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QUESTION:

What strategies can be chosermratyonal

players whdknow the structure of the game

and the preferences of their opponents and

who recognize each other’s rationality and
knowledge?

Keywords: knowledge, rationality, recognition of each other’s
knowledge and rationality



Modular approach

Module 1: representation of belief and knowledge of an
individual (Hintikka, 1962; Kripke, 1963).

Module 2: extension to many individuals.
Common belief and common knowledge
(“recognition of each other’s belief / knowledge™)

Module 3: definition of rationality in games
(relationship between choice and beliefs)

QUESTION: what are the implications of rationality and
common belief of rationality in games?




Module 1

representation of beliefs and knowledge of an individual

Finite set of state® and a binary relatio® on Q.
a BB means *“atstate the individual considers stafepossible”

Notation: B(w) :{cd 0Q : wB cd} set of states considered possible at w
PROPERTIES Uw,«0Q,

1. Bw)zU riaéty
2. if wB(w) thenB ¢ 1B ) transitivity
3. if UB(w) thenBw)1B ) euclideann



Belief operator on events: B : 2% _ 2%

For ELDQ, wUBE if and onlyif B w)UE

EXAMPLE:
-p P P P
[: B(a)=B(p)=1{a A
E( 2 y - B(y)=B(0)={9

LetE ={5, J} . the event that represents thpositionp
Then BE = {,0}



Properties of the belief operator: [OE 0O Q

1. BELO-B-E (consistency:
follows fromredity of B)
2. BE U BBE (positive introspection:
follows fronatrstivity of B)
3. -mBE U B-BE (negative introspection:
follvs from euclideanness of

Mistaken beliefs are possible: at y p is false but the individual believes p

f E={3 J, then

[. -J ’—)[: yUE but yUBE = {y,0d}




KNOWLEDGE

If - in addition to the previous properties - tltwXastic accessibility"
relationB isreflexive JwlQ ,wOB &)) then it is agquivalence
relation - giving rise to gartition of the set of statemnd the associatec
belief operator satisfies the additional propengttlE 1 Q, BEL E

(beliefs are correct). In this case weak of kKnowledge and the associat
operator is denoted by  ratheathB

L) C 3




Module 2

Interactive belief and common belief

Set of individualsV and a binary relatiod®; for everyi 1N

1 e o o o

o B Y o
2 ) o o Y
p p p -p

LetE ={a, £, )} : the event that representetpropositiornp

ThenK.E= {o.,6.y}, K.E={a, G}
KIK,E={a}, KKK E=0



An event E izommonly believed if (1) everybody believes it,
(2) everybody believes that everybody believes it,

(3) everybody believes that everybody believesdhatybody
believes it, etc.

Define the “everybody believes” operatéftas follows:

B°E=BENB,En..nBE

n

The common belief operat& is defined as follows:

B.E=B°En B°B°E n B°B°B°E n ...



Let B. be tharansitiveclosure ofB, UB,0 .LUB,

Thusaw OB. w) if and only if there exists agience

(@,...,) inQ such that

(1) g=w

2) w=u

(3) forevery = 1,..m there exists an indwali (JN
such thatw,, 0B & )

()« . ) B@=BB={a ByA¥
a B Y
. (- ] B@={a, B(A=B(){AY
a B Y

E](—[. o] Bla)={a, B(A =By AabY

10




PROPOSITION. wOBE ifandonlyif B w)UE

- p p p

B, :]< . .
a B y

B, . (- ‘]
a B y

o Q1L 3

LetE ={5, )} . the event that represents thmpositionp
Then BE= {}, B,E={5 )}, BE=L
In fact, whileyOBB,E = {y}, yUB,BE=L

11



Module 3

Models of games and Rationality

Definition. A finite strategic-form game with ordinal payoffs is a quintuple

<N’{S}iDN ’O’{Z i}iDN ’Z>

N ={l,...,n} Is a set oplayers

S is afinite set oftrategies or choices of playér N

O is a set obutcomes

> . is playen 's ordering @@ o(=. 0 means tHat, playeri ,
outcome is akhst as good as outcowie )

z:S - O (whereS=3 x .xS ) associates an outcome \gNery

strategy profiE]S

12



Definition. Given a strategic-form game with ordinal payoffs

<N’{S}iDN ’O’{Z i}iDN ’Z>

a reduced form of it is a triple

(NS} U an)

whereu S - R issuchthat s(®u s( ) ifand gil z(s) =, z(S)

™ playeri’s utility function
Player 2 Player 2

e f g e f g
p Al 3,2 311 0.1 > A| 9,6| 6,4 | 0,4
|

|
a 2,2 3,1
;g Bl °° SAMEAS 2 B| 4.9| 3| 2.0
e
rocf| .2 1.2 4.1 C el 2.5 2.5 8,2
' p| 0.2 0,3 1.3 1 | 1,0 o,8| 1.8
13




Definition. An epistemic model of a strategic-form game is an
Interactive belief structure together writiunctions

g:Q -5 (UN)

Interpretation: g;(«) Is playen’s chosen strategy at staie

Restriction:  if «/0B(w) then g @ )=0 @)

(no player has mistaken beliefs about her ownesigat

14



Player 2
EXAMPLE © f 9

P

|

aBzg 2,2 3,1
y

€ 1.2 4.1
rC 12 ]

1

D02 0,3 1,3

1 @ [0 0] C}
2 [0 0] Lu ]

I's strategy: A C C D At every state each player knows his
own strategy

2's strategy: | f g g

At state player 1 plays C (he knows this) not knowutgether player 2 is playing f or g
and player 2 plays f (she knows this) not knowing Weeplayer 1 is playingAorC ;¢



RATIONALITY

Non-probabilistiqno expected utilityand very weak notion of rationality

Definition. Playen is IRRATIONAL at statew if there is a

strategys (of playeri) which she believes to be better thafw)
(that is, If she believes that she can do bettdr amother strategy)

Playeri is RATIONAL at statew If and only if she is not irrational

S S o Player 2
1 e (& e e e 0
a B\ y o o Al 3.2 3,12 0,12
2 o o o o 2l 22| 3.1
y
1's strategy: A C C D ? cl| 1.2 1,2 4,1
2's strategy: f f g g L p| 0.2 0,3 1.3

Player 1 is rational at state S 16



Lets andt, be two strategies of player S, LS

IS interpreted as “strategyis better for playerthan strategy, ”

S > U istrueatstateif U(s,o,(w) > u(t,o, (w))

that is,§ Is better tham, againsto,(w) profile of strategies chosen

by the players other than

Player 2
E F G
o B y b Al 3.2 1,1 0,1
® ® ® A s| 2.3 2.2 3.1
1's strategy: A C C )ré ol 1.2 0.2 4 1
2's strategy: E F G 1
A-B B-A C~B
A-C B-C C+A
B-C A-C B-A
E-F F~G F>~G etc.

17



Let HS = 1 H :{CUDQ U (§,0, W)>u @ .0, (CU))} event thas is better than,
If sOS, let [s|={w0Q:0(w)=5}  event that playerchooses

Let R, be the event representing the proposition “playgrational”

sl n Bt~ s O =R

~R=UU(lsln Bt = sl)

503 t0S
R= Rl N...N Rn all players are rational
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Player 2

1 @0 Qj@ e f g

o B y 5 5 A| 3.,2| 3,1 ] 0,1
2 [0 ® [O—CT A 5| 2.3 2.2 3.1
1's strategy: A C C D rg cl 1.2 1.2 4 1
2's strategy: f f g g 1 5] o,2| 0,3 1,3
R: R: R: —R:
R: R: R: R:

R={a. 6y RAaLKa
KR, ={a, 5 y.d, K,R Ha g
KK,R ={d}, K, KK,R =L

KiR: K:R:2 KiR:> KiR:

K2R: K2R: KR —K2R:
KIKR: " KIKR: KKR: KiKR:

—KKKR: .
At statea there i1s mutual

knowledge of rationality but not
common knowledge of rationality 19



Let S_i = Sl X .. X S_lx S+1>< X Sn set of strategy profiles of all players except i
Definition. Let s t [0S . We say thdt drictlydominated sy
If u(t,s,)<u(s,s;) forall s. UUS.

ITERATED DELETION OF STRICTLY DOMINATED STRATEGIES

Player 2

Player 2
e f g e f g
p A| 3.2 3,1 0.1 Al 3,2 3,1 of1
I
28| 2.3 22 2 50 o] 28| 2.2 3|2
e
rocf 2 L2 4t cl 1.2 1,2 af1
1 5 Q.2 0.3 1.3 (by C) \ (by e)
e f
e f
e A 3,2 3,1
A 3,2 3,1
A 3,2 A < B 2,3 2,2
o B 2,3 2| 2
123 (by A) CTT. 2 T 71 (by B)




Let G be a strategic-form game with ordinal payoffs &t be the game obtained
after applying the procedure of Iterated Deletib®wictly Dominated Strategies.

Let S* denote the strategy profiles of gafag
Given a model of G, 1e8* denote the evem{a)D Q: o(w) S°°}

SO0 QO T T

=

G

Player 2

Ch 3}
S"={(Ae}
e
3,2
1 e [' -J @
> e e @ S ={9
1's strategy: A C
2's strategy: f f e e

21




PROPOSITION1. BRI S”

If at a state it is commonly believed that all @esyare rational, then the strategy profile
chosen at that state belongs to the game obtaftexch@plying the iterated deletion of
strictly dominated strategies.

Player 2

SO

=
2 [j [' ‘] ie; sl 2.3 2.2 3.1
1's strategy: A C C D ? ol 1.2 1,2 4 1
2's strategy: f f g g 1 5| o.2| 0.3 1,3
R: R: R: —R:
R. R- R- R-

At statea there cannot be
common knowledge of rational

sinceo @ % (A €)

KiR> KiR: KiR> KiR2

K2R: K2R: —K2R1 —K:R:

KiIKR: " KIKR: "KKR: KKR:

KKKR: <« 22



Player 2

Every normal operatdd satisfies the peay oAl 32| 3.1
I
that if E O F thenBE O BF . v M e
B. is a normal operator. Thus frd&R [J S” 1 ] 0:2 -
it follows thatB.BR I B S” .
By transitivity of B, we have that 1 (o] @ o (e
a B y 5
B.E L BB E for every evenE. 2 (e e (e o
ThUS &R D B B R 1's strategy: A A A A
It follows thatB,R ] B S* sweer e f 08
Same as:
1 [e]
2 e

1's strategy: A
2's strategy: €



R S OoO< ®—T

REMARK. In general it is not true tha6” [ B.R

Player 2
e f g
A 3,2 3,1 0,1
sl 2.3] 2.2 3,1
cl| 1.2 1,2 4,1
D 0,2 0,3 1,3

S* =1{0}
K.R=0

o B y
2 e o o o
1's strategy: A C C A
2's strategy: f f e e

R={ad RAagLKag
KR =1

24



PROPOSITION 2. Fix a strategic-form game with ordinadyoffsG and lets0S” .
Then there exists an epistemic modetodnd a statev such thatw (=% ang 1B.R

EXAMPLE Player 2 @/\'
T B, ¢ e

P A 3,2| 3,3 a B y 0

|

B 2.3 42 BZ e o o o
o B % o

In this game every strategy profi B
survives iterative deletion * | e d o °

O, A B B A
o e e f f

In this modeR=B.R=Q and eve
strategy profile occurs at some sta o5



REMARK. Given the above notion of rationalityaere is no
difference between common belief of rationality and common
knowledge of rationality. The previous two propositions can be
restated in terms of knowledge and common knowledge

PROPOSITIONT. K,RL S”

PROPOSITION 2. Fix a strategic-form game with ordinadyoffsG and letsOdS” .
Then there exists an epistemic modetodnd a statev such thatw (=% ang 1 K. R

26



STRONGER NOTION OF RATIONALITY

Still non-probabilistiqno expected utility)

Definition. Playen is IRRATIONAL at statew if there is a
strategys which she believes to be at least as good (@3 and she
considers it possible thatis better tharo(w)

Playeri is RATIONAL at statew if and only if she is not irrational

Player 2
1 o [0 e f :
o y p Al 3,2 | 3,1 0,1
I
2 [.—.] @ a gl 2,3 | 1,2 3,1
y
e
1's strategy: A C C r cl| 4.2 1,2 2,1
1
2's strategy: f f g

Player 1 is irrational at state £. Bisatleast asgood asC at both fand yand
L _ _ 27
itisbetter thanC at y R ={a}, R, =0



Playeri is IRRATIONAL at statew if there is a strategg which she believes to be at
least as good as(«) and she considers it possible thas better tharo(a)

sl n Bt = s n =Bt >~ s] 0 -R

~R=UU(Isln Bt = s] n =Bt - s])

sUS tUS

R= Rl N...N Rn all players are rational

28



Definition.

Given a gam& :<N {s}., O{z., z,> , a subset of strategy

profilesX [0 S and a strategy profild] X , we say that infgrior
relativeto X if there exist a player and a strateg S of player
(thuss need not belong to the projectionXf t@{ ) such that:
1. z(s X, )= z(x ,x, ) and

2. foralls, US, ,if(x s, )X thereg s. F.2%X S, ).

|terated Deletion of Inferior Profiles: for mLN define
T™ O S recursively as followsT® =S and, fon> 1,
T"=T""\1™ wherel ™ OT™" is the set of strategy prail
that are inferior relative t6™" LetT” =) T".

LN

29



Player 2 Player 2
d € f d € f
PIaerA 2.1 0,1 2.1 Plaver A 2.1 0,1 2.1
1y B 1.0 1.0 1,1| =—> 1y B [ 1.0 1.1
Cl 1,4 1,3 0,3 C 1,4 1,3
T T l
Player 2 Player 2
d e f d e f
PIaerA 2,1 0,1 2,1 Plaver A 2,1 0,1 2.1
1y B «— 1y B
C 1,4
=T T’

T°=S={(Ad),(Ae,(A f),(B,d),(B,e),B,f),Cd),Ce)C.f)LI°={B,e),(C,f)}(the elimination of B e ) is
done through player 2 and stratégy , while theialtion of C ,f ) is done through playgrand strateg );

T'={(Ad),(Ae,(A f),(B,d),(B,f),C,d),C eI ={B,d),(B,f)(C,e)} (the elimination of B d ) andg f ) i
done through player 1 and strategy , while theialion of C g) 5 done through player 2 and stratelgy );

T2={(Ad),(Ae),(A f),(C,d)}, 12={(C, d)} (the elimination of C d )is done through player 1 and stratégy );

T3={(Ad),(A€,(A f)}, 13=0; thusT* =T 2.
30



PROPOSITION 3. K,RUT®™

If at a state it is commonknown that all players are rational, then the strate@yiler

chosen at that state belongs to the game obtaftexch@plying the iterated deletion of
Inferior strategy profiles.

PROPOSITION 4. Fix a strategic-form game with ordin

payoffsG and letsOT™ . Then there existsepistemic mode
of G and a statew such thatw (=% and 1 K,R

31



NOT TRUE if we replace common knowledge with common belief

Player 2

C d
Player A| 1,1 1,0
1 B| 1,1 0,1

R={ap RAqgp

a B There is common belief of
B - rationality at every state and yet
2" : : at statex the strategy profile
a B played is B,d) which is inferior
B Gk
o i T ={(A.0),(B,0)}
01_ S” ={(A,c),(A,d),(B,c),(B,d)}
2" d C 32



PROBABILISTIC BELIEFS

Definition. A Bayesian frameis an interactive belief frame
together with a collectior p...} pwbbability
distributions on® such that

iON, o 1Q

1) if JUB (w) thenp ,=p,
(2) p,@)>0 ifandonlyif 0B @)
(the support ofp , coincides wiih(w))

B .: (o112 1/2 o J« .
a B

Y

B, . {. 1/3 2/3-]

33



Definition. A strategic-form game with von Neumann-Morgenstern payoffs

IS a quintuple
<N’{S}iDN ’O’{Ui}iDN ’Z>

where
N ={l,...,n} Is a set oplayers
S is the set oftrategies of playef]N

O is a set obutcomes
U.: O - R is playen 's von Neumann-Morgenstetiity function

z:S - O (whereS=S§ x ..xS ) associates antcome with even
strategy profiE]S

Its reduced form is a tripleN {S},, {#},,,) whems €Y, ((9)).

34



An epistemic model of a strategic-form game is a Bayesian frame
together withn functions

g:Q -8 (iION)
suchthat  if OB(«) then g, @ )=0, @)

Stronger definition of Rationality than the prevsocanes

Playeri is RATIONAL at statex if her choice att maximizes
her expected payoff, given her beliefsxat for allt OS

> 7 (0(a@).0. (@) P, (@2 Y 7 (4,0 (@)p, @)

wIE (a) wIF (a)

35



Player 2

o B Y O € ;
P
1: e > e23 130 12 12e A 80
a
y B 1.0
B B B A A ‘:
d d e d e 1 c| o 3

R =19 &

Player 1 is not rational @ because her expecaydfbisg 1+% Z:g
while if she had chosen strateyy  hayqf would have bee% 48% 23
On the other hand, Playetid  rationabat bechasexpected payoff islzr 43% :Ol;’

and if she had chosen stratdg)y  her payoff woale Hneen% 1% 2—2

and if she had chosen strat€gyy  her ffayould have been% @% 3;

36



What are the implications of Common Belief of
this stronger notion of rationality?

Definition. A mixed strategy of playerns a probability distribution oves
The set of mixed strategies of playes denoted byA(S)

Lett S andv, A § ). We say thgt sictlydominated by |
foreverys, 0S, ,71(t,5;) < D Vv, § T § s, )

S0

Player 2

d e
P
, A1 38.0]0,1 In this game strategy  of player 1 is
VB | . | A C
. 0,0 2,2 strictly dominated by the mixed strategy .
r 6 6

C|o0,3] 3,2

1

37



ITERATIVE
DELETION

OF PURE
STRATEGIES
THAT ARE
STRICTLY
DOMINATED
BY (POSSIBLY
MIXED)
STRATEGIES

S 0o< ® —T

Player 2

f g
A 1,0 0,1
B 0,2 1,1
C 4,1 2,2
D 1,0 3,2

(a) The game G

B is strictly dominated by (1/2 A, 1/2 D)

Now C is strictly dominated by (1/6 A, 5/6 D)

Player 2
e g
3,0 0,1
0,0 2,2
0,3 3,2

(C) The game é

(b) The game &

Now f is strictly dominated by g

Player

o0

(d) The gameg =G

No strategy is strictly dominated

38



Let G be a strategic-form game with von Neumannddastern

payoffs ands® be the game obtained after applying the procedure o
Iterated Deletion of Pure Strategies that are t8tridgominated by
Possibly Mixed Strategies.

LetS = denote the pure-strategy profiles of ga&ie
Given a model ofG , I€5. Dbe the evém«bDQ ow ([ $;°}

PROPOSITION 5. BR[O S®

PROPOSITION 6. Fix a strategic-form game with von Neann-Morgenstern

payoffsG and letsJS. . Then there existBayesian model d& and a stabe sl
thato w)=s andwlB.R .

39



Given this stronger notion of rationalityhere is a difference
between common belief of rationality and common knowledge
of rationality. The implications of common knowledge of
rationality are stronger.

With knowledge, a player’s beliefs are always occtreend are
believed to be correct by every other player. Tthese is

correctness and common belief of correctness of everybody’s
beliefs.

40



Definition. Given a strategic-form game with von Neumann-Mogiern payoff§s, a
pure-strategy profilg1X [ Sis inferior relativeto X if there exists a playerand a

(possibly mixed) strategy, of playeri (whose support can be any subsepohot
necessarily the projection of ontoS) such that:

(1) 7T(X.x,)<D (X V(&) @ yields a higher expectpdyoff thanx against,

S5
(2) foralls, 0S, suchthat( s, DIX 77(X,s;)<> 77 s, V) § )
S5
Player 2
D E F

Here C,F) is inferior relative td (for
Player A |2,0 |2,2 | 0,2 player 1,B weakly dominate€ and is
strictly better tharC againstF)

1 B |2, 2 1,2 5,1

and @A,D) is inferior relative tds (for
player 2, E weakly dominate® and is
strictly better tha againstA)

cC |2,0 1,0 1,5

41



ITERATED
DELETION
OF
INFERIOR
PURE
STRATEGY
PROFILES

Player A |2, 0 2,2 0,2

1 B (2,2 1,2 5,1

cl|2,0 1,0 1,5

(@)

s =s,08 ={(A D), (C, F)}

Player 2

(c)
S ={(AE), (A, F), (8,D), (B, E), (C, D) },
D: ={(B, E)}.

Player 2
D E F

PIayerA-2,2 0,2

1 B (2,2 (1,2 65,1

1 (b)

S ={(A,E), (A F), (B,D), (B, E),
(B, F), (C, D), (C, E}}
D: ={(C, E), (B, F)}

Player 2

3 (d)
S =S ={AE), (A F), (D),
(C,D)}, DI =0.

42



Let G be a strategic-form game with von Neumann-Morge&ngiayoffs and &
be the game obtained after applying the proceduléeoated Deletion of
Inferior Pure-Strategy Profiles.

Let S denote the pure-strategy profiles of ga&ie
Given a model ofG , lé6. be the evém«bDQ ow (U $;°}

PROPOSITION 7. K.RU S7

PROPOSITION 8. Fix a strategic-form game with von Neann-Morgenstern

payoffsG and letsJS’ . Then there existBayesian model d& and a stabe sl
thato w)=s andwlK,R .

43



Player A |2, 0 2,2 0, 2
In this games” =S° =S
1 B |2,2 1,2 5,1 g Sm

C 2,0 1,0 1,5 WhlleS: :{(A, E)’(A’F)’(B1D)1(C’D)}

Thus every strategy profile is compatible withmmon belief of rationality while

only (A,E), (AF), (B,D) and C,D) are compatible witkommon knowledge of
rationality

44
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