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1 Introduction

Since LBwts 's  [10]  and AuuANN's  [1 ]  p ioneer ing cont r ibut ions,  the not ions o f  common

knowledge and common bel ief have been investigated thoroughly, both semantical ly

(see,  e .g .  l2 l ,  [3 ] ,  [5 ] ,  [6 ] ,  [14] ,  [15] ,  [16] )  and syntact ica l ly  (see [7 ] ,  [8 ] ,  [11] ,  112) ,

[13]) Informally a proposit ion is common bel ief (knowledge) i f  everybody bel ieves

(knows) i t ,  everybody bel ieves (knows) that everybody bel ieves (knows) i t ,  and so

on ad inf initum. From a semantic point of view there are no dif f icult ies in capturing

the informal notion, since the intersection of an inf inite family of sets is a meaningful

concept (semantical ly, the notion of common bel ief is captured by the transit ive clo-

sure of the union of the individual accessibi l i ty relat ions). From a syntactic point of
view, however, the informal notion cannot be captured direct ly because in a f ini tary

logic formulas are required to be of f ini te length and, therefore, the conjunction of

an inf inite number of formulas is not i tself  a formula. Several axiomatizations of tne

notion of common bel ief (knowledge) have been offered (see [8],  [11], [12] and - for a

recent survey - 
[13]).  Al l  of them include the so cal led "f ixed-point" axiom

o * A  - - +  ! ( A  A  ! * 1 ) ,

where the intended interpretat ion of n*,4 is " i t  is common bel ief (knowledge) that ,4",

and that of aA is "everybody bel ieves (knows) that A", together with some appro-

r)I arn grateful to an anonyrnous referee for helpful comrnents and suggestions. A first version of

this paper was writ ten while visi t ing Harvard University. I  am grateful to EnIc MesxIN for his warm

hospital i ty, to CHRRLns PnRsotts for his excel lent lectures on modal logic and to Jos HRlppnN for

detailed and helpful comrnents on that first version.
2 ) e-rnai l :  gfbonanno@ucdavis.edu
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priate rule of inference.

A ---+ a(A A B)

Hl t  poRN and MosES [8 ]  use the ru le

A --_+ O*B )

whi le LIsnloNr [12]  uses the rule

A ---+ AA

l1 ___+ D*A

The purpose of this paper is to investigate an axiomatization of common belief
(knowledge) that makes use of no rules of inference (apart from Modus Ponens and
Necessitation) and to highlight the property of the set of accessi- bil i ty relations that
characterizes each axiom.

2 The forrnal systern K,r* and its semantics

We cons ide r  a  no rma l  sys tem w i t h  (n  *  1 )  moda l  ope ra to rs  01 , . . . ,D " , ,D* .  The
in tended in terpreta t ion o f  } iA  ( for  i  -  1 , . . . ,n)  is  " ind iv idua l  i  be l ieves that  .4"
whereas u*A is interpreted as " i t  is common bel ief Lhat A". The alphabet of the
language cons is ts  o f  (1)  a  countab le  set  .9  -  {p0,pr , . .  . }  o f  sentence le l ters ,  (2)  the
connec t i a€s  - ,  V ,  ! 1 ,  .  . . ,A r ,  f l *  (whe re  n  )  1  i s  a  na tu ra l  number )  and  (3 )  t he  b racke t
symbols ( and ). A word is a f ini te str ing of elements of the alphabet. The set f  of

formulas (or senlences) is the subset of the set of words defined recursively as fol lows:

(1) for  every sentence let ter  p,  p e T;

( 2 )  i f  A € T ,  t h e n - - . 4 .  e  f  , D * A € F , a n d ,  f o r e v e r y  i -  I ,

( 3 )  i f  A , B  €  f ,  t h e n  ( A v  B )  €  F .
, n , D ; A € f ;

As usual we write (,4 n B) for -(-,4 V -B) and (,4 --- B) for (--4 V B)

We denote by K,r* the system or calculus specified by the following axiom schemata
and rules of inference:

(1) all tautologies (i. e., a suitable axiomatization of Propositional Calculus);

(2) the schema (K) (cf .  CHu,rns [4])
( K )  n o ( A - - - ,  B )  - -  ( z ; A - - -  D i B )  f o r  e v e r y  i  e  { 1 , . . .  , n , * } )

(3) the rule of  inference Modus Ponens:
A,  (A- - -  B )  .

B ,
rules of inference Necessitat ion:

A
- - - - - ;  for  every  i  €  {1 ,  .  .  . ,  n , * } .
o t A

We now turn to the semantics. A standard frame is an (n *2)-tuple

( W , R r , . . . , R n , f t * ) ,

where W is a nonempty set  whose members are cal led wor lds and, for  i  € {1,  .  .  .  , f t ,*} ,
ft; is a (possibly empty) binary accessibil i ty relation on W . A standard model is an
(n *  3)- tuple

Yn -  (W,  Rr , .  .  . ,  Rn ,  R* ,  F ) ,

(MP)

(a) the

(RN)
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w h e r e  ( W , R t , . . . , R n , R * )  i s  a s t a n d a r d  f r a m e  a n d , P : , S  . - - - - - *  2 w  r s  a f u n c t i o n f r o m
the set of sentence letters ̂ 9 into the set of subsets of W . We say that glt is based on
the frame (W, Rr,  .  .  .  ,  Rn, f t*) .

G i v e n  a  f o r m u l a , 4  a n d  a  s t a n d a r d  m o d e l  y n -  ( W , R r , . . . , R n , R * , F ) , t h e  t r u t h
sel of A rn l l l , denoted bV ll l l l t , ir defined recursively as follows:

(1 )  I f  A :  p ,  where  p  i s  a  sentence le t te r ,  then l l / l l t  =  F(p) ;

( 2 )  l l - A l l t :  w  -  l l , 4 l l t  ( i . " . ,  l l - l l l t  i r  t h e  c o m p l e m e n t  o f  l l , a l l m ) ;
(3 )  l lA  v  B l l '  -  l l .4 l l ' u  l lB l l ' ;
( 4 )  f o r  a l l  f  €  { 1 ,  . .  . , n , * } ,

l l l ,A l l *  =  {a  eW :  fo r  a l l  B  such tha t  aRtg ,  g  e_ l l ,  l l t }

If a € l l,4llt we say that ,4 is true at world a in mod,el i l l . An alternative notation
for a € l l ,4 l l *  i r  t ry A and an al ternat ive notat ion for  c eVl l t  i r  t rT A.A formula
A rs ualid in model Yn if and only if FY A for all a € W .

The following proposition is a straightforward extension of a well-known result in
modal logic (for a proof see HRlpnRN and Moses [8]).

P r o p o s i t i o n  1 .  T h e  s y s t e m  K , . *  i s  s o u n d  a n d  c o m p l e t e  w i t h  r e s p e c t t o  t h e  c l a s s
of standard models,  that  is ,

( t )  euery theorem of K".*  is  ual id in euery standard model;

(i i) t/ a formula A is ualid in euery standard model, then A is a theorem of K,,*.

3 The logic of common belief

We  sha l l  cons ide r  t he  f o l l ow ing  ax iom schema ta ,  whe re  i  g  { I , . . . , n } :

(S;)  a*A - - -+ o;A,

(P,)  D*A - -+ o;o, ,A,

( L ) D- (1  -+  D1,4 A A."A)  - - -+  ( !1 ,4  n A tr", A --- a.A).

T h e  l e t t e r ' S ' s t a n d s  f o r ' s h a r e d  b e l i e f ' , ' P ' f o r ' p u b l i c  b e l i e f ' ,  a n d  t h e  l e t t e r ' L '
was chosen because the corresponding axiom schema was first mentioned by LIsuoNr

[12]. The schema (56) says that if i t is common belief that A, then individual f believes
that,4; (Pl) says that if i t is common belief that,4., then individual i believes that it
is common belief lhat A; finally, (L) says that if it is common belief that if ,4, then
everybody believes that,4, then if everybody believes that,4, then it is common belief
that ,4.

We say that a property P of  the set { f t t , .  . . ,Rn,f t*}  of  accessibi l i ty  re lat ions
characterizes axiom schema A it (1) every instance of ,4 is valid in every model that
satisfies P and (2) given a frame that does not satisfy 2, there exists a model based
on that frame and an instance of "4 which is not valid in that model. In the following
by 'property '  we mean always 'property of  the set  { /?1 , . .  . ,  Rn, E*} of  accessibi l i ty
relat ions' .
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P r o p o s i t i o n  2 .

(r)  Ar iom schema (S;)  is  character ized by the fol lowing property:

fo r  a l l  a ,  p  €W,  i f  aRt / ,  then aR*p.

(n) Ar iom schema (P;)  is  character ized by the fol lowing proper ly:3)

f o r  a l l  a , 0 , 7  € W ,  i f  a R t 0  a n d  0 R * 1 ,  l h e n  a R * l -

( i t )  Ar iom schema (L) is character ized by the fol lowing property:

f o r  a l l  o ,  B  e  W ,  i f  a R * p ,  t h e n  t h e r e  e i l s t s  a  s e q u e n c ,  ( 5 r , . . . , 5 * )  i n  W

( w i t h  m  )  2 )  a n d  a  s e q u e n c ,  ( i t , .  . . , i ^ - t )  i n  { 1 ,  .  .  . , n }  s u c h  t h a t  5 1  -  a ,

6 * :  g ,  f o ,  e a e r y  k  - 2 , .  . ) T r I ' ,  a R * 6 * ,  a n d  f o r  e u e r y  k  -  I , . . . , T n - ) - ,

51,R;n57r11 ( that  is,  i f  aR.g,  then there is an R-path f rom a to B, where

R= RrU. . .U  Rn,  such tha t  fo r  eaery  node 1  on  th is  pa lh ,  e rcep l  poss ib ly  a ,

a R * t  ) .
Proof .  The proofs of  ( i )  and ( i i )  are t r iv ia l  and we omit  them.

As for ( i i i ) ,  let  \W, Rt, .  . . ,  Rn,,R*) be a f rame that sat isf ies the above property.

Let ilt be a model based on it and choose an arbitrary world a in DJI and an arbitrary

f o r m u l a  - 4 .  S u p p o s e  t h a t  F f  ! -  ( A  - - +  1 1 , 4  n . ' . n  n " , 4 )  a n d ,  f o r  a l l  i  -  I , . . . , h ,

=! r,o,+. We want to show that Ff o*A. If there is no world which is R*-accessible

from o, then there is nothing to prove. Otherwise, Iet B be an arbitrary world such

Lhat aR*p. We want to show that trff A. By the assumed property, there exists

a  s e q u e n c .  ( 6 r  , . . . , 6 ^ )  i n  W  a n d  a  s e q u e n c e  ( f t , .  '  . , i ^ - r )  i n  { 1 , . . . ,  n }  s u c h  t h a t

5 y _  c ( )  6 r ,  =  B , f o r  e v e r y  k  - 2 ) . . . ) m )  a R * 6 t ,  a n d  f o r  e v e r y  &  -  1 , . . . , f f i - I ,

5*Rtn6r+r .  S ince  FT 10 , ,4  we have t rY  A S ince  FT l -  (A  -  D1,4  n  " '  A  ! , , ,4 )  and

6rR*52 we have CT @ -  ! r  AA.  . .A  ! , , ,4 ) .  Thus  t rY  o tAA '  Ao, .A  and,  there fore ,

FT oo,A. Thus iT O Repeat ing th is argument,  we obtain Ff l  A,  r -e- ,  t rT A, as

desired

Now let (W, Rr, . . . , Rn, -R*) be a frame where l?* does not satisfy the above prop-

erty. Then there exist a and B such that aR* B, and either there is no ,R-path from o

t o  B  ( r e c a l l  t h a t  R  =  R r u .  .  . u  r ? , )  o r  i f  ( 6 1 , . . . , 6 * )  i s  a n , R - p a t h  i n  w  w i t h  6 1  -  a

and 5-  -  p ,  then,  fo r  some k  -2 ) .  , r r t ' )  no t  a -R*5 t .  Le t

Wo - {l e W : aR*1 and either there is no R-path from a to 1 or,

if there is such a path, then not aR*6 for some 6 * o

on this path).

Thus g e Wo. Let p be a sentence letter and llt a model based on this frame, where

F(p) - W - Wo

S t e p  1 .  W e s h o w t h a t  F p  D * ( p ' - - - r O r P n  " ' n t r " p ) .  C h o o s e  a n  a r b i t r a r y T s u c h

that aR*7. We have to prove that Ffl (p ---. Drp A ' '  'n tr 'p). Suppose that *T p

Then I  QWo.  I t  fo l lows tha t  there  is  an  R-path  (61  , . . . ,6* )  f rom o( -  61)  to  z ( -  5 - )

such tha t  aR*6*  fo r  a l l  k  -  2 , , . . . ,m.  Suppose tha t ,  fo r  some i  -  l ,  , f r ,FT Oop.

Then there exists an 4 such that 7,&4 and VT p. Then \ € Wo and therefore o-R*r7.

But then there is an ft-path from a to 11 with a,R*6 for every 5 I " on this path,

implying that 4 (Wo: a contradict ion.

3)Thi, property is a special case of a property considered by vnN opR Hopx [0, Definition a.2(c)].

I arn grateful to Jop HnlppRn for this reference.
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S t e p  2 .  W e  s h o w  t h a t ,  f o r  e v e r y  i  -  I , . . . n , t r T  a o p .  C h o o s e  a r b i t r a r y  6  e W
and i  €  {1 ,  . . . ,n }  such tha t  aRt | .  We want  to  show tha t  F f lp .  Suppose no t .  Then
5 e Wo. Hence aR*6. But then, s ince there is an ,R-path f rom a to 6 and aE*5, i t
fo l lows that 6 4Wo: a contradict ion.

S t e p  3 .  W e s h o w  t h a t F !  ! * p .  T h i s f o l l o w s f r o m t h e f a c t  t h a L  p € W o .

T h u s  t h e  f o r m u l a  ! *  ( p - - -  l r p A  . . . A Z n p )  -  ( l t p A  . . . A o n p  - - -  n * p ) ,  w h i c h  i s
an instance of (L), is not true at a in i\t. I

R e m a r k  1 .  L e t  R =  R r  U . . . l J  R n  a n d  f t t  b e  t h e  t r a n s i t i v e  c l o s u r e  o f  - R ,  i . e . ,

oRT '0  i f f there  ex is ts  a  sequenc"  (5 r  , . . . ,6^ )  w i th  m 2  2  and a  sequence
( i t , . . . , i ^ - t )  i t  i 1 , .  . . ,  n )  s u c h  t h a t  5 1  =  u ,  5 , n  =  0 ,  a n d  f o r
e v e r y  k  -  I , .  . , f f i  -  l ,  5 * R t * 6 * + r .

Then it is easy to see that Properties (i) and (i i) of Proposition 2 imply that ,Rt C r?*.
I n d e e d :  S u p p o s e  t h a t  a E t  g ,  r . e . ,  t h e r e  a r e  s e q u e n c e s  ( 5 1  , . . . , 5 ^ )  a n d  ( i r , .  .  . , i , n - t )
sat isfy ing the above propert ies.  We want to show that aR*0.Since 6,n-rRi*_r6,n,
by Proposi t ion 2( i ) ,  6^-tR*6,n.  By Proposi t ion 2( i i ) ,  s ince 6,n-zR;^_r5,n-1 and
5*-tR*6,n,  i t  fo l lows that 6,n-zR*5,n.  Repeat ing th is argument (m -  1)  t imes we
obtain 6rR*6^,  r .e. ,  c-R*p, as desired. Moreover,  Property ( i i i )  of  Proposi t ion 2
implies that R* q ftTr. Thus the conjunction of the three properties implies that
E* : Rt (clearly, Rt satisfies these three properties).

Let K,,* + S + P + L be the system obtained by adding to K,,* the axiom schemata
( L ) ,  ( S ; )  a n d  ( P ; )  f o r  e v e r y  i : 1 , . . . , n .

P r o p o s i t i o n  3 .  T h e  s y s t e m K n * * S + p  * L  i s  s o u n d  a n d  c o m p l e t e  w i t h  r e s p e c t
to  the  c lass  o f  mode ls  where  R*  i s  the  t rans i t iue  c losure  o f  R:  Rt  U. . .U  Rn.

Proof.  Completeness: LIstr , lorur [12]  proved (soundness and) completeness for
the system obtained by adding to K,r* the axiom schema

( F )

where

(r)

D*A - - -+  n (A A D*A) ,

D,4 is defined as D1,4 A

1- - -+  OA

A D",,4, and the rule of inference

An ___- O*A

Now,  (F)  i s  imp l ied  by  the  con junc t ion  o f  (S ; )  and (P ; )  fo r  a l l  i  -  1 , . . . ,n ,  wh i le  the
rule (I) is a derived rule in the system K,,* lS + p * L: Assume that A ---+ !,4 is a
t h e o r e m  o f  K , , * + S + P + L .  T h e n ,  b y  ( R N - ) ,  s o i s  a . ( A  - - -  4 , 4 ) .  H e n c e ,  b y  ( L )  a n d
(MP),  a lso 3A ---+ D*,4 is a theorem.

The soundness follows from Proposition 2 and Remark 1. Another way to prove
soundness is to prove syntactically that (L) is a theorem of the system K",* * S + P
plus the inference rule (I). Such a (non-trivial) syntactical proof can be found in
L l s u o N r  [ 1 1 ] .  c

Whi le Proposi t ion 3 deal t  wi th the system K",**S*P+L, the fo l lowing proposi t ion
concerns the system K",* * S + P.

P  r o p o s i t i o n  4 .  F o r  e u e r y  s e q u e n c e  ( i r , i z , . . . , i k )  o f  e l e m e n t s  o f  { 1 , . .  . , n }  a n d

for euery formula A, the following is a theorem of K,,* * S + P:

O * A  - - - +  Z i r D i ,  .  .  . O i k A .
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Proof  .  I f  k  -  l ,  th is  is  ax iom (S; ) .  We prove that  i f  the propos i t ion is  t rue for

an  a rb i t r a r y  sequence  ( i 2 , . . . , i r )  w i t h  ( k  -  1 )  e l emen ts  (w i t h  k  >2 ) ,  t hen  i t  i s  t r ue

f o r  t h e  s e q u e n c e  ( h , i z , . . . , i k )  w i t h  k  e l e m e n t s  f o r  a r b i t r a r y  i 1 :

1 .  D*A - - -+  Z iz  .  .  .a ikA induct ion hypothes is

2 .  ! i ,  ! *  A  - - -  Z i , o i . ,  .  .  . a i kA  1 . ,  (RN ; , )  -  see  CsB t  l , q . s  [ 4 ,  p .  114 ]

3.  O*A - -+  l i l  l * ,4  ins tance of  (P; r )

4 .  O * A  - - - +  O i r O i ,  .  .  . a i k A  2 . , 3 . ,  P L .  !

Remark 2 .  Recal l  that ,  a t  an in formal  leve l ,  l * ,4  is  thought  as the in f in i te

conjunct ion o f  a l l  fo rmulas o f  the form Si r? i r . . . !c r  A,  for  every  poss ib le  sequence

( h , i z , .  . . , i k )  i "  { 1 , .  . . ,  n }  ( t h a t  i s ,  s o m e t h i n g  i s  c o m m o n l y  b e l i e v e d  i f  e v e r y b o d y

believes i t ,  everybody bel ieves that everybody bel ieves i t ,  and so on ad inf initum).

By Proposit ion 4, D*,4 implies this " inf ini te conjunction" (that is, each element of this

inf inite conjunction, which is not i tself  a formula) in the system K",**S*P. Axiom (L)

is not needed for this implication. In virtue of Proposit ion 3, adding axiom (L) has the

effect of yielding the converse implication from the inf inite conjunction to !*,4. To see

that this converse implication does not hold in K, '*+S+P consider the fol lowing frame:

n  -  2 ,  W  -  
{ " , 0 } ,  R r  =  R z :  A ,  R *  -  { ( o ,  o ) , ( o , B ) , ( P , " ) , ( B , B D  T h i s  f r a m e

satisfies Properties (i) and (i i) of Proposition 2 (/?- contains the transitive closure
of /? - Rr U nz) and therefore any model based on it validates all the theorems of
K " , *  * S + p .  L e t  p  b e  a s e n t e n c e  I e t t e r  a n d  l e t  f i b e  a m o d e l w h e r e  p i s  t r u e  a t  a
a n d  f a l s e  a t  P . T h e n  f o r  e v e r y  s e q u e n c e  ( i t , . . . , i 6 )  i n  { I , 2 }  t h e  f o r m u l a  t r ; ,  . . . o t * p
is valid in fi. However, f l*p is false at every world. In order for the implication from
the infinite conjunction of all formulas of the form Di, . . .aikA to [*,4 to hold, it is
necessary that ,R* be contained in the transitive closure of R = Rt U ' '  U Rn, and
this is precisely the role of axiom (L) (see Remark 1).

It is easy to check, using Proposition 2, that the axiom schemata (S), (P) and
(L) form an independent set. For example, to see that (L) is not a theorem of
Kr,*  *  S + p,  consider the fo l lowing frame'.  n = I ,  W = {4,  0} ,  R, -  { (o,a)} ,  and
R*  =  { (o ,o )  , (o ,0 ) } .  Note  tha t  R*  sa t is f ies  Proper t ies  ( i )  and ( i i )  o f  Propos i t ion2 ,
hence this f rame val idater (Sr)  and (Pt)  Thus every theorem of K,,*  +S+P is val id
in every model based on this frame. If (L) were a theorem of K,,* + S + P, then (L)
would be valid in every model based on this frame, which is not the case. In fact,
let p be a sentence letter and fi a model based on this frame where p(p) - {a}.
Then ?T nrp,  and therefore Fp (p--  orp).  Also,  FT @ --  Drp),  s ince fT p Thus

FT l -  (p  - -  nrp) .  However,  F!  n*p.
Fn Z* (p --- l rp) - (orp --* D*p).
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