
Sudden and Surprising Changes
of Attitude During Negotiations*

l . Introduction

The purpose of this paper is to try and form al ize - in the context of a
simple example - phenomena which are often observed in negotiat ions, name-
ly sudden (and sometimes surprising) changes of att i tude in one of the part ies
(or both). I t  is not uncommon for negotiat ions to end abruptly, withour any
rvarning, or to take sudden turns, as when one party - after having gradually
<softened> i ts posit ion and shown increasing wil l ingness ro compromise -
suddenly reverts to an extreme posit ion and becomes intransigent, much to the
surpr ise o f  i ts  opponent .

We shall  consider the case of a pay dispute between a f irm and a union.
Our objective is not to formalize the negotiat ion game but to show how an
cr priori  <good> handling of the negotiat ions by one party ( in this case the
firm) may be successful at f i rst and then suddenly produce an unexpected
and undesire6l . . tul t .  In part icular, we show that even though the f irm has
been successful ly convincing the union that the requested pay r ise is
((unreasonable>, the response of the union may be to reduce i ts request at
f irst and then suddenly revert to i ts original,  extreme request. Therefore the
firm has to be careful not to <<overdo i t>, that is, not to go too far in trying
to convince the union that the pay r ise which the f irm can afford to sive
is  very  smal l .

On the other hand, we show that sometimes the desired change of att i tude
in the opponent comes suddenly and al l  at once, after an init ial  and persistent
lack of reaction (despite the f irm being successful,  al l  along, in modifying the
union's ini t ial  bel iefs). Thus in this situation the f irm has to be careful not to
become disheartened and give up too soon, as a further t iny step in the same
direction may suddenly produce the desired result.

The paper is organized as fol lows. In Section 2 we set up the background
to the negotiat ion stage, which is then studied in Section 3. Section 4 offers
some f inal remarks and a conclusion.

' r  A I ' i rst version of this papcr was r 'vr i t ten rvhen the author was Heyr,r,orth Rcscarch Fel lorv at
Nt t l ' f i c ld  Co l lcge '  Ox l 'o rd  (U.K. ) .The commcnts  o f  an  anonymous re fe ree  are  gra tc fu l l l ,
ack  no lv ledged.
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The Origin of the Pay DisPute

Much of the background to the negotiat ion stage wil l  be outl ined only

briefly and we shall not formalize every aspect of it. The content of this Section

is nothing more than a plausible series of events which can lead to the negotia-

t ion phase analysed in Section 3.
Assurne that at dale zero it becomes known (possibly through the media)

that a certain firm has received a major order, which will yield a net surplus

to the f irrn equal to S. Without loss of general i ty we can assume that

0 < s < 1

However, the contract between the f irm and the custorner wil l  not be signed

before date T and the (potential) customer has made it clear that he will finalize

the contract at that date only if lie does not foresee any problems, in particular,

i f  there are no signs of industr ial disputes or other obstacles to normal produc-

t i o n  r .

The f irm's work force is unionized and we f irst assume that the union's

reaction to the news is to ask for a pay rise x, with

0 < x <  S

and threaten to cal l  a str ike i f  the request is not rnet. This gives r ise to the

fol lowing game, i l lustrated in Figure 1, where the f irm has two strategies - to

give the pay r ise or refuse to - and the union has also two strategies - to carry

out the threat or not to.
In Figure I the union's preferences over the possible outcomes are shown

in the top r ight-hand corner of each box. The best outcome for the union is

to obtain the pay r ise rvithout having to cal l  a str ike 2. The worst outcome, on

the other hand, is <defeat>: the union does not get the pay r ise and does not

carry out i ts threat either 3. Final ly we assume that the union prefers pay-

r ise/str ike to no-pay-r ise/str ike, but our results would irot be af ' fected i f  the

preferences over these two outcornes were interchanged.

The f irm's preferences, on the other hand, are shorvn in the bottom, left-

hand corner of each box. The f i rm's rnost preferred outcome is no-pay-r ise/no-

str ike ( i t  gets al i  the surplus). The worst ott tcome is pay-r ise/str ike ( i t  loses the

I  The assumpt ion  here  is  tha t  the  cus tomer  can eas i l y  f ind  another  f i rm,  poss ib ly  in  another

country, which is able to provide thc same goods or services (maybe at a higher price, but such that

rhc ci i f ference in prices is lower than the cost associated rvith the delay caused b1'a str ike). The

assumpt ion  tha t ,  i f  a  s t r i ke  i s  ca l led  be fore  the  cont rac t  i s  s igned,  the  f i rm rv i l l  l ose  the  order ,  can

bc interpreted as an extl 'eme r:ase of the "decal" 'of prof i tabi l i ty experienced bv a str ike-bound f irm

as nrode l icd  b) '  I - la r t  (19E9) .
r  Here  we are  imp l ic i t l y  assuming tha t  s t r i kes  are  cos t ly  to  the  un ion  (e i ther  in  monetary  o r

luon-monetary  te rms,  as  in  the  case where  the  un ion  is  a f ra id  o f  los ing  some o f  i t s  members) ,  so

that the union's most preferrecl outcome is to obtain a pay r ise rvithout having to resort to a str ike.
r  The assumpt ion  here  is  tha t  the  un ion  is  concerned w i th  i t s  reputa t ion  and c red ib i l i t l '  and

the  ou tcome jus t  dcscr ibed wou ld  be  de le te r ious  f rom the  po in t  o f  v iew o f  fu tu re  d isputcs  w i th  the

sarnc f irm (or possibly other f irms).

( l )

(2)
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potential surplus S and it sti l l  has to give a pay rise to the workers). As long
as the requested pay rise x is strictly less than the net surplus S, the firm wil l
prefer pay-rise/no-strike to no-pay-rise,rstrike (strikes are costly to the firm in
terms of lost production; on the other hand we are ignoring issues of reputation
for the firm).

Fig. I  -  In each box the union's preference ordering is marked

in  the  top  r igh t -hand corner  and the  f i rm 's  in  the  bo t tom le f t -hand corner

UNION
n o

s t r i k e  s t r i k e

Pay
r  i s e

F I R M

no pay
r  i s e

I t  can be seen from Figure I that no-pay-r ise is a str ict ly dominant strategy
f 'or the f irm and, therefore, there is a unique Nash equil ibr ium of this game
given by no-pay-r ise/str ike. The union, however, by taking the init iat ive and
moving f irst,  can achieve a better outcome. I ts most preferred outcome is pay-

r ise/no-str ike and the union can obtain this by sett ing an ult imotum: i f  by date
T-l t .he f irm has not agreed to give the requested pay r ise, workers wil l  go on
str ike at date T' ( just before the contract is signed). Now the f irm knows that
i i  by t ime T-1 i t  has not agreed to the pay r ise, the game wil l  be played

simultaneousl,v at date T and the outcome wil l  be no-pay-r ise/str ike (the unique
Nash equil ibr iurn of the game i l lustrated in Figure 1). l f ,  on the other hand,
the f irm agrees to the requested pay r ise by t ime T-1, then the union wil l
definitely not cal l  a str ike ("no str ike" is the union's best response to
"payrise"). The f irm wil l  therefore quickly announce that i t  has agreed to the
union 's  request  and the <d ispute> is  over .

We have therefore obtained the <reasonable> solut ion of this game (pay-

r ise,/no-sf.r ike), but so far there is no room for negotiat ions. The union has
nothing to gain from negotiat ing and the f irm has no way of inf luencing the
union 's  pos i t ion.

There wil l  be room for negotiat ion i f  we introduce uncertainty. In par-

t icular. we shal l  assume that the union does not know the exact value of the
net surplus S. The union, however, has some bel iefs about i t ,  which can be ex-

5 l
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pressed by a density
be the correspondig

(3)

and let

(4)

Economic  Notes  l -1989

funct ion h(s) whose support  is  a subset of  [0,1] .  Let  H(x)
cumulative distribution function. that is

H(x):  ldh(s)ds

P(x):  I  -  H(x).

( 5 )

Thus P(x) is the probabil ity, according to the union's beliefs, that S is greater
than x, that is. that - having requested a pay rise of x and having set an
ultimatum - the firm wil l grant x. Let U(x) be the union's uti l i ty-of-money
function, normalised so that U(0):0. Then the expected uti l i ty of asking for
a pay r ise of  x is given by

f(x): U(x) P(x)

I f  the union asks for a small  pay r ise, i t  has a high probabil i ty of gett ing i t ,
but i ts ut i l i ty would be small .  I f ,  instead, i t  asks for a high pay r ise, i ts ut i l i ty
ivould be high, but the probabil i ty of gett ing i t  is small .  We shal l  assume that
the union asks for that pay r ise x* which maximizes f(x) a"

If  the union's ut i l i ty-of-money function U(x) is increasing and U(0) is nor-
malized to be zero, we have that f(x)>0 for al l  x, with str ict inequali ty for
some x.  Thus -  assuming that  U(x)  is  cont inuous and not ing that  f (0) :  f ( l ) :0
-  i t  fo l lows that  x*  has the proper ty  that  0<H(x*)< 1 .  Th is  means that  there
is a posit ive probabil i ty (according to the union's bel iefs) that S < x* and that,
therefore, the f irm - i f  faced with a request of x* - wi l l  have no choice but
refuse. Therefore there is now room for negotiat ion. The union has nothing to
lose from agreeing to negotiate and indeed i t  may gain: i f  during the negotia-
t ion the union can acquire information about the true value of S, i t  wi l l  be able
to ask for the <right> pay r ise. The f irm, on the other hand, has everything to
gain from negotiat ing with the union: i f  S > x* the f irm would agree to the pay
rise anyway, but i t  now has a chance to try and convince the union that r* is
an unreasonable  request ;  i f ,  on the other  hand,  S<x* ,  the f i rm would re fuse
to give the pay r ise, but i f  i t  can persuade the union to reduce i ts request to
a va lue xo(S,  i t  w i l l  avo id  a  cost ly  s t r ike and obta in  a  pos i t ive  surp lus equal
to  S -  x , . .

We would therefore expect the union to set an ult imatum (as explained
above) without however committ ing i tself  to x*: the union can say that - on
the basis of the information i t  has - a reasonable pay r ise seems to be x*, but
i t  is wi l l ing to examine any evidence which the f irm might care to produce unti l
date T-2. At t ime T-2, in the l ight of the information obtained during the

r  fo r  example ,  i f  U(x ) -x  and the  un ion 's  be l ie fs  a re  expresscd by  the  un i fo rm d is t r ibu t ion
( r v h o s c  d c n s i t y  i s  g i v e r " r  b y  h ( s ) -  I  i f  0 < s <  I  a n d  z e r o  o t h e r w i s e ) ,  t h e n  x *  - 1 / 2 . 1 t  l v i l l  b e c o m e  c l c a r
la te r  tha t  our  resu l ts  a rc  independent  o f  thc  un ion 's  in i t ia l  be l ie fs .  A lso ,  we are  no t  assuming tha t
the  un ion 's  be l ie fs  a re  common knorv ledge.
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negotiat ion, the union wil l  make i ts f inal request (and reiterate i ts
the f irm wil l  then have a chance at t ime T-l to agree to the f inal
explained above).

In the next section we shal l  look at the negotiat ion
of view of the f irm, in part icular at the way in which i t
negotiat ion.

59

ultimatum;
request,  as

phase from the point
should not handle the

3. The Negotiation Phase

We assume that the f irm cannot ((prove)) to the union what the true value
of S is 5. The f irm, however, has avai lable (or wi l l  have avai lable) some infor-
mative signals (or data) which are not known to the union. The f irm's problem
is to decide whether or not to reveal this information to the union during the
negotiat ion phase and whether i t  should disclose al l  of i t  or only part of i t  6.
Let D be the set of data which, potential ly, convey information about the value
of the surplus and let

(6 )  g :Dx [0 , I ] - -R

be a function which represents the <objective> relat ionship between data and
surplus, that is, for each s, g(d,s) is the probabil i ty of observing data d given
that the state of the environment is such that the surplus wil l  be s. I f  h,
represents the union's bel iefs at t ime t and the f irm reveals d,ata d, the union's
bel iefs at t ime t+ l ,  updated according to Bayes' rule, wi l l  be given by

h ,  *  r ( s ) :
g(d ,s)h , (s)

1 [  g(d ,s)h , (s)ds

tntuit ively, i t  seems that a good pol icy for the f irm would be to reveal any
piece of information which makes the union more pessimist ic. We say that bet-
ween time t and t + I the union has becom e more pessimistic if

P,(x) > P,n r(x) f o r  a l l  xe  [ 0 ,1 ]

that is, i f  -  in the union's mind - the probabil i ty of obtaining any given pay
r ise x  has become smal ler  ( reca l l  that  p , (x) : l -H, (x) ,  where H,  i ;  ihe c .d . f .
corresponding to h,).  Thus i f  the union becomes more pessimist ic, i ts max-
imum expected ut i l i ty decreases. Our definit ion is equivalent to saying that p,

5 ' rhe  
rcason fo r  th is  cou lc l  be  tha t  the  f i rm i tse l f  can  on ly  make a  fo recas t  about  the  va lue  o f

5  and, /o r  tha t  the  un ion  -  knowing tha t  the  f i rm has  an  incent ive  to  make th ings  look  worse  than
thcy  ac tua l l y  a re  -  wou ld  a lways  be  susp ic ious  o f  any  <ev idence> producec l .

6  The da ta  cou ld  re fe r  to  input  p r ices ,  demand,  compet i to rs '  behav iour ,  techno log ica l  innova-
t i o n ,  l i k e l y  o u t c o m c s  o 1 ' R & D ,  e t c .

(7 )

(8 )
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dominates p, ,  1 in the sense of f i rst-order stochastic dominance 7. Using a ter-

minology i l trociuced by Milgrom (1981) we can express the same concept by

saying that i f  at t ime / information d is boct news for the union, then i t  is a good

idea for the f irm to reveal i t .

We now give an analyt ic example which shows that the above intuit ion is

wrong. In the Appencl ix i t  is shown that the evolut ion of bel iefs i l lustrated in

the example is consistent with Bayesian updating d.

F-ig.  2 - ' l 'he densi ty funct ion hu, . (s) .  Given b and c,  pr  is  determined

and equal  to ( l -c) / (b-c) ,  scr  that  the two shaded areas are equal

Probabi l i tY Densi tY 
ln
i

1 s

Let the union's uti l i ty function be given by

U ( x ) :  x

and i ts ini t ial  bel iefs by the uniform distr ibution (h(s):1 for se[O,1] and zero

otherwise). We wil l  show later that our results do not depend on the assump-

t ion of r isk-neutral i ty (nor do they depend on the above specif icat ion of ini t ial

be l i e  i s ) .
Consider no,uv the fol lowing two-parameter family of bel iefs, i l lustrated in

F igu re  2 .

7  S e e ,  f o r  e x a m p l e ,  L i p p m a n - N I c C a l l  ( 1 9 8 2 ,  p p .  2 1 5 - 6 ) .  I t  c a n  b e  s h o w n  t h a t  P , - 1  i s

c lominatec i  by  P ,  i r t  th .  t .nse  o f  f i r s t -o rder  s tochas t ic  dominance i f  and on ly  i f

i  I  1 V ( s ) h ,  ,  ' ( s ) d s  <  \ :  I V ( s ) h ' ( s ) d s

fc l r  every  non-dccreas ing  func t ion  Z  ( in  par t i cu la r ,  by  choos ing  V(s ) :s  i t  fo l lo rvs  tha t  i f  P ,

c lominates  P, * ,  then the  mean a t  t i tne  t+  I  i s  less  than the  rneat l  a t  t ime / ) .
s  An a l tc rna t ive  in tc rprc ta t ion  o f  the  example  o f  th is  scc t ion  is  in  te r rns  o f  cornpara t ive  s ta t i cs

ra ther  than in  te rms o l  change over  t ime.

(e)
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F ig .  3  -  The func t ion  f6 , . (x )
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O 1 l - c l _
2b  b -c  2

( a ) C a s e  1  t  9
4 b 4

l r u . .  ( x )
I
I

I

I

c l 4
t lQb)

(b )  case

O  _ 1  l - q  1
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( c ) C a s e  1 - . '
4 b 4
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( 1 0 )

where

( 1 1 )

I t  is easy to check that

(r7)
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h n , - ( s ) :  
b
c

i f  0 < s < , r
i f , r c s < 1

p :  ( 7  -  c ) / ( b  -  c )

(in fact, given b and c, the point ,ru is determined by the condition that the in-
tegral of /r  between 0 and 1 be equal to 1: the shaded areas in Figure 2 are
equal ) .  When b:  c :  I  we have the un i form d is t r ibut ion.

Let H6,. be the cumulative distr ibution function corresponding to hs,. and
l e t  P 6 . . - 1 - H 6 , . .  T h e n

(t2) P,.(x):I_-:; l i  ::x:i
I t  is easy to check that i f

(  1 3 ) b>b '  and  c<c '  and  no t  bo th  equa l

then hb.,r repr€sents more pessimist ic bel iefs than h6,,. , ,  according to the
definit ion given above. Thus i f ,  for example, the init ial  bel iefs of the union are
given by b: c: I  ( that is, by the uniform distr ibution), then the f irm wil l  try
and force the union's bel iefs to l ie in the region defined by the inequali ty

0 < c <  I  < b

which.is the shaded area in Figure 4. At any point in that area, a movement
in the East, South or South-East direction represents an increase in pessimism.

Let f6..(x) be given by (5), that is - using (9) -,

(  l  s ) fo,.(x) : U(x)P6,.(x) : xP6,.(x)

Then fr,,..(x) is the <union>> of two parabolas, as shown in Figure 3 e. Finally, let

(16)  x* (b ,c) :  argmax fo , . (x )

t / 2  i f c > l / b
x E ( b ' c ) :  

r ' t b v  i f  c <  l / b

e F igure  3  does  no t  i l l us t ra te  a l l  the  poss ib le  cases .  The case 1 / (4b)>c /4  (F igure  3a)  inc ludes
two more cases, rvhere the maximum of the parabola on the r ight goes inside the other parabola

and tbere l 'o re  the  func t ion  f  becomes un imoda l .  S imi la r ly  fo r  the  case 1 / (4b)<c /4  (F igure  3c) .
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wh i l e  f o r  c : l / b ,  xx (b , c ) : l l / 2 ,  l / ( 2b )J .  We  ca l l  t he  se t  [ ( b , c ) / c :1 /b ]  t he

Maxwell sel (see Bonanno-Zeeman, 1988).
The Maxwell  set is the subset of the parameter space at which the function

x*(b,c) is discontinuous r0. In Figure 4 we have shown two possible paths,

denoted bv (1) and (2), which represent a priori  good handling of the negotia-

t ions by the f irm, in that they are associated with increasing pessimism on the
part of the union. The arrows denote the evolut ion of the union's bel iefs over

t ime .
Let us f irst consider path (1): xx(b,c) is the pay r ise which maximizes the

union's expected ut i l i ty when i ts bel iefs are given by h5,.(s) (thus, x*(b,c) is the
pay r ise the union wil l  request when date T-2 arr ives i f  hr,.  are the bel iefs i t

holds at that t ime). Figure 5a i l lustrates the evolut ion of x* over t ime along

pa th  (1 ) .
The union's response is at f i rst as expected: as the union becomes more

pessimist ic, i t  reduces i ts request (from l/2 to l /(2b): b increases along the
path), then at t ime ? (when the point b :  3, c: |  /3 is reached) i t  suddenly swit-
ches (discontinuously) to i ts original request of l /2 and i t  st icks to i t  despite

the fact that the f irm is st i l l  being successful in making the union more and

more pessimist ic. Intuit ively what is happening here is the fol lowing. After

having init ial ly persuaded the union that S cannot be very large, the f irm is now

concentrating its effort on convincing the union that S is very small (and

therefore that the pay r ise i t  can afford to give is close to zero). This pol icy is

successful at f i rst ( the union reduces i ts original request), but i t  then creates a

confl ict in the union's mind. In fact, the union now <<knows> that i f  i t  asks for

a very low pay r ise i t  is very l ikely that i t  wi l l  get i t ,  but i ts ut i l i ty would be

very small .  On the other hand, the union does not rule out a very small  chance

that the f irm can actual ly afford to give a substantial pay r ise (the probabil i ty

that S is large is very small  but posit ive). Although the probabil i ty of obtaining
alarge pay r ise is very small ,  the associated ut i l i ty would be very high. As the

union becomes more and more pessimist ic the confl ict in i ts mind grows

stronger and stronger, and i f  the f irm goes too far in pursuing i ts pol icy the

union wil l  suddenly decide to opt for the low probabil i ty-high ut i l i ty bet and

stick to i t  no matter how pessimist ic i t  becomes. Therefore, along path (1) the

firm runs the r isk of <overdoing i t>: when i t  reaches a point l ike W it  ought
to stop negotiat ing and accept the pay r ise requested by the union, even i f  i t

st i l l  has the means to make the union more pessimist ic.

The confl ict in the union's mind, however, can also work in favour of the

firm. This is what happens along path (2) in Figure 4. The corresponding evolu-

t ion of xx(b,c) is i l lustrated in Figure 5b. For a long t ime there is no response

on the part of the union and then, suddenly, the union <capitulates> and asks
for a pay r ise which is one third the original request. The danger with the pol icy

associated with path (2), however, is that - since for a long t ime there is no

response - the f irm may be led to infer that i t  is not being successful in affec-

r0  The N{axwel l  l i ne  has  a  ver tex  a t  b :1 ,  c -  1 .  Outs ide  the  shaded reg ion  o f  F igure  4 ,  the

I 'unc t ion  x* (b ,c )  i s  con t inuous .  There fore  the  graph o f  x* (b ,c )  i s  a  cusp [see Bonanno-Zeeman,

r  9881.
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t ing the union's bel iefs and may give up ( i f  the true S is greater than l /2), when
in fact a further (tiny) step in the same direction would suddenly, and all at
once, have produced the desired result.  That is, the f irm may become
disheartened and stop at a point hke Z in Figure 4.

Fig. 4 - The Maxwell l ine and two possible paths crossing it

c = 1 / b

x' -112

Fig .  5 .a  -  The evo lu t ion  o f  the  reques ted
pay r i se  a long pa th  ( l )  in  F ig .  4 .

T i m e  t  i s  w h e n  t h e  p o i n t  b : 3 ,  c : l / 3
is reached

An interesting question is whether there
greater pessimism wil l  lead to lower values of

5.b  -  The evo lu t ion  o f  the  reques ted
pay r i se  a long pa th  (2 )  in  F ig .  4

are condit ions which ensure that
the requested pay r ise. One such

F i o



G. Bonanno:  Sudden and Sur l t r i s ing  Chat tges . .

condit ion is the monotone l ikel ihood rat io property (MI-RP) often used in the

l i terature (cf.  Milgrom, 1981). Such property would require, in our example,

that b and c change in a way that keeps p constant. When p is constant, bel iefs

fo l low a s t ra ight - l ine path through the po in t  (b :1 ,  c :1)  in  F igure 4 .

Therefore in this case the <switch to intransigence> no longer: occurs, rn,hi le the

phenomenon of delay and sudden ,rcapitulat ion> (which occurred along path

2) st i l l  remains. In the <revelat ion of information> interpretat ion rvhich we

fol lowed above, however, the f irm has no direct control orzer the union's

bel iefs: the f irm can only choose whether or not to reveal a given piece of infor-

mation. In this case an interesting question is u,hether t" irere are propert ies of

rhe function g (which gives the probabil ist ic relat ionship between data and

surplus: cf.  (6) and (7)) rvhich rule out the possibi l i ty of a srvitch to intran-

sigence. Applying a result given in Bonanno (1988), i t  can be shown that i f  d

is  a  p iece of  in format ion such that  g(d, . )  is  a  non-constant ,  non- increas ing

function of s, then revelat ion of d cannot iead to an increase in the requested
pay r ise. Note, however, that this property of g does notrmply that p remains

constant (that is, i t  does not imply the MLRP). Furthermore, this property of
g(cl,  .)  does not rule out the phenomenon of delay and sudden <capitulat ion>

ei ther .

4. Final Remarks qnd Conclusion

T'he purpose of this paper was to provide an example (rather than a

general model) of what can happen during negotiat ions and to highl ight the

delicacy of the choice of pol icy. Horvever, there is a precise sense in which the

results we obtained are robust and go beyond the simple example considered.
l-he family of bel iefs considered here - given bV (10) - is just one of an

inf inite number of possibi l i t ies and the choice was motivatecl by the great

analyt ical simplici ty obtained rr.  However. catastrophe theory tel ls us that
given any one-parameter family of bel iefs -- representing the evolut ion of

bel iefs over t ime (as in paths (1) and (2) in Figure 4) - the quali tat ive

behaviour displayed in our example is <not unl ikely> and arises in a structural-

ly stable way 12. Therefore a different. famil5r of beliefs andlor a different

choice of parameters (for example, one could take the mean and variance as
parametel 's) can, generical ly, yield the same quali tat ive results. Structural

stabi l i ty implies, in part icular, that the l inearity of the ut i l i ty function (r isk

neutral i ty) was not a necessary condit ion for our results: a str ict ly concave per-

1r  ' fhe  
func t ion  Pr , . . (x )  g iven  by  (12)  i s  con t inuous  bu t  no t  smooth  and,  a -s  a  consequcncc ' ,  the

t 'unc t ion  hr , . , , (x ) -  dP5. . , /dx  - -  g iven  by  (10)  -  i s  d iscont inuous .  Howel 'e r ,  s ince  sn too t l t  func-

r ions  are  dense in  the  space o f  con t inuous  func t ions  (see H i rsh ,  1976,  theorem2.4 ,  p .  1 l ) ,  we can

choose a  smooth  approx imat ion  o f  (12)  - ,  w i th  cor respond ing  smooth  dens i ty  rep lac ing  (10)  and

b1, ,ca tasr rophe theory  a l l  su f f i c ien t ly  c lose  smooth  approx imat ions  o f  (12)  wou ld  y ie ld  the  same

qr . ra l i ta t i ve  resu l ts  ( in  par t i cu la r ,  a  Maxwc l l  l i ne  wh ich  is  c lose  to  the  one rve  ob ta ined) .
l2  For  n . ro re  c ie ta i l s  on  the  c la ims made here  about  ca tas t rophe theory  sec  Bonanno.Zeeman

(  l 9 8 t i ) .
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turbation of the ut i l i ty function would yield the same quali tat ive results 13.

One could also general ize our example by al lowing the union to become
<convinced> that S l ies in some intermediate range of values (e.g. between 0.5
and 0.6). That is, instead of the two-step function i l lustrated in Figure 2, we
could have a three-step function. This would imply extending the dimension of
the parameter space from two to four. Catastrophe theory then tel ls us that the
cusp catastrophe we obtained would be <global ized> into a butterf ly
catastrophe, with the added possibi l i ty of discontinuous jumps to and from in-
termediate values of the requested pay rise (while the discontinuities analyzed
above would st i l l  remain).

GIACOMO BONANNO
Llniuersity of Cali/brnia, Dauis, USA

r l  Not  necessar i ly  a <smal l> perturbat ion,  however.  For erample,  i f  in  the model  considered
in th is paper we replace (9)  bV U(x) :ar"2 (so that  r isk-neutra l i ty  is  replaced by r isk-avers ion),  thc
Maxwe l l  l i ne  becomes  the  l i ne  o f  equa t ion  c :b  r ,2  (w i th  a  ve r tex  a t  b :1 ,  c :  l )  and

.  l / ( 3 b )  i l  c <  b  r  r
\ ' ( o ' c ' = l / 3  

i i c > b  r l



G. Bonanno:  Sudden and Surpr is ing  Changes. . .

APPENDIX

We want to show that given any two points (b,c) and (b',c ')  in the shaded

area of  F igure 4  such that  b>b '  and c<c '  and not  both equal  -  c f .  (13)  - ,

there exists a non-negative function g(d, ')  such that - cf.  (7) -:

67

( A . 1 )
\d g(d,s)hr, , , . , (s)ds

(Furthermore, g(d, .)  can be chosen in such a way that i ts image is a subset of

[ 0 , 1 ] ) .  L e t  p ' : ( 1 - c ' ) / ( : b '  - c ' )  ( c f .  ( 1 1 ) ) .  L e t

( c ' 0 ) / b '  0  < s < p '

(A .2)  d (s ) :
o  p . ' < s <  I

where 0 is an arbitrary positive constant. It is easy to check that:

d(s) hu;. . ' (s)  - ,  for  a l l  se [o, l ]
\a d(s) h6,. ' (s)ds

( A . 3 )

Now let

(A.4) g(d,s) :  h6, . (s) f (s)

Lemma. I"f s@,.) is given by (A.4), the (A.l) is satisfied.

Proof .

@(s)  h6; .  (s )
hn, . (s)

g (d , s )  ho r . , ( s ) \J d(s) h6-. (s)ds

\6 g(d's)hr';''(s)ds 
ia rr,',.(r)--4!lr]Ld,

id d(s) h6.. , (s)ds

:  (by (A.3)) :  
hr ' ' ' (s)  

:  hb, . (s)
[d hu..(s)ds

Therefore,  g iven a set  of  data D and n+ 1 points (wi th n+ 1 < #D, where
+ D denotes the cardinality of the set D) situated along one of the paths in the
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shaded area of Figure 4 (such that point t + 1 follows point t in the direction
of increasing pessimism), it is possible to construct a non-negative function
g:Dx[0 ,1 ] - -R such tha t

\n g(r / ,s)dr l :  I  for  a l l  se [0,1]

and there  are  n  po in ts  d ,eD ( t :1 , . . ,n )  such tha t

g(d, ,s )  h , (s)
h ,  *  r (s )  : ( t : 1 , . . , n ) .

lr\ g(d,,s) h,(s)ds
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