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Rational Belief Eouilibria

CtAar)N4o B0NANNOT.

Git(n un a.rtansie gante. front.rn (ssessnl( t (6, lr) (as d(int,t l bt
Krcps ond \l il*tn. l9ti2) u. obtoin u belicl fltr t,utlt pla.rer. dclinctt us
u nup lrom the su of a nodcs iuto th( lanil)" ol suhstts ol thc s(t ol
tcrnlinal nodcs. At1 d.ts(ssnt(nt is t lalinctl to he a "RatiottttL Belicl
Equil ihrium" i l, lb eaclt plarer, thc trssotiutul heli4 sutitJias thtcc

d tu td l  r 'o  s is lcn( \  p toper t ius .  Th(  I | \ )  nd i  resu l ts  u re  thL t t  tha
rttttion oJ ratktnol bt,licl ctluilibriun .stritlr ralines thot oJ suhganrc-
perlbct equilihriun untl thut. in turn, .\(qtretti.ll atluilihriu are d stnt I
rclinenent ol rotional hclitf equilibriu.

1. Intn ut t iru

Sc l tcn  (1965,  1975)  was thc  f i f s t  one to  po in t  ou t  onc  prob len  w i th  the
not ion  o l  Nash equ i l ib r iun  in  cx lcns ive  games,  namely  the  lac t  tha t  i t  p laces
no restrictions on choices at information sets that are not rcachcd by the
equil ibrium path. Thc concept of subgame-pcrllct equil ibrium (Seltcn 1965)
c o n s t i t u t e d  t h e  f i r s l  s t c p  i n  t h e  g e n e r a l  p r o g r a m  e f  d e a l i n g  w i t h  t h i s
prob lcm.  A  s t ronger  so lu t ion  conccpt ,  w ide ly  used in  thc  l i t c r i t tu re .  l s
sequential equil ibriuln (Kreps and Wilson, 1982). The formal definirion o1'
scquent ia l  equ i l ib r ium is  in  te rms o f  an  asscssntcn t  (6 ,  ! r )  where  o  rs  r
s t ra tegy  pro f i le  and pL  is  a  l i s t  o f  p robrb i l i t y  d is t r ibu t ions ,  one fo r  each
i n f o r m a t i o n  s c t .  A n  a s s e s s m e n t  i s  a  s c q u e n t i a l  e q u i l i b r i u m  i f  i t  i s
sequentially rational and consistent. Thc substance of sequential ralionality
is thtrt "the straregy of cach player stafi ing from ctrch information set musl
be optimal slarl ing frorn there according to some aslessment ovcr the nodes
in the information sct and the strategies ol cveryone else" (Kreps an Wilson.
1982.  p .  87  I  ) .

The notion of consistency placcs restrictions on out of,cquil ibriurn beliefs.
by requiring g to bc the l imit of a sequcnce of 'Bayesian belicfs" obtained from
a sequence of complelcly mixed strategies convcrging to the strategics under
consideration. The consistency requirement is not withoul problems. both at thc
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practical and at the thcorclical level. From a practical point of vicu'. verifying

consistcncy is a tedious process and in lact in many applications the focus is,.rn

sequential rationality. whilc ol 'ten nilder or no restrictions arc intposed on

beliefs. At the thcorctical level. on the one hand - trs Krcps and Raney (1987.

p. 1333) obscrvc - "consistency itself does nol cllcompass all the propertres rt

was originally thought to". and. on lhc other hand as Fudenberg rnd Tirolc
( l 9 9 l b ,  p . 3 4 6 )  p o i n t  o u t  -  ' o n c  w o u l d  l i k e  t o  k n o . " r '  m o r e  r b o u t  w h a l

consistency implics for behavior".
In applications economists havc olien used a weaker notion of equil ibriunr.

somet imes re fe r red  to  as  "pcr l ' cc t  Bayes ian  equ i l ib r ium" .  Howevcr .  thc rc

d o e s n ' t  s e e m  t o  b e  a  w e l l  e s t a b l i s h e d  d e l i n i l i o n  o f  p c r f e c t  B a y e s i a n

equil ibrium. The weakest definit ion only requircs scqucntial rationality togethef
w i th  Bayes ian  updat ing  a long thc  cqu i l ib r ium path  (see,  fo r  exanrp le .
Rasmusen, 1989, p. l l0). so thal no restrictions at all are placccl on out-ol '

equil ibrium belicf .\.
Recently Fudenberg and Tirolc ( 1991a) have suggested a new definit ion ol

perfect Bayesiu equil ibrium for multi-period games of incomplete inlbrmalion
with observcd actions and studied the relationship bclwccn this notion and

sequential cquil ibrium. They also suggested a way of cxtcnding their delinit jon
to  genera l  ex tens ive  ganres  .  Whi lc  thc  rcs l r i c t ion  they  p lace  on  ou t -o f -
equil ibrium bclicls has a very intuit ive interpretation fi)r thc class ol games

they considcr, namely that players should not signal whal lhcy do not know. the
deflnit ion they propose seerns to cmbody more than nrinimal "consistency"

requirements on bclicls.
In this papcr wc put tbrward a definit ion of equil ibrium - "ralional bclicf

cquil ibrium" based entirely on propertics of bclicfs. We wil l show that l l ike
per fec t  Bayes ian  equ i l ib r ium)  our  no t ion  o f  equ i l ib r ium is  s t ronger  than
s u b g a m e - p c r l c c t  c q u i l i b r i u m  b u t  w e a k e r  t h a n  s e q u e n t i a l  c q u i l i b r i u m .
Furthcrmorc. our definit ion applies to general extensivc gamcs.

Our approach dilJers from lhc slandard one and builds on the concepts
in t roduced in  Bonanno (1992a,b) .  The f i rs t  o f  these two papers  ra iscs  thc
question ol'what inlbnnation the players receive during thc play ol'an c),Lcnsi\ e
game. Fix an extensive game and lct Z bc thc sct ol 'tetminal nodes. For every
player i and for every nocle 1, thc inlbmration rcceived by player i when the
play of the gamc rcachcs node t is deflned as a subset ol Z, wilh the lbllowing
in te rpre ta t ion .  Suppose tha t .  whcn nodc  l  i s  rcachcd,  p layer  i  rece ives
information lz.1.z.yz1l. Thcn this mcans that player i is informed that the pl y

of the gamc so l lr has been such that only teminal nodes z'. zj oI z7 can bc
rcached. ln Bonanno ( 1992a) the main concern is with thc notions ol minimum

I la t l ig r l l i  ( I991)c l r r i l i cs  lhe  reh l io r \h ip  be tween gener r I l !  rc . ! )n .b lc . \ t cndcd asscssmcn ls  dd

sequcnr ia lcqu i l ib r i r
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and maximum rmount ol ' inlbrmation that can be conveyccl kt thc playcrs as
wcll as a characterization of the notions ol'pcrlect infbrmation. perfect rccall

and simultaneity.
'Ihe 

second papcr (Bonanno. 1992b) borrows onc ol th(] definit ions of
information suggcstcd in the first paper. denotcd by Ki(l) (as explained above,
fo r  cvcry  p layer  i  and  tb r  every  nodc  1 ,  K i ( t )  i s  a  subset  o f  Z .  the  se t  o [

tc ln r ina l  nodes) .  and in t ro r luccs  l l l c  no l ion  o f  min imr l l y  ra t iona l  p ro f i l c  o f

beliefs. A bclicl ol player i is definecl there as a funclion thal associates with

cvcry node t an element of thc sct Ki(l). denoted by p;(t). The interprctation is

tha l  i f .  say .  K i | I )= lz t . t . , .4 l  and P i ( l )=zr  then p layer  i  knows ( i s  in lb rmcd)

tha t  the  p l  y  o l  thc  gamc can on ly  end e i ther  a t  nodc  L t  o r  z1  or  z . j  a t \ ( l

belicvcs thal thc outcome will actually be 23. From a proli le of beliefs one can

ex t rac t  a  purc  s l ra legy  pro f i le  in  a  na tura l  way .  Bonanno (1992b)  on ly
considers extensivc garncs wilhout chance moves and dcfincs a profi le of
b e l i c l s  t o  b c  m i n i m a l l y  r a t i o n a l  i f  i t  s a t i s l i c s  l o u r  s i m p l e  c o n s i \ t e n c y
propcr t ies .  ' l he  

main  resu l t  o l  tha l  papcr  i s  tha t  i f  the  pro f i le  o l  be l i c ls  i s

mininrally rational thcn thc corresponding pure strategy proli lc is a subgame
perfect equil ibrium.

In this paper we continue the ualysis ol ' Bonanno ( 1992b). First of all. we

cx tcnd i t  to  games w i th  chancc  n toves .  Second ly ,  we change pcrs lcc l i \ c :

instead ol starl ing lrom a profi le of belief.s and cxlracling from it a strategy
proli lc. wc start f ion the notiur ol.asscssmcnt introduced by Kreps and Wilson
( 1982) and extract from it a proll lc of beliefs as defined above. we thcn dcfinc

an assessment ro bc a rutionul beliel equil ibriunt i l ' thc associated profi le of

beliefs satisfics thrcc of the four properties introduccd in Bonanno ( 1992b). The

main rcsulls of this paper are that (l) thc notion of rational belief equil ibrium
refines that of subgamc-pcrlect equil ibrium. and (2) the notion ol sequential

equil ibriurn relincs that of rational belief equil ibrium.
ln ordcr to keep the exposition as semplc as possible. we shall concenlrate

on pure  be l ie fs  (de f ined in  sccL ion  2)  and s imp le  assessments  (dc f ined in

section 3).

2. PrcIininarvDeJinitions

We beg in  by  rev iewing  thc  no ta t ion  and some o f  the  de f in i t ions  o1 '

Bonanno ( 1992a,b). Fix a finite extensive game. Let X bc thc set of rlccisiott
nocles, Z thc sct ol tcr ral,a/ nodes, and T=X u Z. [n -scncral. we shall denote a
decision nodc by x or y, !r terminrl node by z and a gcneric node dectston or
tcrrrinal by tl. For every 1 € T. lcl 0(t) e Z be the set of terminal nodcs

t h a t  c a n  b e  r e a c h e d  f r o m  |  ( l o r  e x a m p l e ,  i n  t h e  g a m e  o l  F i g u r c  l ,

8  (x l  =  14 ,2425,26) ) .  C lear ly .  fb r  every  z  eZ,0(z )  -  l z l .

Economic  \o les  l '  l ( I ) i l
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Rcc ! l l  l ha l  a  cho i ce  c  r t  i n l i ) r l na t i o l l  5c1  h= {x , . . . . x , , , 1  i s  a  sc t  o l  r r c \

c - { ( x 1 . y 1 ) .  ( x t . y t } . .  , { x , , , , y , , , ) }  w h e r e .  l o r  e a c h  k = 1 . . . . .  t n .  n o d c  \ r  i \ . r 1 1

inrmcdiatc succcssor ol node x*. Delinc

T(c )=  e (y  l )  u  e ( ) ' , )  u  . . .  u  0 (y , , , ) ,

lhrt  i \ .  1c) is thc se1 ol lerminrl  nodcs thal carl  be reached 1l1nr nodcs ir  h l l ) '

l i ) l lowing the arc\ that consl i lutc cl)oice c. For e\anlple. in thc gamc ol Figure l .

T lF . )  =17 . t - t t . z )1 .

Wc dcnolc L]y x1, lhe root ol lhc lrcc trtd lor everl '  node 1lx0 \\"c shl i l l

d cno tc  t hc  i r nmed ia t c  p l cdcccsso r  o l  t  by  p .  I r i na l l l . l i r r  c vc f ) ' nodc  1  i u td  l b r

every playcr i .  Hi(1) is thc sel of inlotmll ion \ct\  .) /  /)1.1-\ ' (  /  i  thi l l  si , t t isf,v thc

l o l l o w i n g  p r o p c r l y :  h € H i ( l )  i f  a n d  o n l y  i l  t h c r c  i s  a  n o d e  y E h  t h l t l  r \  a

successor ol t .

2

Thc inlbrrnation receivecl by plalc| i  whcn lhc'pla) ol the grnre rerchc\

node I is dcnolccl bv Ki( l) .  Thc I 'urtct ion K: I  x T + 2r (whcrc I is l l tc l i r l le scl

ol pla) 'crs ard 22 denoter the sct of sr.rbscts ol Z) is clel inccl as lbl lorvr: '

( l )  Fo r  eve ry  p l l y c r  i  s c l  K j ( x0 )  =  Z .

'  l i n  r  nnr .  (hourg l r  ( l r \ cu \s i t r r  \ cc  ln t  .no  (  l t l r ) I r .  On.  $ r )  , )1  1 | l i r rk i r rg  r ln ,u r  r l i .  fn ) l l \ c { l  L l . lL

n i t ion  is  rs  l i ) l l o$ \ .  , \ l  l he  i l r l  (n  rhc  t rc !  rL l  p lx \c r \  hNc lh .  s l . rc  i r r j i ! r iu lu r .  r r r r r r f l r  ; /  ; \ \  rh .  fh \  o l

lhc  l i rD .  uDlo lJs  r .d  n ts  nodc '  x r t  r . r rchcd.  rn  rLnrpLrc  g r \cs  1 \epr r r l . ] \  )  l ( )  . rch  I )h )e I  t .$  in rn rn ] r rkD

rc . , t rd in !  l , )  lhc  1 (n l (^ \ , i !  nL l ts  l l  /  i \  r  l .nn in ! l  nodc .  thcn  c \c t  p la )c ,  , \  i , , l {n r 'ed  rh r r  rh .  g !N ' . f ,1 . t1

r r  / .  I l  rodc  x  be lo r )S \  l ( r  in rnnruron  \c r  b  o l  t l ! )c r  r .  lhcn  ph) r r  i  i s  l ( ) l l  l h r l  her  r t l ,n r r l l ron  \ . r  h  h , \

becr  reac l i cd .  bur  i \  i t ) r  r ( ) ld  {h i .h  nod.  in  h  q r \  r . rch .d .  I l  n , {1 .  \  do . \  , ! , r  he l t ' r !  k )  fh lc r  i  ind  r l l  th .

rn lamrx(ur  \e l \  01  f l ! ! c |  i  ( i r  in t )  lh r l  r rc  c ro \sc( l  h )  t r lhs  s l r r l i ru  r l  r  !on \ i \ l  en l , r t l . " "  o r  nod$ lh l l  r rc

succe\ ! , , r \  o l  \ .  rh r f  f ln ! . r  ,  , \  in i ;nncd th l r  no . lc  I  h .s  hecn re r .hcd  r lhc  ru \ r i l , c r r ! ' r  lo f  rh is  N l .  r '

l h r r .  h l ! ' r  on .  a r  rn )  o l  her  In l innr r id r  s . l s .  th \ . r  i  s  i l l  bc  rb lc  L1)  c l td lcc  lh r l  lhe  t l r )  o l  lhc  Srnr .  . ru \ l

ha \e  lo r r  lh ( )ugh nodr  \ :  hc .cc  p l i l l c r  Lnrgh l  r \  $c l l  bc  l (nd  r r  Lhc  l i r r .  s l re r  \  i | cxch .dr  Whcn rh .

rbovc  cond i r ion  r \ , ! t  \ l l r \ r i c i i .  t l x !e r  i \  in laanr l id r  r l  \  c i lhc r  do . ! r '1  ch i rgc  l lh r  r \ .  th )cJ  rs .o r

l ( ) l l  r . y lh ing  nee)  o r  r r  Ino \ l  r . l l cc r \  rh . .ho ic .  mrd .  b \  th )c r  i r l  lhe  i rn r r i cd i r le  f rcdc l f \ { r  o l  \ .  i l

l l u l  n (  c  hc l ( r ,gc ( l r ( '  th )e r  i
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(2 ) f ror elery 7 e 7. i]nd l ir| cvcry plalcr i. scl Ki(z)=lz I.

(l) II \ i \ a decision node that belongs 10 inlblnrl ion scl h .)f /r1./r '. 'r i , set
K (x)= U,0(),). thal is. Ki(x) i\ thc scl ol feflr inal nodes thlt rre succcssors
o i  nodes  in  h .

(.1) l l  x is t clccisior nixle of r pla-"'cr cii l lcrcnt l iom plalcl i and eithcr H,trt=O
or'. tbr evcry h€ l{i(x ).,q, 0( ) ) -c 0( x ) (lhll is, every node in h is a successor
o l  x )  thcn  sc l  K i (x )=0(x ) .

(5) If ) i is u decision nodc ol'a pla)'cr i l i f l trcnt from player i and the condition
givcn unclcr (:1) is nol salisficd (that is. there exists an he II i(x) ancl a nocic

)'€h sucll that ) ' is ,(// a successor of x) and x is an immccli{lc succcssor of
tlecision node t of plrycr i ancl c is thc choicc ol playcl i lhal leitds fionr t to
x .  lhcn  sc l  KJx)  =  y (c ) .  th r l  i s .  K i (x )  i s  the  se t  o l  te rminr l  nodes  tha t  can  bc
rcilchcd fronr the intbrmrtion sel contrining nocjc 1b\ lbllo\\, ing choice c.

(6) Finrl ly. i l  x ir a dccision nodc of a plal 'er dif lerent t iom player i lnd it clocs
not  sa t is ly  co t rd i l ions  ( ,1 )  and (5 ) .  then te t  K i (x )=K i (p , ) .  tha l  i s .  p laycr  i ' s
inl'onlalion al |ode x is the sanre as il was nt p\. thc immcdiatc prcdcccssor ol x.

Fol cxamplc. in thc giimc ol Figurc I we have:

B)  ( l ) :  K , (x0)=Z =  \  t  , .2 . . .2 .1 -z  4 .2 . r .21 , .2  r -  l  l i r ra l l  i -  1 .2 .3 .

B )  ( 2 ) :  K L ( / ) =  l z ; ) l o l a l l  i =  1 . 2 . 3  a n d  l b r { l L j  =  1 . . . . . 7 .

B t  13) :  K , (x l )  =  e  (x i ) -  \7 . r7a .7 . .71 , .711.

I l ) ' ( .1 ) :  Kr (x r )=  0  (x1)  =  1 t .+ t ;z ; .21 , -z t  |  .

B y  ( 6 ) :  K r ( \ t )  =  K r ( x o )  =  Z .

l l )  ( . 1 ) :  K r ( x r ) =  K :  ( x : )  =  0  ( x 3 ) =  { 2 1 . 2 1 . 2 5 , 2 6 1 .

B y  ( l ) :  K r ( x r )  =  e  ( x r ) u  e  ( x r )  =  l z , . z . . z  y z , . z . r . z , , l .

B y  ( - 1 ) :  K 1 ( 1 4 ) = e  ( x + )  u  0 ( x 5 ) =  \ 2 . 1 2 4 . 2 . 1 t , , 1 .

B)  ( .1 ) :  K . (x r )  -  Kq(x1)  =  0  (x l )  =  l z : .211.
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l l ) '  ( l ) :  Kr  (x5) -  e  ( \1 )  ue  (x5)  =  l z . ; t . yz5 .z1 , l .

B )  ( - 1 ) :  K .  ( x s ) =  K r  ( x . )  =  e  ( x 5 )  =  { 2 5 . 7 ( , } .

.115

U v  ( . 1 ) :  K r  ( \ . )  -  K .  ( r . ) =  e  ( x , )  =  1 z r . r l l .

t l ) '  ( l ) :  Kr (x r )  =  0  (x ' l  u  0 lx )  =  l z1-z . .zyzyz . , .z1 l .

RE\,IARK l. 11 is clerr that if h is an inlirrmalion sct ol playel i. and x rnd

)  a fe  two Dodes in  h .  then K i (x ) -K i (y ) .  T l lus  i l  makes  \ensc  to  \ \ ' f i t c  K j  (h )  l i ) r
plrycr i 's infbrmatiolr al hcr inlbrnation \et h.

' l 'he 
l ir l lowing propcrlies are proved in Bonrnno ( l992al.

PROPERTY l. For every node t rnd l irr cvcr_"- playcr i. e (t) s K j(t).
PROPT-]R] Y 2. For a ganrc with pcrlcct rcLull the followinil is trLrc: i l

o d e  t  i s  u  s u c c c s s o r  o l  n o d e  x , t h e r . f b r e v e r y p l a y c r i . K j l t ) q K , ( x ) .  I h . i r i \ . u I

cvcrv nodc each plal 'er kno$'s rt lcasl as much a\ she knew bcfi)rc thrl nodc

$'as rcached.
I-,ROPFRTY l. I l 'x is thc root of a subganre. thcn. lor cvcr'1 plit-"-er i.

K  j ( \  )=0(  x  ) .
For  nor l l ionr r l  s i r rp l i c i t ) .  we sha l l  l i r l l o rv  Krcps  a t td  Wi lson  ( l9u2)  anc l

ls\urnc thi,rt \ lrturc movcs at mosl at the root of thc trcc. Civcn an crtensirc

-gamc. wc clcl ' inc l l le as\ociated .\(,/ /)f .1rlrrr. dcnotcd b) E, irs follows:
( l )  i f  xo  ( the  roo t )  i s  r  dcc is ion  nodc  o fa  persona l  p l i l ) ' e r .  then th ,  amc

hrs  no  chancc  movcs  anc l  l l , c  sc l 'F {Z} :
( l )  i l  \a lu rc  movcs  a l  x0 .  le t  c t .  c i . . . . .  c r l  bc  Nr lu rc  s  cho icc \  i l l  x11  and le t

(p (c t ) . . . . .p (c , , , ) )  bc  the  cor respond ing  probab i l i t y  d is l r ibu l i { '  Wc sha l l  assunre
thtl cach chance,move hirs a strictly positivc plobabil ity (thus. p(ci) > 0 l irr all

i = 1 . . . . .  n r .  a n d  I n  t r  r  =  I  ) .

De l i re  r  =1 Ic t ) .  1 (c . ) . . . . .  y (c , , , )1 .  An e lenren l  L  €  ' t  i s  ca l l cd  an  cvcr ] l .

and  i f  E  = . / (c j ) .  thcn  thc  p robrb i l i t ) '  o f  I i ,  denoted  by  P(E) .  i s  dc l incc l  t s
P r r E r  1 ' r . , \

F o r  c x a m p l e .  i n  t h e  g r m c  o f  F i g u r c  2 l h c  s e l  o l  e v e n t \  i s
' r . =  l y t c , 1 = l z . r . z . , . z r . z q l .  . / ( c t ) - 1 2 5 . 2 6 , 4 1 ,  ^ l l c . ) = l 7 . s . z e - z . 1 p . 7 1 1 . z 1 t . z 1 t l l

w i th  fcspcc l i vc  p lobab i l i l i es  ( i  p -q ) .  p  and q .

Tlre fbllowing propertics rc an inmcdialc consequence ol uniqueness nf
p l rys  in  cx tcns ivc  gamcs:

( l )  i l  E .E '  €  , ]  and E+E'  then H .  I l '=  O:
(l) lbr cvcr] oode t*x0 there is r unique E € 4 such thrl e(1)eE: wc shll l

denole this uniclue event associatcd wilh 1b] E(1).
F ina l l y .  l c t

n .  
. p  l  [ 0 . 1 1
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he c ic l incc l  as  lb l lo rvs :  i l  thc  game ha\  no  chrnce movcs .  lha l  i \ .  i l ' l l  =  1Z l .  thcn

1I ( l )= l  lb r  a l l t  e  T :  o thc lw isc  sc l  f i ( x0)= l  {nc l  l i ) r  l+x0  sc l  t t ( t )=  P(E(1) ) .

For  cxar tp lc .  in  thc  ganrc  o l  F igurc  2 .  lb r  j=1 . - r . - i . ' 1  and i=1 .1 .7  r (7 i )  =

7 t ( x i )  -  I  p  q .  1 b r . i = 5 . ( r . 7  a n d  i = . 1 , 1 1  f i ( r i ) = l T ( x i ) = P .  l  o  r .  . j  =  8  .  9  .  .  .  .  .  1  1  r r n r l

i :1 .5 .6 .9 .  I  0 .  lT (z l )= rT(x r ) -q

I'r!ur. l

Wc no$ rn l roL lucc  lhc  no t ion  o l  be l ie l .
I )EFINfT ION.  A  (1 tu rc )  bc l i l  o l  phycr  i  i r  a  lunc l ion

111:'I > 2t

su l i s l , v ing  1hc  lo l lo \ \ ' i ng  p ropc f t i cs :
( l )  l i ) r  cvcry  r tx le t .Q+ p i (1 )  q  K , (1 ) .
(2 )  i l  r  r r rd  y  be long to  in l i rnnr l jon  se l  h  o l  p lxycr  i  l \o  tha t  K  (x )  =  K t ( )  )  1 .  the ' t r

B,r r i=p,r1't .
(3) 1ir |  cvcr1 node 1: i l  / .  z. e $,\t1. z come\ al ier choice c at inlbmlal iQn sel h

(ol a per' \onal pl iL)cf).  r 'conles al icr chuicc d rt  h. l l lcrt  c=d.

Cond i t i on  ( l )  i r )  t hc  above  c l e l i n i l i on  says  l l t a l  wha l  a  p l i l y c r  be l i c vcs  n lu \ l

bc consislenl wi lh lvhat she knows, and condil i0n ( l)  says thi l l  a player c lnot

hlv. 'di l l i renl bcl icls a1 two nodcs thal belong to ottc ol-hef infbmlit l ior l  scls.

sincc hcr intbnni l l ion is the sitrrc al both nodcs. Tl lu\ i l  r t lakes sense lr) \ \ t i tc

l i ,(h) tbf plrycr i-s bcl icl  at her inlbrmrt ion scl h. Condil ion (3) is wl lal lnrr le\ a

bc l i c l  
. ' pu I c ' :  i l  \ a ) s  t ha t  p l ayc r  i be l i e !es  l ha t  r t  c vc ry  i n l bn r i l l i o r l  s c t  t hc

r c l cvan l  p l a !e r  w i l l  ch (n )sc  onc  ac l i on  w i t h  p robab i l i t l  l .

l l  is eas) lo scc thal lbr g nes u, i thout chance moves. lor cvcry node l .

13 { t1  i s  a  s i ng l c ton  .  
' l  

hL rs  f i r r  t h i s  c l ass  o fganes  a  be l i e l  o l  P l r ye r  i  can  bc

'Su t l )o \ (  rn l . lha l  , \ .  ' uppos .  lhc rc  rs  t  t la lc r  r .  i r  nodc  t -  rnd  r$o  t .nn in r l  r r  c \  /  lnd  /  \uch  th r l

/ /  e p . r l r r n l / + /  1 t u ' ( r l l r b r u - h y l l )  p ( l l t l )  L ( l r b e l h e n o , l . r l $ h r t h t h . P r l h l r o r r r ! , , l o / r . d l h c

t ) r rh  Jnrn  r ,  l ( )  /  L l i \e r !c .  Sr rce  lh r r r  [ .  no  .h lncc  mi \c \ .  x  , \  |  der rs ioD nodc  o l  r  f . ru ' r l  l r ] r ! c .  l - c r

I  bc  r l .  in ronnr r io f  \ c r  Lo  $h ich  r  bc lo r rg \  t - .1  c  bc  lhc  .ho icc  r l  h  lh r l  p r tc .dc \  /  rnd  e  lhechorcer lh

r h r r  t , c ( . ( t . .  /  I h . n  i l  n r u \ l  b . c + . .  \ i o h l i i g c t n r d i l o r  ( i ) .
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t lcl ined morc simpll 'as a function
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srtislying lhe fbllowing prollcrl ies:

( i )  I l , ( r )  €  K i ( r )  V l€  1 .
( i i )  i l  x  and y  be lon-u  to  in lo rnra t ion  se t  h  o l  p la lc r  i .  then  B, (x ;= [3 i (y ) .

When we consiclcr a game without chance moves (or a ptoper subgamc ol a

ganrc wilh ch nce movcs) wc wil l make usc ol this sinpler wav ol wril i l lg i,L

bc l i c l 'o l  p laye f  i .
Wc shall ernploy thc iollowing notation: if h it an inlinmlliorl set and c a

choice al h. lbr elery xeh u,c dcnolc^ by J(x c) thc immcdiate successor ol x

li) l lo\\, ing choice c. Furthcnnore. if h is I subset of h. we clcnolc b)' :,(hc)

l l r (  . c l  , ' l  i n r tn . ( l rJ l r  \uL \ ' ( \ \ , r f \  l , l  n ix l . \  i l l  11  t i , t l , ' " rnv  (h i , i ( ( .  c .  lh ! r l

i s .

l ,  ,  I
) . ' h ( '  1 ) l )  

- \ { \ i ( r  l i r f  " , t t t t .  r  h }

Fronr novu on u,c shll l restrict attention 10 gamcs with periecl rccall

DEFINITION. We sity thit l player i 's belief $i is nininrulh ruliotktl i l  t l

salisl-ie\ the ti) l lou,ing properties (which wil l bc tl iscussecl immediit lcly bclow):
( l l  [ ( ]on t rac t ion  Cons is tenc"v l  I l  y  i s  a  successor  o l  x  Iso  tha t .  b , " "

p roper ty  2 .  K i (x ) lK , (y ) l  a r rd  B , (x )  n  K i ( ! ) r  O.  then

0  t y t = 0  i * t  .  K , ( v )

- (2) [ ' l  ree Consistency] Let h bc an inlbnnation set (t /tdr.i i  ,nd lel

h q h be the subscl ol h consisting ol lhc prcdcce\sors of Pi(h). Thcn lbr cver,"-

cho icc  c  a l  h .

( i r )

U l l  ( ) )  :  U tP ty t  n  o  ( r ' )1 .
\ ,  : r r , ,

(3) Undividual Rationalitvl Lct h bc an infbrmrtion scl ol playcr i. Let hbe
the subset ol h consisting ol the predecessors ol l3;(h). Thcn for every choice c al h.

( o )
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S l ' r ' n , r ,  T  I  t / t n \ / l
, 1 2  

'  ' - '  
. L

= l l  I  - - r r a , { / \  L ,
/ - u P l i  r  ' ! ! r r

where  L l i :  Z  )  ' \ . i s  p laycr  i  s  payo l l  lunc t ion  ( tdenotes  thc  sc l  o l  rca l
numbers).

Propcfty ( l) says that. i,rs the infbnralion of a playcr cvolvcs and becones
rnore refined. lhe playcr wil l not changc his beliefs unless he hiis to. thal is. unlcss
his plcvious belief is inconsistent with the ncw inlbnnation. This is u cortrfJrtioo
corlsislcncy propeny which is implied. for examplc. by Blycsiln updatin-u

In tu i l i vc ly .  p ropcr ty  (2 )  can  be  in te rpre ted  as  requ i r ing  tha l  a  p la lc r ' s
beliels about his opponcnt's prcvious moves be independent ofhis oun choiccs.
T o  s e e  t h i s .  c o n s i d c r  t h c  c x a m p l c  o f  F i g u r e  l .  T h e r e  w e  h i i l c  l l t i l l
K,()t)= | z yt..t.yt 5t4.21, ] where h= | x'.x. I is the firsl inlbrmation scl ol plavcr 2.
and K.(g)=lzr.z..2r.26l whcrc g=lxr.x1| is the second intbnnation scl ol pli l lcr 2.

Supposc  B. (h )  =  z+  ar rd  B : (8 )  =  z r .  Th is  bc l i c l  o l  p laycr '2  i s  inco t rs is ten t
beciluse believing in r{ a1 h mcan\ believing that node x. \^-as rcachcd. Gilcn
thi\ bclief. i l  player 2 takes i icl ion A. so thirl thc plry ef the game proceed\ to
inlblmaliort set g. then node x4 must be rcachcd. ancl I 'rorn x1 tenninal node z1
carnol bc rcachcd. l1 is clsv to see that part (a) of' l 'rcc Consistcncy is violatcd.
s i n c e  h - l x , l . ' I ( h A ) = { x , }  a n d  p . ( x , ) = z  e e ( x . ) = l z . . z 6 } .  l n  r h i s
exanrplc. palt (a) 01 ' lree Corsislcncy fcquircs that if 0rlh) = z.r then eilher

{31{g) = z5 or p.{g) = 26. Note that in games wilhout chancc movcs. where p,(t1

0
0

0
0

0
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is  a  s ing lc ton  lb r  cvcry  i  and tb r  ever l  t .  par t  (b )  o f  thc  c lc l in i t ion  o f  
' f i cc

Consistency is retlundant, sincc it is inplied b1 (a).

To scc thc rolc ol 'part (b) in games u'ith chance nrovcs, considcr thc gamc

o l  F igurc  2  and thc  lo l low ing  be l ie f  o f  p l ryer  -1 :  B1(xn)  -  B ,1x , )  =  J33{x2)  =

1 2 1 . 4 , 4 1 .  f i ' l ( { x : . x + . x s . x r , } )  =  { z i , z s } . 8 , 1 { x t . x r . x e . x 1 n } ) = { z . . z o z , , i  L e t  h  =

{ xq.x1.x5.x,, 1 1 . Then the prcdcccssors of l3j1h) arc x4 and x5. 11,15 5 = l x.,.x5 }.
The successors  o l  i r  l i ) l l ow ing  cho ice  r  a re  x ,  and x r .  Par t  (a )  o f  T lcc
Cons is tcnc) , i s  sa t is f ied .  r ince  p l1xs)  n  0  (x3)  =  l z , , l  and  p : (x r ) .  e  (xe)  =

12, )1 .  bu t  par r  (b )  i s  no t  sa t is l ' i cd .  s ince  p1(x1)  u  p r (x ! )  =  l z14 ,ze l .  wh ich  is  a
proper superset ol { zo. z9 }.

To  undcrs land proper ty  (3 ) .  cons ider  f i rs t  the  casc  o l  i l  gan lc  w i lhou l
chancc nloves. l-et z,'=gt(h) ancl let x* bc thc uniquc nodc in h which is on the

ll l lh l iorn the root to z*. Then sincc pJaycr ibclicvcs in z': i tt his inlbrmation
\ct h. it mcrns thal hc bclievcs thal node x* rvas reachecl. Property (3) rcquirc\
lhrl lbr ever) immediate successor y ol x*.

u i (21 , )  >  u  i (p i (y ) ) .

Supposc  ins tead tha t  there  were  an  immedi l te  succcssor  )  o l  x *  suc l l  l l l a l
L l , (z * )  <  U i (B i (y ) ) .  Then be l i cv ing  in  z*  (a t  h )  i s  i r ra t iona l  lb r  p l i l ye r  ibecause.
instcrd ol making the choice lequired by z'k. he can - according to his belicl.s
ancl by making another choice - move the plly to nodc y lrom whcrc. uguin
according to his beliefs. the game will cvolvc 10 oulconlc pi(y) lhrl hc prcfcrs
to z'r. whcn thc gamc has chancc moves. the interpretation of the inequality
dc f in ing  Ind iv idua l  Ra l iona l i l ) ,  i s  the  sane:  the  LHS represents  p l r le r  i ' :
expec tec l  u t i l i t y  a t  h  i f  he  takes  the  cho ice  in rp l ied  b1 '  0 i (h ) .  wh i lc  thc  RHS
rcpfcscnts his cxpcclccl uli l i l !  i l  hc takcs choicc c'.

l)UFf NITION. A proli lc oJ ba!i(s is an n-tuple 0 = (11r.....11,,) where p; is u
belief of player i. l ir l  cach i= I .... n. Wc say that p is nitt itttullt rutittrnl if ctcry
p1 is  rn in i rna l l y  ra t iona l .

3. Rutiottal Bclicl Etlnil ihriunt

Fix an extensive garne with pertect recall. As in Kreps ud Wilson ( 1982)
an d.!r(.r.!// l .rrr is dcl' inccl as a pair (6,$), whcrc o = (ot ..... o,,) is a proli lc ol '
bchaviour slralcgics and p is a lunction (called a "slslen ol beliefs'by Kreps
rnd Wi lson)

p :  T  r  l 0 . l I
l l  \ i l l  he  s | l t r \n  in  lhe  pr ! ) l  o i  p ro fo \ i l i on  I  (se .  Apfcnc l i \ ) lh r l  Lh is  i r leqre l r l i (n r  i '  i r  ccd  co f lcc l .

C .  Bonr .no :  Rarou l  BcLrc l  l lqu i lLhrLr
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Notc thrl i l-thc game has no chance nloves. then propcrly (i) inrplics lhit l.
l i r r  cvcr l  nodc  t ,  I , t ( t )  =0  or . ! t ( l )  =1 ,  so  tha l  p roper t i cs  ( i i )  rnc l  l i i i )  bcconrc
redundanl.

For  cxanrp lc .  in  thc  gamc o f  F igure .+  ( laken l rom Kreps  i ,Lnd Wi lson .
1982)cvcry  s imp le  asses \nent  must  have ! t (x r )  =  l /3  l |nd  U(xa)  =  2 /1 .

NATURE

Civcn a purc-stratcgy p|ol ' i lc o, lbr cvcry nodc 1tx0. lel q(tlo) be the
uniquc lcrminal nodc rcachccl l iorn 1 by lbllowing o lfbr evely terminil l  nodc r
wc  sc1  by  c lc l in i l ion  i t t .a l=7 ,1 .  C lear ly .  ( ( l lo )  €  e ( t ) .  F ina l l y .  le l  t (1 )  dcnotc  thc
scl ol immedi!t1e succersors ol node 1, lnd recall thrl pl dcnolcs thc inrrncdiatc
predecessor ol node l-

Wc now shou,how 1() cxlracl l ploli lc ol bcliels l ion a simple assessnrent.

sa t is ly ing  thc  p roper l , " -  thd l .  tb r  every  in fb rnra t ion  \c t  h .  I$ (x )= l .Wc sha l l
call an atsessmenl (a. p.J.\intpl( i l  o is a purc-slralegy proli le and U sati\f iet the
lir lkrwing propcrlics:

(i) i l  x and x'belong to the same inlbmrltion sct h. x comcs alicr choicc c
rt inli lrmii l ion \el g (()1 a perlonil l player). x' comcs altcf choicc c' al g and clc'.
thcn  e i lher  U(x  )  =  0or  U(x  )  =  0  o f  bo lh :

(i i) i l  x and x' bclong 1(] the same inlbrDation sct h rnd U(x) = 0 whilc

F  (x  )>  0 .  then there  ex is l  two cho ices  c  lnc l  c l  o l  pc |sona l  p laycrs  (no l

necessarily the sanre plryer. hcncc not ncccssarily i i l  thc silre intormation sel)
with cld such thtl x comcs alicr c and x conres alier d;

( i i i )  l c l  h  bc  an  in lbnra l ion  se t  and de f ine  supp($ lh )=11€ h  p . (1 )  >  0 l :  thcn .
l o r c v c r )  x €  s u p p ( F l h )
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DEFINIT ION I lhe  lunc t ion  X(o ,$)1 .  C ivcn  a  r l i r4 r l r 'assessrnent  (o .F)  \ \ ' c

can rs \oc ia le  w i th  i t  a  p ro f  i l c  o l  bc l i c ls  p= l (o . ! t )  as  fo l lows ' :

( l) l l  x0(1hc rool) is a deci\ion nocle ol a pcrsonal pla),cr (\o that the grme has

no chancc movc\) set. tor every playcf l.

g r",  )  = {E( x, ( ' ) i .

othcrwrsc. scl

B  ( r , , t = l z j z = ( r y o )  l i r r  s o m c  y e 1 1 x ,  1 | :

( f  )  I l  x+x0 an( l  K , (x )=e(x )  [ fec r l l  tha t .  in  par l i cLrhr .  th i \  i s  t lue  i f  x  i s  a  tc rmina l
nodc l. \et

P , t  x t  =  { ( t x  o r } :

(3 ) l l  x  i s  a  dcc is ion  nodc  tha l  bc longt  to  in fb rnr r t ion  se t  h  o l  p la lc r  i .  \ c l

[ ]  ( x l =  l z r  =  q ( y l < l )  l i ) r  s o m e  ] ,  €  s u p p ( F  h ) l :

(.1) I l x is a ciccision nodc that does /r.)/ belong to player irncl pJp,) a Ki(x)+ Z sct

P  ( x ) =  P , ( p .  ) .  K  ( x  ) .

(5) lf x is ir decision nocle thi,Lt docs roa bclong to plrycr i and K,{x) * e (x) and

0,  tp , )  n  K , (x t  =  A .  thcn  i l  must  bc  K i (x )  *  K , (p . ) .  l t  fo l lows t io rn  thc
dc l in i t ion  o l  lhc  lu r lc l ion  K i ( . )  Iha t  p .  be longs  to  rn  in lb rmat ion  sc l  o l
player i. crl l i t h. and K,(x) = l lc). whert] c is thc choicc 11 h lhll lcad\ fr.om
p\  to  x ' .  Se t

p  ( x 1 =  { z l z  =  ( { S { 1 l c ) o )  f b r  \ o n r e  v  €  s u p p ( U  h ) 1 .

lReca l l  tha l  5 (yc)  ( leno tcs  thc  immcc l ia lc  succcssor  o l  lode  y  fb l low ing
cho icc  c .  I

l ixample: consider thc ganrc ol Figurc -5 and thc sin)plc rs\cs\nent (o,lt)

I t  i \ . r \ \  1o .h . .k  thx t  p \o .ons l ruc lcd  is  Indccd r  f .o l i l c , ,1  heL i . l \  r \  de l in . ( l  .  lhe  I ' c \  , ,n r .  \ . .

|  ,n r  r fn ) t l j ,1 \  ( i r  tn  rh .  dcr rn i ron  o l  \ iDr tLc  $ \c \ incDl  ' \  c ruc ' r l  in  lh r \  rcspcc l ) .

S i i d  r  i \  , , /  r  ( I . . i \ i ( i f  r u [ o l p h \ . r i . ( r s c ( ] ) ( J l  l h . d c l i r i l i o r o l  K  ( . ) r \  r u l e d  o u l .  S i  c . K l \ r

r 0 ( \ ) . r r \ c \ I l r .  l l )  r . d  1 . 1 )  i f .  n L l . d  r n r l  I  i n x l l \ .  s i n c c  l j , l t . )  . '  K  l \ l  = l i n r t l i . \ l l u l K r \ ) r K 1 l r \ ) .

c r i \ . 1 6 r  s  i l l \ r )  r u 1 . ( l  o 0 l .  l h l \ $ . r r . . l l $ r r h c r s c ( 5 )
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g i vcn  by  o  =  ( (  I J .M .P ) . (  D .F .H )1  and  p t ( x1 )  =  p .  g ( x2 )  =  q .  $ ( x r )  =  l - p -q .  $ ( x7 )  =

I  r r * ' =  
( l  

r r r . ! - l l r r,  \ l ( r ) =  t .
n + q  l ' - L l

NAI LIRL

l i ) l l ows lNotc  th r t .  fo r

B y

B 1

Then thc lssocil l lccl proli lc ol beliefs l j=I(o.lt) is rs
ever )  nodc  t .  K ' t t1 -01111

(  l ) :  p r ( x o )  =  p , t x u l  =  l z r . z n . z l 3 ) :
( 2 ) :  l l , ( x r ) =  { 2 . , } .  p . ( x r )  = 1 z n } . 9 : ( x : ) = l z r : 1 .  p , ( x 4 )  =  { z r l .  D : ( x s )  =  l z ;  } .

B ' i r r , )  = { 2 1 : } ,  p . ( x 7 )  =  { 2 1 ) .  p 2 ( x 8 )  =  l 2 6 } .  p ] ( x e )  =  { 2 1 1 1 } ,  p ] ( x 1 1 1 r  =

l z r :  ] ,  F  r ( x o )  -  l z t : l :
8 1 ' ( 3 ) :  p 1 ( l x 1 . x l , x j ) )  =  { 2 1 . 2 3 . 2 ' 1 } .  p '  i { x t , x 3 } )  -  l z 1 . z 6 . l .  p 1 (  { r e . x 1 n } )  =  z 1 1 l :

B) '  (5  ) :  0  r (  x r )=Br (  x . )  = \z \ ,4 .2D\ .

DEFI\lTION. A simple assessmenl (o.[) is a (purc-slr. i\ legy) t ulioudI l)([ i4

t,t luil ihriun if the associrtccl proli lc ol bclicta B=X (o.F) is minimally rrl ional.
PROPOSITION L Lcl (( ',[.) bc a simple assessment. 11 (o,[) is a ralional

bclicl cquil ibrium ll lcn (' is a (purc strategy) subgarne-perlcct ctluil ibrium.

/)lo/. Scc thc appcndix.

Thc cxanple given in l lonanno ( 1992b. Figurc I ) cirn casily be adapted lt l
sho\\,that the corverse ol ploposition I is nol true. that is. not every subgarnc-
perfect equil ibriunr is (part ol) a ralional bclicf equil ibriurn.

P R O P O S I T I O N  2 .  L c l  ( o , [ )  b e  a  s i m p l e  a s s e s s n r c n t .  I f  ( o , $ )  i s  r
seqLren l ia l  equ i l ib r iu ln  then i t  i s  a  ra t iona l  bc l i c l  cqu i l ib r ium.
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Pi r.r./. See the rppendix.

,+.+3

The exanrple given in Bonanno i 1992b, Figulc 5) can crsily bc adaptcd to
show lhal thc convcrsc ol proposition 2 is nol truc. thal is. nol cvcr! rt l ional
bclicl '  cqu i l ibrium is a scqucnlial cquil ibriun.

1. Contlusion

Given an  cx tcns ivc  gamc,  wc  assoc ia tcd  w i th  cvcry  nodc  l  anc l  cvc f )
playcr i a subsct Ki(l.) ol thc scl ol tcrminal nodcs. inlcrprclcd r\ plalcr i s
information when the pla-"- of the game reaches node t. A beliel ol playcl i rvrs
then defined as a map fiom the set of l l  nodes into the tamill of subsets ol the
set of terminal nodes satisfying two main properties: rvhat a plal,el believes
musl be consislenl wilh whal she knows. and a player's bclicl musl bc lhc samc
at  any  two nodes tha t  be long to  one o f  her  in fo rmr t ion  se ts  (s ince  her
in lb rmal ion  is  the  s i lme l t t  those 1wo nodes) .  Three n l l tu f t l  p roncr t iE \
(Contraclion Consistcncy. Trcc Consistcncy and tndividual Rationalit l l  wc[c
used to define the notion of nininally rational beliel. Having shown how lt l
extract o belief tbr each player from a simple assessment (o,ft), we detlned il
s imp lc  asscssmcnt  1o  bc  a  ra t iona l  bc l ie f  cqu i l ib r ium i f  fo r  each p l ryer  the
associated belief is minimall l '  rational. The nvo main rcsulls ol this papcr lrc:
( l) the notion of rationrl belief equil ibrium refines that of subrarne perfect
cquil ibrium and (2) thc notion ol sequential equil ibriunr is, in turn. a refinenrent
of the notion of rational belief equil iblium.
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APPENDIX

ln this appi:nilix rvc prove pnrpositions I iurd 2. We shall begin wilh r law lcmmas.

LEMMA l. Fix an cxlcnsivc gane. l-et B1 be a bclicl 'ol 'player. i. Then firr '

cvcry  node t  anc l  l i ) r  cvcry  x lx0 .  i f  l l j ( t )no(x )  +  (4  then l l i ( t )  n  0  (x )  i s  a

\ rng le ton .
Pr.ofi. Suppose that z.z'€ p,(1) . e (x) wilh z.+t'. Lcl y bc lhe node rt

\\ 'hich the path Irom x0 to z and the prth from x0 to z' diverge. Then y is cithcr x

itscll or a succcssor ol x. Hence y is a dccision node of a personal playcr. Lel c

bc thc choice at y that precedes z rnd c' lhe choice at y tlrat prcccdcs z'. ' lhen it

lrrusl bc ctc , contradicting propcrty (-]) ol the definit ion ol F, (.).

LEMMA 2.  Le t  (o . ! r )  be  a  s imp lc  assessment  and le t  l l= I (o .P)  be  lhe

conesponding proli lc ol bclicls. Therr tbr every nr c xlx1, and fbr every pli lyer i.

B  ( x ) ^ 0 ( x ) + Z  J  B  ( x ) . 0 ( x ) : l ( ( x 1 6 ) 1 .

Pttol. Frorn thc dcl' inil ion of X (.) we huve thal lbr cvery x+x0 rnd l i)r

every  p laycr  i .  p , (x )= lz lz  =  q ( to )  f i ) r  somc 1e Y |  fo r  some se t  o l  nodcs  Y,

nonc of which is a succcssor ol x. I l Pi(x) . 0 (x) + O, thcn by lcnma I and by

r h e  d e f i n i r i o n  o l  X ( . ) .  p i ( x ) . 0  ( x ) = { q ( t l o ) I  l ' o r  s o m e  n o d e  t  € Y .  S i n c c
q(tlo) € O (x), cilher t=x or t is a preclcccssor of x. Hence ((tlo)=((x o).

PROOL Of  PROPOSITION 1 .  F ix  an  ex tens ivc  gamc G wi lh  per fec t

reca l l .  Lc t  thc  s imp lc  a \ \essment  (o .U)  bc  a  ra l iona l  be l ie f  equ i l ib r ium.  I i  thc
ganrc hls no chance moves then proposition I follows fronr ploposition I in

Bonanno ( 1992h). In fact, i l  p-X (6.$) then it eas]' to verily thal p satisfies the
property ol Choicc Consittency clefinecl there. Supposc lherefore thrt Naturc

movcs al thc rool of the gaire. Fix an arbitrary subgame of C and lcl x'r bc the

r(x)l ol thc subgame. 
' l 'wo 

clLscs arc possible: ( I ) x* + x0 and (2) x* - x,,

ln ca\e ( l). by p|opclty 3. Kj(x") = e(x'k) for everl playcr.j. By property 2.
since the garnc ha\ pertect lecrl l. l irr evcry playcr j ancl for every nodc 1 thal

belongs 10 thc subgame. Ki(t) e e (x*). Thus for every playe| j und lbr cvcry

node t  rha t  be longs  ro  rhc  sLrbgane.  D; ( t )  c  0  (x , ' ) .  t l cncc  pr (1 ) .0  (x* )  =  p i ( t ) .

l t  f o l l o r v s  l r o m  l c m m a  I  t h a t  p i ( 1 )  i s  a  s i n g l c l o n .  H e n c e  w e  c a n  a p p l y
propos i t ion  I  in  Bonanno (1992b)  to  thc  subg i lme and conc lude tha l  thc

Icslricl ion of o to the subganrc is a t 'r*ash cquil ibriun of the subgamc.

Cons ic le r  now casc  (2 ) ,  namely  the  c rse  whcrc  x ' r  =  x0 .  ln  o rder  to

complete the prool ol proposition I we only nccd lo \how that o is lt Nrsh
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equ i l ib r ium o f  the  en t i te  ganre .  F ix  an  arb i t ra ry  p layer  i .  Le t  o , '  be  a  pu ie
stratcgy ol plrycr i such thal

( A . l ) :  U (q(y o '  ) )rr(((y o '  ) )  r

whcrc 6=(oi .o i) lrelcdl that t(x0) dcnolcs
thc rooll. Wc wanl lo show lhal

:  U ,  ( ( (  y  ( ' ) )n ( ( ( ) , ( ' ) )

thc scl ol inlmcdialc succcssors ol

(A.2) I  I  , ( r r l o  ) ) r T ( ( ( v o  ) r  I  t  r - , r  o ) , [ r ( r \  o ] /
r . :  , ,  \ . : 1 . ,

I  ( l  V  -  I  { \ r , r  he  t l L  l i nc ' l  r '  l i ' l l , ,w . :

v -  
{r  e I tx, ,  )  ( rr  <l)  + ((} lo '  ) }

Br-  (A . l ) . y+4.  Fur thcrmore .  i t  lo l lows l ro rn  (A . l  )  tha t

(A.3) I  u  (E(y  o '  ) ) r ( ( (y  o ' ) )  +  :  u , (E(y lo ) ) r ( ( ( )  o ) )

Fix {n arbilrary yl € V. Lct ht bc thc inli)fm tion set ol plityer i at which the
path from vr to ((yr6) and rhe palh l ionl yr q()l1(' ') divcrgc(hcncc (' i  irnd oi
sc lcc l  c l i l l c rcn l  cho ices  i l t  h t ) -  Le1

( A . 4 )

rnd

(A.5)

Therr it

(A . ( ) )

V(hr )  =  1 ) ,€ I (x { ,  the  pa th  f ion l  y  to  ( ( ) '16)  c rosscsh l }

V ' ( h  1 )  =  V ( h 1 )

V ' (h r )  =  1y€ : (x0)  I  the  pa th  f rom y  10  ( (y l ( ' ' )  c rosscs  h t  l

nlusl De

Cl lear ly .  V{h t ) lA ,  r incc  y1  e  V( l i l ) .  Fur lhcrnrorc .  s ince  o i  rnd  o j ' se lec t

l ' l ! , /  (  l c rd \  \ '1h  ) .V lh  ) *O.  \ i  !e  ) reV(hr ) . ,V ih  )  We i i r r t  \hoN rhr t  V ih  lq l  (h  ) .  Suppsc

n( ) r .  rh r r  , s -  su t t r ) \e  l |e re  i s  r  l l )€  V ih  )s rch t f ia r ! .eV ih  )  lhcn I | r \ ! r lu  h .nnor . .  rh .  p r th  l ion j  \ , ) r ( i

( r ) , ,  o )  ru \ l  . ( ^s  rno lh . r  in l i )nn . t ion  \c l  o l  thy . r  i .  c r l l  i l  g .  b . l ; rc  i t  rcd .h . \  h  I t . ru \ r  r l v )  b .  l ,u r

lha l  (J r  and o  sc lc . l  c l i l l c rcn t  .ho i . . s  d t  8 .  A !  r  .ons .qu . f . . .  th r  p r rh  t ro . r  f  I  n '  i ( )  o )  d ( )e \  r , ) l  cn) ' \  !
h c l i ) r e  i r  c r ( A \ c s s  h  ( i f r r ! l l l  l - c l \  h . r h c n o d e L n h  l h l t l l e s ( n t h e p r r h l i r D r ) r l o q ( y 1 , ( ' ) r l d \  b . t h c

nodc in  h  lh r t  l i . s  on  rh r  p tuh  rn ) rn  !o  ( ( '  !1 ! |  o )  Ther r  r  cor rc \  a l le r  r  cho ice  r l  !  sh i fu  x  ( locs  no l .

con l fud i . rn t  th .  r \ \ rD t l lon  o l  F r lec l  rec t i l l .  The tFrn  t ln l  V  (h  )  q  V1 |  )  i s  \nn ih r .
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different choices at hr, i l  must be V(h1)qV. Fix an arbilrary y. €V/V(hr) and

let hr bc thc inlbnnatiorr set of playcr i at which the path from y. to ((y. 6)

rnd the palh froin yr to ((y2 o') clivcrge. Let

V(hr )= ly€>(x0) l the  pa th  f ronr  y  to  ( (y  o )c rossesh. l .

Rcpcal lhis procedure unti l thc scl V has been partit ioned into m non empty

subsets V(h1). V(h,.i. .... V1h,,,). l l  follows tiom (A.3) that

, . t ,  
u (q( y lo '  ) )r(q(.v o ))  *  *  

, .* I , , , , ,u, , ((yo 
))rT(q(yo'))  +

(A .7 )  *  :  u  t ( ( y lo l t n t (0 ,o1 )  + . . .  +  I  u  ( ( ( y  o ) ) r (E (y lo ) )

We will now go ll lrough a nurnber of steps to show that

, A  x ,  I  l .  r ( r 1 o  r r r ( r )  6  r r  s  I  t  r q ' l  o t r n r ( r 5 l o r r

The samc argumcnt can then be repeated lbr cvcry sct V(hi). so that. lbr every
j=  I  . . . . .  rn .

r A . 9 r  I  t  ' ( ' l 6  D r T { ( r } l o  i r  .  ) -  t  '  6 '  ,  6  i  r n {  ( {  }  l o  '  l

Hence. rdding all thc incqualit ies in (A.9). and tuking inlo account (A.3) and
(A. l ) .  wc  ob la in  (A .2) .

STFIP L Recall that. by definit ion of X(.), g(x1) = lt t- l(y o) for some
y  e I  l x n ) l  a n d .  b y  t h e  d e f i n i t i o n  o l  K i ( . ) ,  K i ( h r ) =  u 0 ( t ) .  T h u s ,  b y

Conlraction Consistency

( A . t 0 )  l l , ( h  ) = p , ( x , , ) . K  ( h , ) = { r J z = q ( y o )  l o r  s o m e  y e V ( h  ) }

Hcnce.

( A . l  l ) I  U (z)n(z)-  I  u (  q( y lo))r(((  y lo))

l-et l lr be the subsct ol hr consisting of the predecessors of pi(h1). Then

r A .  I 2 '  h ,  l l . l r  I  i :  i r  \ [ c c c \ \ o r  o f  s o n r e  r c V r l l  ) ]
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Let c' be the choice selected by oi at hl. By Indiviclual Rationality arro oy
(A.  i0 )  and (A .  |  |  ) .

, \ , r ,  I  I  r ( , y o ' r r r i r 1 o , ,  -  :  I  t / t n /
1 \ ' 1 . r , ' = . t ' " '

i jy part (r) ofTree Consistency. for cvcr).re t . 1],t51* c')) . 0 (S(x c )) * O.
TIrus. by lemma 2.

( , \ .  1.+) B (^S(x c ))  n e ("S(x]c ))  = i ( (s(xic )o)I

By plrt (b) rl1'Trce Consistcncy,

, A  r i ,  ' P { S r \ c , '  . i n  \ ' \ c ' i  t i ( \ ( \ ' .  1 , 1

Thus,  us ing  (A .  l3 ) - (A .  l5 )  we obra in

(A.  l6)  ,  
I ,  

, i ;  
( ( ( ) ' ] t l ) )7 i (q(y l< l ) )  > 

. :  
l ,  (E( . t (x lc ' ) lo) )n(( (s(x lc ' )o) l

Fix  an  arb i t ra ry  xe  h  .  T l ren  b \ ,  (A .  i2 ) there isa leV(h1) lha t isaprcdccc lsor
tl l  x. It follows that , l(xi c') is a- succcssor of y. Hence "S(x c') I ies on rnc prl l
fron y ro ((yl o'). If. for all xe fr, . (tSt*l . ' i  " j = ((.S(x c')l o'). thar is. if oi and
oi do not dilTer al any information set of player i ( if iny) thrt conlcs after nodcs
in h . thcn (A.8) is proved [recall (A..1) (A.6)1. Otherwisc proceed 1o srep 2.

^STEP 2. Recall thc followin-e noration: :(hr c') = {r 1 =,!(xlc, ) for sornc
xe h1  | .  Thus  (A .16)  ca  be  re  wr i t l cn  as

(A. r7) I  u, ((1vlo))n(((vlo)) >

Ucr lne  wqz (  n  /C  )  a \  l o l l ) !  S :

w = lr € I(h l . ' ) l (( t  ol  + (t t lo ')1.

If W=Z then the proof of (A.l l) is complete (cf. rcmrrk ar lhc end ol slcp l).
The same is true if

. f  L  ( ( (1 lo ) )n ( ( ( t  o ) )  >  :  U  ( ( ( r  o ' ) ) rT( ( (1 lo ' ) ) .
r E : 1 h r ,

f  u,  ((( t  o))  r((( t lo))
r . : t r ,  I  l
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Assumc therefi)rc that

I  t  t ( r t o t r n r ( r t l o ' t  r  I  U  r ( r t o  r r l t r ( r l l o  r r .
)

ThcD it fbllows from (A. ltt) that

, A  l e ,  l  l  r ( r r l o ' r n r ( r r l o r '  '  I  U  r ( r t l o  r r n t ( '  t l o  r t

Fix an arbilrary tl€ W and let gl be the inlbrnation scl of playcr i at which lhe

path Jiom tr to q(11 6) and thc path from 1l to (1t11 o') diverge. Let

W(g,)  -  l r  e  Wl thc path f  rom t  to  ( ( t  o)  crosscs g,  I

and

W ' ( g r ) = l t € W t h e  p a t h  l r o m  t o  ( ( 1 l o ' )  c r o s s e s  g  I

Clcarly, W'(gl) = w (g1) and O + w (gr)ew . Fix an arbritrary t"€wAV(gr)

uncl let g. bc the infi)nnation set of player i at which thc path from t. to E(tzlo)
and the palh fronr t2 10 ((2lo') diverge. Rcpeat this procedure unti l W has been

par t i l i oned in to  m 'non-emply  subsets  W (g l ) .  W(g2) , . . . ,  W(gm' ) .  I t  lb l lows

lion (A. 19) that

t  U  ( ( ( t o ) ) r ( z ( t o ) )  +  . . .  +  : ,  U , ( E ( t o ) ) f t ( ( ( t o ) )  <

( A . 2 0 )

We $ i l l  now show tha l

r A  ) t r  !  t  t ( t t o r r n r z r r o r r  \  I  U r ( r r o  ' r n r ( r t l o  r r

Thc same argument can thcn be repcated for evcry set . i= I ' .... m to show that

r A  . r r  !  I  r ( r r 6 1 r 1 r ( t t 6 t t  - :  I  t  ' ( ' t l o  r r n r ( r t o  r r

Hence adding up all the inequali l ies in (A. 22) we contradict (A. 20).

Thc  argument  para l le ls  tha t  o f  s tep  l .  By  per fcc t  reca l l  and Con l rac t ion

Consistency.

p  ( g , ) = { z l z = ( ( t o )  f i ) r  s o m e  t € W ( g i ) } .
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Hence

( A . 2 3 )

Lcl g, be the subset ofgl consisting ofthe predcccssors of p,(g,). Thcn

(A.2 ,1) i  -  l t .  g  l ' '  i s  a  . u c c e . s o r  i ) l  \ o m e  t =  W r g  r

Le t  d 'bc  thc  cho ice  se lec tcd  by  o i '  a t  g t .  t sy  lnd iv idua l  Rat iona l i t y  a r ru  oy
(A.23) and (A.2,1).

( A . 2 5 ) I  U ( (116))n(( ( t  o) )  > I  u ,  (z)n(z)

g, .  0r (S(x l  d ' ) )  n  0 (S(x l  d ' ) )  *  Z.By part (a) of Tree Consistency. for every xe
Thus, by lemrra 2. f i)r every x€ gr.

(A. 26) ll (.s( xld' )) n 0(.t( xld' )) = {E(.s( xld' )lo)}

B!  p iLn  (h )  o f  T rcc  Cr )n \ i \ tency ,

(4.2 ' ,7) u B ("s(xld')) = u tp (s(x d' ))  ̂  o(.t(x d'  )) i

Thus.  us ing  (A .25) - (A .27)  we ob ta in

(A.211) )  u,  ((( t lo))7r(((  r lo))  > I  U (((s t  x ld '  ) lo))nt  ( ls {  * ;a '  1;6111
F j

Fix an arbitrary xe g . Then by (A.2.1) there is a t c W(g;) rhat is a prcdecessor
ol x. It fbllows lhat .t(x d') is a succcsor of t. Hencc S(x d') l ies on thc path
from I k) E(r o'). lf. for all xe g , ((.$(x d')l o) = ((.S(x d')l o'). rhat is. if oi and
oi do nol dil ler at any inlbrmation set (i l '2rny) of player i that comes aftcr
nodes in g. then (A.21) is proved. Othcrwise we repeat lhc srme argumcnr
until we reach an information set f l of player i wherc thc condition that. f irr all
ye I lwhcrc f denotcs thc the subset of f l consisting of thc predecessors ol'
pr (fr)1, ((s(yl c').] o) = ((.s(y e')l o,') - where e' is the choice sclcctcd by oi' ar
information set tr - is satisfied (eithcr because oi andoi'do not dif lcr at any
infonration set ofplaycr i that comes aier nodes in i , or because thcrc is no
information set of player i that comes aftcr nodes in i ).

We now tum to the proof ol 'proposition 2. As befbre. wc shall begin with
a few lcmmas.
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LEMMA 3. Let (o,F) be an assessment that is consislent in the sensc ot

Krcps and Wilson. Then the lollowing is truc: i l  y bclongs to inlbmration set u.

d is the choice tltat leads from p, to y Jrccall thal p! denotes thc immedrale

prodcccssor ol ' y l. and cvery node in u comes al tcr choicc d, then [(y) > lt(p') '

Prool. Lct h be thc infbrmation scl to which py belongs Lct <o'"> hc the

scquerce ol'complctely mixcd stratcgies thal convergcs to 6 and fiom which

the function p is obtaincd (by applying Bayes' rulc to o and taking the l imil) '
' l ' hen .  io r  evcry  m.  Prob {  u l  ou '1  (  Prob  I  h  om i  Prob  {  c i ]  o " ' } .  A lso .

Prob 1 y o'" I = Prob {Py on I Prob ldl oltr }. Thus

f tob l \  lo '  I
l , fnh l \ lu .  s ,vcn o l=E;  l iF->

Prob {p.lo. I I 'rob {d o' }

Pn 'b  {h lo  I  | }oh  1{ l lo ' }

Since [(y) is thc l imit of lhe LHS as m+- and p(pv) is thc l imit of the RHS as

m-+-. thc proof is complctc.

C O R O L L A R Y  1 .  F i x  a  g a m e  w i t h  p c r f e c t  r c c a l l .  L c t  t h e  s i m p i e

assessnent  (o ,p )  bc  cons is tcn t  in  thc  sensc  o f  Kreps  and Wi lson  and Ie t

0-X(6,F) bc the corrcsponding profi lc of belicfs. Thcn the fbllowing is lrue fi)r

cvery player i: i f h is an information set of playcr i '  xeh is such that p(x) > t)

and y is an imrrediate successor of x, thcn ( ty o) e 0;(f).
Proof. If K!.y1= e(y) then ll i(y) = {((yl o)} bv (2) of of the dellnit ion ol

)( (.). I l  y belongs to inlbmation set u of player i and d is the choice that lcads

from x ltl y. thcrt. by pcrltct recall. every node in u comes trfter choice d Hcnce

by lcmma l, | l(y) > p(x) > 0. If follows from (3) of thc definit ion of I ( ') that

((yl o) e Fi(y). If Ki(y) + 0 (y) and y is not a decision node ol player i '  then by

(5) of thc definit ion of inlbtmation. Ki(y)={d) fwhcre d is the choice at h that

leads l iom x ro y. that is, y= .51"1611. l l '  pi(h)  ̂  ^l { = A, then ((y o) € Bi(v)

b) (5) t l l  {he definil ion ol 1(') fsince' by assumption' p(x) > 0] Finally, if

I l ,frrt n y (d) + O, note thal, by (2) of the dcfinit ion ol'X ('). 0;(h)=1 z z=((tl o) br

some t  €  supp( [Lh) ] .Thuso;  sc lec ts  cho ice  d  a t  h .  S incc  y  =  S(x l  d ) ,  i t f i r l l ows

thar q(yl o) = ((x o). By (,1) of the dcfinit ion of X(') '  pJv) = []Jh) n Ki(v) =

1zl z=(1tl o) for somc t e supp (p h) l n y(d) Hence (tyl o) e Fi(v).

LEMMA 4. Fix an extensive game with perfcct recall. Let (6,P) be an

asscssmenl lhat is consistent in the scnse of Kreps and Wilson l-et h and u be

infbnnation sets of the same playcr and suppose that therc exists a no'le jeu

that is an immediate successor ofa noclc ieh such thal 11 ( i) > 0 Thcn for

evcry norlc y€ u that is a succcssor (not necessarily an immedialc succcssor) ot

a node xe h such that !t(x )-0. [(y)=t,.



4-5 I

Prool.Let !eu bcan immcdiate successor ofa node i e h such that g( i )>t)
and let y€ u bc a successor 01 a node x€ h such that !(x)=0. By perfect rccall.
bolh t and y conrc rfter the same choicc at h. call i t d. Let <om> be th(]
sequencc ol complclcly mixed slrategies thal converges to o and tiom which
the function g is obtaincd (applying Bayes' rulc to on, ancl raking rhc l imir).
Then. fbr cvcry nr.

Prob{ylo. } : Prob{i o. }Probl<lo. }, ancl

Probly o. ) ( l,rob{x o. }Probld]o. }

I i t  i s  an  equa l i t y  i f y  i s  an  immedia tc  successoro l ' x l .  Thus

(A.29) P r o b  { y o . } ,  h o b  l x ] o . }
f ib66.1-Frob t;1";1

Div id ing  numera tor  and dcnominator  o l '  the  LHS by  Prob {u  6 , , ,  1  and
nunrerator and denominator of thc RHS by prob lhl o'" I wc obtain

C  B , ' n J f n ^  R , , r , ' n . '  l J r , . 1  l , t u r  h r  . ,

(A . -10) .

ttob {y o. }
Prob lu lo .  l
Prob lllo " I
Prob {ulo '  }

Prob {x l6 . l
Prob {h lo "  I- 
Prob
Prol')

{ i o ' }
{ h o ' 1

Takins the l imir rs n-i* and recall ing rhar. by hvporhesis. I, l( i  ) > 0. and. by
lcmma 3, pr( t ) > tr( i ), wc obrain

( A . . r  l ) I r ( y )  <  u (x )
F ( t )  F ( i )

Sincc. by hypothcsis. !(x)=0. i1 fi l l lows lhal p(y)=0.

COROLLARY 2. Fix iut exlcnsive gamc with perfcct recall. Lct (o.!rl Dc
an asses\menl thilt is consistent in lhc sense ol Kreps and Wilson. t_cl h and u
b_e inlbrmation scls of thc same plavcr and suppose that thcre exisls a node
y €  u  tha l  i s  un  imJncd ia te  succcssor  o f  a  nodc  iehsuchtha tF(  i )  >  0 .  Lc t  c l

bc the choicc ar h lhar leads fronr i ro ! and let tr=supp.(!r h). Then lbr
cvery y€ u such rhar [(y)>0, ((yl o) = E(rl o) tbr somc te I( h ld). IRecall thar
I (h  d )={ t  l= , t (x  d )  lo r  some x€  h  l ,  $here  5( } , /d )  denorcs  the  lu rned ia tc
successor of x fbllowing choicc dl.

Proof. Fix l y*t such that !r(y) > 0. By pcrfect rccall. y corncs afier
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cho ice  c l .  Hcnce b) ,  le tnna '1 .  e i thc r  ye  t (  t r I t l )o ry isasucccssoro1 a te I (h  c l ) '

Supposc ihe latlcr is thc case and it is not truc that ((yl o) = q(l 6). Lct x€h bc

thc irnmediale predccessot of I and lct c I,c], ...c, bc the sequcnce ol choiccs that

lcac ls  f ro rn  x  to  ) '  ( thus  c r=d  and r  >  2 )  Le l  <o '>  bc  the  scquencc  o t

completcl) mixctl strategics thal convergcs to o and fiom which the lunction trr

is oblained (rpplying Ba)'es' rule to o.r ard taking thc l imit) Then' l i)r at least

olre j=2. ..... r ' .

Econonr ic  No les  I  l99 l

(4.32)

Now.

( A . l l )

rvhere A(o' )=ProblcJ o'r) Prob{c., 6,r'} .... Prob{cf 6t'1.1nd th{rleforc. by (A.32)

l i m  A ( o ' ) = 6

Prob{y lo.1= p1o51i16 "  lProb{c lo-  }

D i \  r d i l !  |  A . . 1  1 r  h \  r A . . t 5 )  \ \ e , r h l r i r )

(  A . l6 ) ifffin'"''

l im Prob lc r  lo '  l  -  0

Prob{y  o -  }  =  Prob{x lo '  }Prob{d  6 '  }A(6 '  )

(A .34)

Furlhcnnu c.

(A . -35)

D iv ic l ing  numera tor  and dcnoor ina lo r  o I  the  LHS by  Prob 1u  orn l  and

numcratol. rnd denominator oi thc RHS by Prob {hl o") } and taking the l i 'nit as

m )-. we obtain lnote that. by hypothesis, ft( i )>0. by lcnnlr rl. F(x)>(l '  and'

by  lemma 3 .  ! (  i  )>  F(  i  ) l

( A . 3 7 ) c 9 = { !  l i m 4 ( 6 , , )
I r (y)  l t (x)  , , ,  , .

By (A.34) thc RHS is equal to zert). lnd thercllore !r() ')=0. yclding a contra(l icl ion'

LEMMA 5. Fix a ganre with pcrfect rccall Lcl the simple assessmcnt

(o,p) be corlsistent in the scnse ol Kreps and Wilson ancl let l l-X(o,U) bc the

corresponcling bclicl systenl. Then p satislics the property of Trec Consislcncy'



Pn)o l .  P i \ r l  (a )  o f  T rec  Cons is tency  l i ) l l ( )ws  l rom coro l la rv  I ,  s ince
((), o) € e (y). It only rcnrains to provc rhat i l  h is an infbnnalion set of playcf
i, h is the subsct of h consisring of rhe prcdccessors ol p;(h) [so that, by (3) ol
lhc  dc l in i t ion  o l1 ( . ) .  t r  =supp lp l  h ) l  and c  i s  a  cho ice  ar  h  rhen

(  A . 1 8  ) .  9  B , ( y ) =  u  [ ]  ( ] ) ^ 0 ( y ) l
r : : r  .  r . : ' r ,  (  l

C . B , n . ' n r '  R 1 r r ,  . ' l  B r  r r  I i t u r l  t r f  i .15l

uy corollary l. tbr all ye I( rr ] c). ((y o) e pi(y). By' lcmnra l. B (y) . 0 (y)
is a singleton. Thus. tbr all y€ t( h ct,

(A.3e)  B (y)  ̂  0(y)  = { ( ( } ,  o) }

Hence (A.3 l l )  is  equiva lcnt  to

(A..10) u [ ]  (y)  = {z lz  = q(y lo)  lbr  som e y e I th  c) }
) ,  : 1 r  r ,

Lel  Yr=lv€: (  t r  c ' } l  X,1v1=61y11.  Then,  tbr  cverv y€y l ,p i (y)  .  e  ( ) , )  =p,(y) .
Hencc. by ( A.-39),

( A . . 1 r ) . u  I  ( ) )  =  { z l z  =  ( i y l o )  t b r  s o r n e  y e y  }

.  ' z l z -  ( ' l l o r  l i ) r  \ u n r e  )  I r  l r c '

l -e l  Y ,  =  {y€  : (  h l  c )  K1(1)  +  0 (y )  }  and y  i s  no t  a  dcc is ion  nodc  o l  p l ryer  i  I  and
Y] = {ye I( tr i c) Ki(y) I 0(y) ancl y is a decision node ol' plryer i }. Obvrousll,.
E ( h I c) = Y ruY.uY I. By (-5) of the dclinit ion of inlirrrnation. lbr everv ye y..
K l  (y )=y(c ) .  l f  p j (h )  ̂  'Kc)  -A . then.  by( -5 )o f  rhcdc l in i r iono f  X( . ) .  fb rcvcry
Ye Y:'

(A .42  ) p , ( y ) - { z z = ( ( y l o )  f b r  s o n r c  y  €  : ( h  c ) l

I l  l l ,(h) .\ l(c) = A. thcn oj selecls choice c at h ltnd lhcrclir.e tbr cvcr.y node
x€ h .  ( (x  o )  -  ( (S(x /  c )  o ) .
Thus p;(h) =lz z=((x] o) fbr somc xe rr 1 = 1zl z=(ix 6) lbr some y€ t( l1 | c)1 c 1.1.
By (4) ol lhc defioirion o1 X(.). fbr cvery ye y..

( A . , 1 2 b )  P  ( y ) =  P  ( h ) . r  K  ( r )  =  P  ( h )  -  
t ( u r  =  i z l ,  =  ( r \ l o )  r o r , , , m c ,  .  l l r r ] c y 1

l hus. bv (A.42r) and (A.,12b).

(A .43)
p  ( y ) c { z z - ( ( y o  f o r  s o m e  y e I  l h ] c t l



l < |  l  r " r ' r  \ ' i "  1 l o a r

It only remalns to Prove thal

(A..14) u  F . ( y ) c  l z j z = q ( ) l o )  t i r r  s o m c  I ' e I  ( h c ) l

Fi\ an rrbitrl lry ) € Yr. Let u be thc i lfomalion sct of pla)'er i to which i

hclonlts. ts) coroilary 2. for cvery ye u. if P(y)>0 then !(yi o) = q(1 o) l irr sonrc

l€ t (h ic ) .  l t  !b i lo$ ' \  f ro  (3 )  o f  thc  de f in i t ion  o l  I ( ' ) lh r l

, \ . - + < .  {  r '  -  i z z  , r r ' o ,  ; 1 , r  ' u n 1 .  "  l  r ,  '

S i l ce  !  w i ts  c i roscn  r rb i i r iu i i y ,  (4 . ;1 '1 )  i s  p roved B)  (A '11 ! t 'b ) - (A '14)  the

llrool i\ corrirlelc.

Lt.\!MA 6. Lcl (o.ui be xn i lssessment that is contislcnt in thc sensc ot

!{rc|: antl WiisoD. lfy is a successorofr on the prth l iom x to (1xl ot' l  bctongs

k) inti)fnrirt ion \cl u;Lnd all thc nodcs in u arc succcssors l)f x. thcn $(y)=^'

Pt.of. Let c1.c......c. be thc choiccs thal lead ifoln r |() J- i 'el <on'> hc lhe

:icqlrcncc of completely nixed strategies thll convcrges lo o and tlonr wlrich

lhe  func l io r l  $  i i  ob ta ined (b1 'app ly ing  Baycs ' ru lc  to  o ' r  l ' rd  t rk ing  lhc  l im i t  l s

ir)-). -qince y is relchccl l lom x bJ' i i) l lowinll 6,

(;\.:161 l i n  P r o b { c ,  o " ' i -  l .  l b r  e v c r v  k = 1 . 2 . . . . r .

Now.  P rob  { v  o " ' 1  =  p to6  { x  6 i r }  P rob  { c t  6 tn lP rob {c . l  o r l }  P rob  { c r  o ' I } '

Furthcrmorc.

Pr , 'h lv  o  ,  Pr , )h l \  o
P r o h l \ ' r .  ! i \ ( n  o  l -  

e r n u , r , l o  I  f r  . r p .  t

Sincc all thc nodcs in u arc succcssors ol x. -  L  Thus

= Prob{c,  o-  }Problcr  o, , }  Prob1c,16, ,  l .

Sincc. b]' (A..16) thc l irnit ol 'the RHS rs tu +- is equal b I aod lt(y) rs thc

limit of thc LHS as rr+-. i l  follows that [(] ')=l



r i  I r , , , , , , ,  r ,  R rL , , tu. ,  B.  i r  L. t r  i  hr  . ,

LEMMA 7. Fix a gane with pcrlcct recall. Let (o.U) be rn asscssmenl thrl
is consirlcnl in lhc scnse of Kreps and Wilson. I l x ancl y are decision noclcs ol
player i and y is succcssor ol x on the pirth from x to (1xl o). thcn l-L(].) > [(x ).

Pntol. Let h bc thc inlirrnration set (of playcr i.) to which x belongs. lnLl u
thc  in lb rmat io i r  se t  (o l 'p la )c r  i )  to  wh ich  y  be longs .  Lc1  c1 .c . . . . . .  c ,  be  the
choiccs thal lcacl from x to y. Lct <('rI> be the sequence ol cornplctcly mixeil
strategies thlrt convcrges that converges to o and lront u4rich the lunction gt is
ob l { incd  (by  rpp ly ing  Baycs ' ru lc  10  o f rand t  k inc  thc  l im i t  as  m +- ) .  S ince  )
is lci ichcd lrom x bv lbllowing o.

(A .47  ) l i l n  l ' rob lc r  o , , ,1  :  l .  f i r t  ever !  k -1 .1 . . . . . f .

Prob{y lo" , }  = Problx ]< l .  lProb{c,  o .  } I , rob lc . lo .  1 . . .  Problc ,  o  l .

tsy perlcct lccall. rll the nodes in u comc alier choice c, al ll. Thus

P r o b l u l o ' l  <  P n r b l h o . )  I , r o b l c  l o " l .

Thercforc.

Prob{y  u ,
Plob{v o , I

-qr\cn o l- p- ̂ bl rFl 
>

Prob{ylo " }
Prob{h lo -  }P lob ic  o" l

Prrb{x lo. }Problc ,  o- lProb{c.  o . }  Problc .  o . , l

Prob{h lo "  lProb{c,  o-  }

-  P ' l : )  
"  

l tp rou lc  o  1  pnrhr ,  to  r lP n , h  i h l o  i ' '

Thc l imit rs rnJ- ol lhc f irst term on the RHS is cqual to [(x). whilc. b]-
( , ^ .47) .  the  l im i t  o f  the  second lc rm on the  RHS is  equa l  10  l .  S ince  [ (y )  i s  thc
limit of the LHS nrJ-. the proof is cornplclc.

l-EMMA li. Fix an exlcnsivc game with perfccl rccall. [,et (o,l.r) De an
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assessmcnt that is consistent in thc scnse of Krcps and Wilson. Let h i lnd u be

information scts olthe samc player ancl suppose therc cxist nodes ieh and

! € u s u c h l h a t :  ( i ) p (  x ) > 0 . ( i i )  i  i s a s u c c e s s o r o f  i  a r r d ( i i i ) q (  x  o ) = ( (  i l  6 )

Thcn lor every y€ u with [(y)>0. (ty o)=((x o) lbr some xe supp (g h)

Prool. Fix a !l t such that (!t()) > 0. By perfect rccall. therc is a node x€ lr

that is l plcdccessor ol y. Fufihermorc. lhere is a choice d at h thal precedes all

the nodc\ in u. Wc first show that !t(x) > 0. Lct <o'I> bc the sequencc ot

completely mixcd strategics tltat convergcs lo o and liom which thc lunction U is

obtainccl (applyirrg Baycs'rule to orl and taking thc l imit). Let cl.cr,..,cr be thc

choiccs that lead lrom i to i (thus cr=d and r)l). Then. sincc ({ ! o)=({ i o).

(A.'11{)

For cver) m.

l i n  P r o b l c r l o . l =  l .  f b r  e v c r y  k  =  1 . . . . . r ' ,

(A . :19)

and

Prob{ylo. } ( Prob{x o. }Problcllo' I

l i t  i s  cqur l i t y  i f  y  i s  an  immedia tc  successor  o f  x  and a  s t r i c l  inequa l i l y

olhcrwisel. Thus.

(A . -50) ;:ilii:i=#ilfifi Prob{c,lo"'} Prcb{c o-}'
Di ! id ing  numcra lo r  aod c icnominator  o l '  the  LHS by  Prob lu l  o ' "  I  and

nulrerator and denominator of the RHS by Prob th o"' l and taking the l imit as

in)6- wc obtain Iusing (A.,18) and noting thal, by h]'pothesis, ft( i )>0 and. by

l e m m a  7 .  F (  t ) >  ( i ) 1 .

( A . 5  l )
$ ( Y  )  <  ! t ( x )
f r ( i )  

-  
[ ( i )

Hence U(y  )>0  inp l ies  p (x )>0 .
\ow suppose that ((x] ( ')=((y o). Let cr'.c. ',.... c, 'be the choiccs ihat le d lrom

\ kl y (thus cl '=d: furthermorc, s> l, sincc by hypothesis (i i i), oi selecls choice d

rt h). I hen for al lcast one.j-2....,s.

(A.s 2) l i n  P r o b { c  '  o '  i : 0

Prob{ i lo  "  }  = Prob{  i  o '  lProbld o '  I  Problc ,  lo  "  } . .  Problc ,  o '  }
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Proh 1 lo  I  Prob l  \  o  lPr lh lJ  6 '  A '  (J '  '

$hcrc A(om)=Problc,' ol 'r i. Pfob {c.' on'1. and therefore. by (A.52).

( i \ .5:1) l i m  A ( o ' )  =  0

l ) i r  i d i n g  r  \ { l ' h )  r A  4 , t r  u i  t r b l r i n

Probly lo. l  Problx lo-  lA(o.  )
Probl i  o . l  Prob{ i  o .  }B(o.  )

where  ts (o i , )=Prob {c .6 ' , , } . . .Prob  1c , ( ' " ' }  and.  by  (A .48) .  l tn t  g i6 ' "1 -1 .

D i v i d i n g  n u m c r a t o r  l n d  d c n o m i n a l o r  o f  t h e  t - l l S  b y  P f o b  l u l  o ' "  l  a n d
numcrak)r alld clenominator ofthe RHS by Prob {h o"'} and laking the l inil as
m-+-. rve obtain. using (A. 41i) lrecall thal. [(x) > 0. U( i) > 0 and F( y ) > [( i )1,

19={9  I im  ,q16 -y .
F ( t )  P ( i )

By (A.52) the RHS is equal to zero and thcrclinc $(y)=0. yiclding a conttadiction.

LEMMA 9. Fix a game with chancc nrovcs. Lcl (o.[) be an assessmenl
that is consistent in the sensc ol Krcps and Wilson. Let y belong to inlbrmxtion

set u olplaycr iand suppose therc exists a i€:(x,,) such thrt (( i/o) = q( t/6).
Thcn for every y€ u such that U(y)>0. (ty/o)=((Vo) lbr somc te I(x,,).

P|od. Lct p>0 bc thc probabil ity of the choice of Nature that lcads f|om x1,
to l rnd lcl dt.....d. be the choices thJt le.rd fr()rn 1 1r ! Inotc thrl \=lr. thal is,

i=i is a possibil i tyl. Let <6.> bc thc scqucncc ol conpletely rr ixed st|lte!ic\
thlt convefgcs kr o and from which the function pt is obti ined (rpplying Baycs'
rulc to ot' and taking thc l imit). Then, since (1 I /6)=(( y /o). tbr evcrv k= I .....s

(A .ss)

(A.s6)

Furthernore. tbr every nr,

l irr Prob{d, o. ) = I

(A .57) Prcb{y lo.1 = p Probld,  t l -  l . . .Probld,  o-  }



Fix an arbitrary y€ u such thal y+ t and F(y)>O. If y€ I(xo) thcrc is nolhing to
provc. Suppose therefore that y is a succcssor ol te E(x0) and ((yl o)*q(tl o). Lct
q>0 be the probabil ity ol thc choice of Nature that leads fronr x0 to 1. Lcl ct,...cr

be the choiccs thal lcad from t to y (thus r> l). Then lbr al lcast one J= I ....,r.

.+5 8

(A.5li)

Now.

(  A .5  9 )

Furtl lcrmorc.

(A.60)

(A.62)

For cvery m,

l im Probld o. ) = I

l . , A r n (  N u r r \  I  l 9 9 l

:ll 
*"btc o- ) = 0

PK)b{y lo.  }  -  q  Prob{c, lo . } . . .Prob{c,  o . l

Problu o-  )  2  hobl ! lo .  )

l h u ' .  u . i n g  r A . 5 7 t .  t  A . 5 ( ) )  a n J  r  A . 6

P r o h l l l o ' l _  P r o h { 1 1 o  1
e r o U l u o ' 1 =  P r o b , j  l o  I

q  Prob{c, lo '  1 . . .  Prob{c o. }
p Probld,  o-  1. . .  Prob{d,  o. }

Since the l imit of the LIIS as m )- is $(y), and by (A.56) and (A.58) thc l imil

of the RHS as m +- is zero, it follows that !(y)=0, yclding a contradiction.

LEMMA 10. Fix a game with pertect recall. Lct (o,[) be an assessment

t l ra t  i s  cons is ten t  in  the  sense o f  Krcps  and Wi lson .  Le t  x t  be lonS to

inlirrmation set h of player i, x2 be thc imnediate successot of x, fbllowing

choice c at h and x3 bc the immediate successor of x). Lel h = supp(l.t,4t).

Suppose x; bclongs to information set u ol playcr i. Suppose also that !r(x1)>0
( i .c .  x r€  h )and ( (x .  o )  =  ( (x3  o) .  Then fo r  every  t€u  such tha l  [ ( t )>0 ,
((1 o) = ((yl o) for some ye I( h I c)

Prod. \Ne lirst show that p(xr) > It(xl). Lei d be the choice leading l iom

x.  1o  x r .  Le t  <or '>  be  thc  scquence o f  comple te ly  mixcd  s t ra leg ies  tha t

converges to o and liom which the function $ is oblaincd (applying t3ayes rule

to o.r rnd laking the l imit). Since, by hypolhcsis, ((x,lo) = g(xrl o), it musl bc

(A.61)  Prob lx .  o -  l  =  Prob{x , lo .  }Prob{c lo .  }Prob{d  o '  }
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By perfect recall. every node in u comcs after choice c at h. hcncc

(,4.6,1) Prob{ulo " | < Prob{hlo. }Prob{clo. I

Thus

(A.65)
Prohlr lo I _ kojll_]9__l *^n,r._, ,
Prob lu  6 ,  I  

-  
Prob{h  o .  I  

" " ' "  "

Taking the l imit as nr-)- we obtain, using (,4.62). [(xr) > F(x r).

Now,  f i x  an  arb i t ra ry  t€u  such tha t  t+xr  and p( { )>0 .  Lc t  x€h  be  the
prcdcccs^sor of t and let y-.t(xlc) lnote that t=y is a possibil i tyl. Next we show

thal x€ h, i.e. !t(x) > 0. For every m,

( ,4 .66)  Prcb1t  o .  )<  hob{x  o .  }Prob{c lo .  }

[ it is an equality ifr=yl. Dividing (A.66) by (A.63) r 'e obtain

(4.67) **lt!ffi . ""*lt!Lfi+prob{dlo'1
Div id ing  numera tor  and denominator  o l  thc  LHS by  Prob lF l  o " ' l  and

numerator and dcnominator of the RHS by Prob {h orn } and trking thc l imit as

rn)6  wc ob ta in ,  us ing  (A .62)  I rcca l l  tha t ,  by  hypothes is ,  1 .  x reu ,  x ,x t€h ,

U(xt)>0 and, by the abovc argument !r(x:) ) !r(*r)1,

(  A . b x  )  4 <  U t " r
! ( \ " ) - P l \ r )

Thus |l(t) > 0 implies F(x) > 0.

It follows that cilhcr t€:( ir I c) or t is a succcssor of a node ye I( h I c). In

the first casc there is nothing left to provc. Consider therefore the latter casc.

Supposc it is not true that ((y o) = ((rl o). Let c1,....,c. be the choiccs that lead

fiom y to t (hence r> l). Thcn at least one J= I ,...,r,

,  A  r re r  l im Pr r rh lc  16  r  -  U

Now,

(A.70)  Prob l t  o '  )  =  hob lx io '  ) I tob{c lo '  }A(o  "  )

459
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where A(orl)=Prob {cr orn }

( A . 7 1 )

I l cononr ic  Notes  3 '1993

..Prob {c,J o'n } and, therefore, by (A.69),

l i m  , A 1 o . 1  =  g

Dividing (A.70) by (A.63) wc obtl in

(4.72)
Prob{ t lo-  }  -  Problx lo. }  A(o.1

Prohlr o li Problr l,-t t pt,'f.tt,l lo t

Div id ing  numera tor  and dcnominator  o f  the  LHS by  Prob {u  6 ' I I  and
numcrator and denominator of the RHS by Prob {h o,n } and taking the l imit as
n-;-. wc obrain Irccall that U(x r)>0 and F(xi)>o]

( A . 7 3 ) ! r ( t )  $(x  )
Ir(tJ 

- 
t(\ )

By (A.62) and (A.70) the RHS is equal kr zcro. Hcncc p(t)=0. contradicting our
supposltron.

I-EMMA I L Lct (C'.|r) bc an ussessnrent that is consistenl in thc scnsc ol
Krcps and Wilson and let p=X(o.ft) be thc corrcsponding profi le of beliefs.
Then p satislies thc propcrty of Contraction Consistency.

ProoJ. We want to prove that if y is a succcssol of x and p;(x)nK,(y)*O

thcn Pi(y)-Pi(x )nKi(y). It wil l be sufficient to provc this lbr the case where y is
ar inlmtdi.rt( succcssor ol x. If y is not a decisiot' l  nodc of player i, then it
t ir l lows from (.1) of thc dclinit ion of X(.). Assume. therefore. that y bclongs to
i n f o r n r a t i o n  s e t  u  o f  p l a y e r  i .  T h e n ,  b y  ( 3 )  o f  t h e  d e f i n i t i o n  o f  X ( . ) .
B1y1= lz  z - l ( t  o )  l i r rsomc€ supp(p  u)1 .

CIASE l: (y belongs 1() inlbrnration set u of player i and) x bclongs 10 an
inlbrnrution set of player i. call i t h. Thcn, by (3) of the definirion of X(.).
p;(x)={zl z=(1wlo; fbr some we supp(Fl h) }. Since l l i(x)^K(y)+O, there musr
bc a nodc ve u such that ((v o) = ((w o) for somc nodc we supp (trrl h) of
nhich v is a successor. Thcn by lcnrma ll, 0i(y)=pr(x)nKity).

CASE 2: (y belongs to inftrrmation set u of player i and) x is not a decision
node of pli lyer i and Ki(x)=o(x) [note that if x=x0, then wc arc cithcr in case I
()r in case 2, since K;(xe)-o(xe)1. Then by definit ion of Ki(.) it musl bc lruc that
U0(0ce(x), that is. all thc nodcs in u are successors of x. Consider first thc

casc whcre either the game has no chancc rnovcs (irr which case we do not rule
out thc possibil i ty that x=x0) or the game has chancc movcs and x+x0. Then by
(2) of the definirion ol'X1..t, p;(x)-((xlo). Since pi(x).K,(y)+Z, rherc musr bc

l im A(o .  )
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a node ve u that is a succcssor of x on thc path froll l  x to ((x o), so thrt ((vl o)
=  (1x i  o ) .  Then,  by  l cmma 6 .  p (v ) -1 .  and by  (3 )  o f  the  de f in i t ion  o f  X( ' ) '

9 i (y )={ ( (v  6 ) l  =  p i (x )^K i (y ) .  Cons ider  now the  case whcrc  the  game has

c h a n c e  m o v e s  a n d  x = x 0 .  T h e n  b y  ( l )  o f  t h c  d e f i n i t i o n  o l  X ( ' ) .
p ,1x , , ;= {z l  2=(1x  o)  fb r  some x€ I (  x0) l :  by  ( l )  o f  thc  de f in i t ion  o f  X( ' ) .
g t ty t -1 r l  z=( ( t lo l  lb rsomet€u w i th  F( t )  >0 |  anc l  by  (2 )  o f  thc  dc f in i t ion  o f

inlormation Ki(y) = ,U* 0 (t). Since, by lemma 9. for evcry node t€ u with

fr(r)>0, ((rl o)=((xl o) f i)r some x€ t( x0). i l  follows that 0;(yt=pr(xr)nKi(y).
CASE 3: (y belongs to infbrmation set u ol player i and) x is nol a decisiorr

node of playcr i and K;(x)+0(x) and Ki(x)+Ki(px). Then it follows from thc

definit ion of Ki(.) that p, is a de^cision nodc of player i. Lct h be the inti)rmation

set k) which p-, belongs. Let h=supp([l h). Then, by (3) of the dclinit ion of

f(.). gi(p.)=1zl z=((w o) fbr sqnc w€ h l. Let c bc the choicc thal leads from

p, to x. Thcn, by (5) ol thc definit ion ol X(.). pi(x)=12 z-q(y o) lu somc

tj€t( h c)1. Since l l i(x).Ki(y)+2. thcrc must be a nodc s€u that l ics on the

parh  t iem somc ye ! ) (h lc )  ro  ( (y  o ) .  Hencc .  ( (s  o )=q(y l  6 , ) .  By  lenrma 10.

9r (  y )=F i (  x  )nKr (  y ) .
CIASE 4: (y belongs to information sct u of plryer i and) x is not I dccisiorl

node o f  p layer  i  and  K1(x)+0(x )  and K i (x )  =  K i (P , ) .  ' Ihen  by  (4 )  o f  the

c lc f in i t ion  o f  1 ( . ) ,  B ; (x  )=F1(p* )^K i (x ) .  Cons idcr  lhe  pa th  f rom xn  to  x .  I l

l l t(w)-gi(xo), for every nodc w on this palh. and the grme has no chance movcs.

thcn  the  resu l t  fo l lows f rom lemma 6  [by  ( l )  o f  the  de f in i t ion  o f  X( ' ) ,

I l i(xo)=1((^o o)l: since pi(x0)nKi(y)+2. there cxists a node te u that l ies on the

path lrom x,, to ((xn o), hence ((t] o) = (1xel o); by lemma 6. !t(t)=l; by (3) ol

thc definit ior of z(.), D,(y)={((t o) } l. l f p,(w)=p;(xi). lor every noclc on lhe

path from x0 to x and the game lurs chance movcs. thcn lhe result lbllows from

l e m m l  9 .  l f  [ J r ( x ) + l l i ( x 0 ) .  l c t  w  b e  t h e  n o d c  s u c h  t h a t  P i ( w ) = P i ( x )  a n d

0i(P*)+9i(x). Then cilhcr w is a decision node of playcr i. in which casc thc

result follows fiom lhe argument ofcase I, or w is not a decision nodc 01 player

i .  in  wh ich  case i f  K i (w) -0(w) ,  the  argumcnt  o f  case 2  app l i cs ,  wh i le  i f

Ki(w)+e(w) then thc argument of casc 3 applies. since i l must be Ki(w)+Ki(p$)

PROOF OF PROPOSITION 2. Let the simplc assessment (o.p) bc a sequentral

cquil ibriurn and lel p=X(o,!r) bc thc corresponding proli le of beliefs. In rirtue

of lernmas 5 and ll. i t only remains to show that p satisfies thc property of

Indiviclual Rationality. Wc nced to show that i l  h is an intirrnlalion set of playcr

i, ir is the subset of h consisting of thc predecessors ol'p;(h) so that. by (3) of

rhe definit ion ol'1t.). h = supp([l h) then fbr every choice c at h.

(  A .74)
S  l l r , , ' , - ' >  S  I  r , ' r , . r
L  t , \ t t ) t t / t  l _

/ . l l  r r  / . . r [  ' \L \ .

4 6 1
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By (3) oI thc dcllnil ion ol X(.)

(A .75) >  U , (z ) f t ( z ) :  L  U  (q (  x lo ) ) r ( ( (  x  6 ) )
? . l j  i h  r . ! r  ' 1 u  h r

By Contraction Consistcncy and by lemma 2 [cf. the argument thal lcd k)
(A. 1.1) and (A. 15.)1, fbr every choicc c at h.

(A .76) I  U (z)n(z)= :  U (q(S( x lc)  o))n((( .S( x lc) lo)t

Thus. using (A.75) and (A.76). (A.74) is equivalcnt to

(A.77), . , ,r , , , , .  
u, ((( xlo))n(E(xlo)) > 

. . . , I , , , . ,  
u, l{ , t t  *. . ,1o))n(((,s(x c)lo))

Firsl ol all wc show that for every xe h and fbr evcry choicc c at h,

(A .7 i t ) n((( xlo).1 = n( ((.s( xlc ) o ))

l f  the game has no chancc moves. lT(z)=l for all z and thereforc (A.78) is lruc.
Suppose the game has chance movcs. Fix an arbitrary x€h and an arbitrary
clroice c at h. Let E be the uniquc cvcnt 1o which ((xl o) belongs ancl E'be the
uniquc cvcnl ro which ((S(xl c) o) belongs. If E+E'. thcn thc path 1'rorrr xs r0
((x o) and the path trom xu to ((S(x1 c) o) fbllow ditlerent itrcs at x0 and reach
thc srmc node x€ h, contradicting uniquencss of plays in cxtensive ganres. Thus
E=E'and (A. 77) l ir l lows lronr the definit ion offi(.).

Now, nole thal. by dclinil ion ol ]I(.).

(A79) n(E( x lo))  = r(x)

Thus, using (4.78) and (A.79). wc can rc-writc (A.7?) as follows:

{A.80)  I  U i ( (x lo) )n(x)> t  U,  ( ( ( .S(  x ]c)  o)) r (  x)
'  

r - \ , t , r  !  l , r  \ . r n n l l h r

Div id ing  bo th  s ides  o l  (A . t lo )  O,  ,  i ,  , t r ( ) )  ,  e  oh ta in .  u \ in !  the  tac t  tha t .

by delinit ion of simplc asscssnrcnt. $(x) = 
tI*;.
r . i ' rn rp  r ,  '

(A.sl)  : ,  u (((x io)) l , t (x)> I  u ((( . t (x lc)o))p(x)

which is implicd by scqucntial rationality.
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