) to which edge (u, w1) belongs
and c' be the choice (at the same information set) to .lvhich edge (u, w*,) belongs.
Then, by the uniqueness of the plays in extensive forms and by the definit ion of
choice, p(c) A tt(c'):b. lf u belongs to player i, then xp cotn€s after choice c and xp,
comes after choice c', contradicting the hypothesis of perfect recall. Thus u belongs
to some player  j * i .  Then,  s inceK;(wr)  e p(c)and Kt@k,)e p(c ' )  andp(c)  np@')- , f r ,
K,(wr)nKj@k') :b.By Proposi t ion l ' ,  K1@*)gK,(wr)  and K1@r,)  e Ky(w1,) .  Thus
Ky$)nKj@r) :0.  Since Ki@r) :Ki@r,) ,  i t  cannot  be that  Ki@r) :K;(xr)  and
Ki@r,) :K1(xr , ) ,  contradic t ing the hypothesis  of  Proposi t ion 3 ' .  l l
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5.  Conclus ion
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We suggested a way of formalizing the amount of information that can be con-
veyed to each player along every possible play of an extensive form. The informa-
tion given to player i when the play of the game reaches node I is expressed as a
subset  of  the set  of  terminal  nodes and has a natura l  in terpretat ion.  Two def in i t ions
were put  forward,  one (Sect ion 3)  expressing the min imum amount  of  in format ion
and the other (Section 4).the maximum amount of information that can be conveyed
to the players without violating the constraint represented by the information sets.
We showed that  our  def in i t ions provide in tu i t ive character izat ions of  such not ions
as perfect recall, perfect information and simultaneity. Other advantages of our ap-
proach are explored in  Bonanno (1991).

Appendix

In th is  appendix we d iscuss whether  the funct ion K def ined in Sect ion 4 can indeed
be interpreted as the maximum amount of information that can be conveyed to the
players. A referee suggested that players can be given more information than the
funct ion K a l lows:

Suppose the play of the game reaches node r. Let w be a predecessor
of  x  and let  c  be a choice inc ident  out  of  w,  but  not  on the path f rom
l,y to rr; then player i aI x can be told that c was not chosen unless there
is  an in format ion set  heH; and two nodes u,ueh such that  u cornes
after choice c and u is either a successor of x or coincides with x. In
other words, i is informed of all past events he can learn without having
to forget them at some information set after x or containing x.

Let  R: IxT-22 be the funct ion that  represents the above suggest ion ( i t  wi l l  be
defined shortly). The difference between K and K can be seen in the extensive form of
Fig.  I  ,  where K2 (xa)  :  p(c) :  \zz,  z t ,25,26,21,  z , ) .  z to l ,  whi le  Kz(xq) :  lzz,  z t ,  Zs,  Zd,  z t \  ,
that  is ,  according to K,  p layer  2 at  node x4 c?n be in formed that  p layer  I  d id not
take act ion cq.  A possib le object ion to the funct ion K is  re lated to the problem of
in terpretat ion d iscussed in Sect ion 3.  Wi th the funct ion K,  the change in p layer  2 's
information as the play of the game proceeds from node x, to node Jr4 con be inter-
preted as a mere reflection of the fact that player 2 knows that she took action co
(and she does not know if the next piece of information that she wil l receive is

lzr ,z t ,zs,zo)  or  {zs,z 'o}) ,  so that  p layer  2 is  not  actual ly  g iven any new informa-
t ion when node r .  is  reached.  With K,  on the other  hand,  as the p lay of  the game
reaches node xa,  p layer  2 learns that  outcomes {e and 210?re no longer possib le:  in-
formation that she cannot deduce from the knowledge of having taken action c....
Thus player 2 does receive new information as node xa is reached and this fact
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enables her to discriminate between nodes x6 and x1 (depending on whether her in-

format ion changed d i rect ly  f rom {zr ,  Z2,Z3,Z4Zs,Zo,Zt ,Ze,Ztr . ) l  to  {22,  Zz ,Zs,z6}  or
f i r s t  f r om {z r , zz , z3 ,Z+zs ,zo ,z t . z , ; , 216 }  t o  l zz , z r ,Z5 ,Z6 ,Z1 }  and  then  f rom the  l a t t e r

to \22,4,2s,26|) .  The d i f ference between K and  ̂ K can be 'so lved'  by adding a

dummy information set of player 2 containing two nodes, one between x1 and xu

and the other between x2 and x4, where player 2 has only one choice (note that ad-

ding only a node between x; and x6 and a dummy player at that node with only one

choice would not  be enough).  Af ter  th is  ' inessent ia l '  t ransformat ion of  the extensive
form, K and K coincide. Thus K can be seen as a refinement of K which is invariant

ro some' inessent ia l '  t ransformat ions.
The referee suggested the following definit ion:
( a )  I n  c a s e s  ( l ' ) - ( 3 ' ) ,  K , l t l =  K , l r 1 .
(b )  I f  xC  P iand  z r . , e4 ,  t hen

(c) I f x G P; and n, e P; and (2,, x) € c, then

I t  can be shown that  0( t )e KiQ),  for  every i  e l  and teT and that  in  exrensive
forms wi th per fect  recal l  K, ( r )  gK,U) ( i lper fect  recal l  is  not  assumed,  then the la t -
ter  inc lus ion is  not  t rue in  general ) .  Fur thermore,  Proposi t ions l ' ,2 '  and 3 'are t rue
also for r(. lProofs of these claims can be obtained from the author.)

The referee also noted that if we assume at the outset that the game has perfect
recall, then K can elegantly be defined by a unique condition. First define

i f  r e 4 ,
i f  t e h e H i .

Then K can be defined as follows:
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,(,(x) + 9(x) U (r.?,,, e.(D) .

x,1x1 =( rtr l ,  (r .9,, ,  o.(h))) n pG).

H:(r: I  n't" '
I  H iu tu  h ,

K,( t ) :e (ou  (  u
\ h € H,'(/)

o.&))
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